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384. 

ON    THE    TKANSFOKMATION    OF    PLANE    CTJKVES. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  I.  (1865 — 1866),  No.  Hi- 
pp. 1—11.     Bead  Oct.  16,  1865.] 

1.  THE   expression  a  "double  point,"   or,  as  I  shall   for  shortness  call  it,  a   "dp," 
is   to   be   throughout   understood  to   include   a   cusp :   thus,   if  a   curve  has   S  nodes   (or 
double   points  in  the  restricted  sense  of  the  expression)  and  K  cusps,  it  is  here  regarded 
as  having  $  -f  tc  dps. 

2.  It  was    remarked    by   Cramer,  in    his    "Th^orie    des    Lignes    Courbes"    (1750), 
that  a  curve  of  the  order  n  has  at  most  J(w  —  l)(n~2),  =  ^(nz  —  3n)  +  I,  dps. 

3.  For  several  years  past  it   has  further  been  known  that  a  curve  such  that  the 
coordinates  (#  :  y  :  #)   of    any   point  thereof   are   as  rational   and  integral  functions    of 
the   order  n  of  a  variable  parameter  0,  is  a  curve  of  the  order  n  having  this  maximum 
number  J(w—  1)  (n—  2)  of  dps. 

4.  The  converse    theorem    is    also    true,   viz.:    in   a    curve    of   the   order   %,  with 
J  (w  — !)(?&  — 2)  dps,  the   coordinates  (#  :  y  :  #)  of  any  point   are  as  rational  and  integral 
functions  of   the   order  n  of  a  variable  parameter    6 — or,  somewhat  less  precisely,   the 
coordinates  are  expressible  rationally  in  terms  of  a  parameter  0. 

5.  The   foregoing  theorem,  as  a  particular  case   of  Riemann's  general  theorem,  to- 
be  presently  referred  to,   dates  from  the  year   1857 ;  but  it  was  first  explicitly  stated 
only  last  year  (1864)  by  Clebsch,  in  the  Paper,  "Ueber  diejenigen  ebenen  Ctirven  deren 
Coordinaten    rationale    Functionen    eines   Parameters   sind,"    Crelle,  t.  LXIV.  (1864),  pp. 
43—63. 

6.  The  demonstration  is,  in  fact,  very  simple;  it  depends  merely  on  the  remark 
that   we  may,  through  the  £  (n  —  1)  (n  —  2)  dps,  and  through  2n  —  3  other  points  on  the 
given   curve   of  the  order  n,   together  £(n2  +  ^)  —  2,   =%(n  —  I)(w-f2)  —  1,  points,  draw 
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a  series  of  curves  of  the  order  n~  1,  given  by  an  equation  U+6V  =  Q,  containing  an 
arbitrary  parameter  0;  any  such  curve  intersects  the  given  curve  in  the  dps,  each 
counting  as  two  points,  in  the  2/i  —  3  points,  and  in  one  other  point;  hence,  as  there 
is  only  one  variable  point  of  intersection,  the  coordinates  of  this  point,  viz.,  the  coordi- 
nates of  an  arbitrary  point  on  the  given  curve,  are  expressible  rationally  in  terms  of 
the  parameter  0.  The  demonstration  may  also  be  effected  in  a  similar  manner  by 
means  of  curves  of  the  order  n  —  2. 

7.  Before  going  farther,  it  will  be  convenient  to  introduce  the  term  "Deficiency/1 
viz.,  a  curve   of  the   order  n  with  |  (?i  —  1)  (n  —  2)  —  D  dps,  is  said  to  have  a  deficiency 
=  D:  the   foregoing  theorem   is  that   for   curves  with   a   deficiency   =0,  the   coordinates 
are    expressible    rationally  in    terms    of   a    parameter    6.      Since    in    such    a    curve    the 
different    points    succeed    each    other    in    a    certain    definite    order,    viz.,    in    the    order 
obtained  by  giving  to    the    parameter   its    different    real    values    from    —  x>    to    oo ,    the 
curve  may  be  termed  a  unicursal  curve. 

8.  Riemann's  general   theorem,  as  applied  to   plane   curves,   is  stated,   but   not    in 
its    complete   form,   by    Schwarz,  in    the   Paper,    "  De  superficiebus   in    planum    explica- 
bilibus  primorum  septem   ordinum,"   Crelle,  t.  LXIV.  (1864),  pp.-  ] — 17:  to  complete  the 
•enunciation   it  is  necessary  to   refer    to    page    137   of    Riemann's   own   Paper,   "  Theorio 
der  Abelschen   Functionen,"   Grelle,  t,   LIV.  (1857),   pp.   115 — 155,   viz.,   the    enunciation 
will  be: 

9.  For  a  curve   of  any  order  with   a  given  deficiency  J5,  the   coordinates  may  bo 
expressed  as  follows: 

D  =  0,  rationally  in  terms  of  a  parameter  0,  or  what  comes  to  the  same  thing, 
rationally  in  terms  of  the  parameters  (£,  77),  connected  by  an  equation  of 
the  form  (1,  £)(!,  7?)  =  0. 

J)>0,  rationally  in  terms  of  the  parameters  (£,  77)  connected  by  an  equation  of 
a  certain  form,  viz.: 

D  =  l,   the   equation  is  (1,  ?)3(1,  77)*  =  0,   or  (what   comes   to    the    same    thing) 
77  is  the  square  root  of  a  quartic  function  of  f. 

D  =  2,  the  equation  is  (1,  f )*  (1,  ?;)2  =  0,   or  (what   comes  to  the  same  thing) 
77  is  the  square  root  of  a  sextic  function  of  £. 

D  >  2,  viz. : 

D  odd,  =2^-3,  the  equation  is  (1,  £)*(1,  77)^  =  0.  and  is  besides  such, 
that  treating  (£,  77)  as  Cartesian  coordinates,  the  curve  thereby 
represented  has  (/£  —  2)3  dps. 

D  even,  =2/4-2,  the  equation  is  (1,  f )**(!,  77)^  =  0,  and  is  besides  such, 
that  treating  (£,  77)  as  Cartesian  coordinates,  the  curve  thereby 
represented  has  (jj,  —  1)  (^  -  3)  dps. 

10.  To   see  mor?  clearly  the  meaning   of  this,  write  -,   ^,  in  place   of  (£,  77),   so 
that  the  coordinates   (cc  :  y  :  z)  are  expressible  rationally  and  homogeneously  in   terms 
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°f  (£  V*  £)>  connected  by  an  equation  of  the  form  (£  f )**  (£  riY  =  0.  Such  an  equation, 
treating  therein  (£,  97,  f)  as  coordinates,  belongs  to  a  curve  of  the  order  2/x,  with  a 
/u-tuple  point  at  (£  =  0,  £=0),  a  yu-tuple  point  at  (77  =  0,  f=0),  and  which  has  besides 
(p  —  2)2  or  (//,  —  1)  (/*  —  3)  dps,  according  as  D  =  2/4  —  3,  or  2/^  —  2.  The  coordinates  (a? :  y :  z) 
of  a  point  of  the  given  curve  are  expressible  rationally  in  terms  of  the  coordinates 
(£  :  y  :  S)  of  a  point  on  the  new  curve  ;  and  we  may  say  that  the  original  curve  is 
by  means  of  the  equations  which  give  (x  :  y  :  z)  in  terms  of  (f  :  77  :  J)  transformed 
into  the  new  curve. 


11.  A  curve  of  the  order  2/x.  may  have  % (2^  —  1)  (2^  —  2),  =  2/A2— 3/.6  +  1  dps; 
hence  in  the  new  curve,  observing  that  the  ya- tuple  points  each  count  for  £  (/x2  —  p)  dps, 
we  have 


In  the  case  D  =    2^  —  3, 
Deficiency  =   2//,2  - 


—  4 


In  the  case  D  —    2/^ 
Deficiency  =    2^2 


2/4-3,  -D 

Moreover  for  D  =  0,  the  transformed  curve  is  a  conic,  with  0  dps,  and  therefore  with 
deficiency  =  0 ;  in*  the  case  D  =  1,  it  is  a  quartic  with  2  dps,  and  therefore  deficiency 
=  2 ;  in  the  case  D  =  2  it  is  a  quintic  with  a  triple  point  =  3,  and  a  double  point 
=  1,  together  4  dps,  and  therefore  deficiency  =  2.  Hence  in  every  case  the  new  curve 
has  the  same  deficiency  as  the  original  curve. 

12.  The   theorem   thus  is  that   the   given   curve  of  the  order  n,  with  deficiency  D, 
may    be    rationally    transformed    into    a    curve    of    an    order    depending    only    on    the 
deficiency,  and   having  the   same   deficiency  with  the  given  curve,  viz. :   D  =  0,  the  new 
curve   is   of  the   order    2(=D+2);  D  =  l,  it   is  of  the  order  4(=D  +  3);    D  =  2,  it   is 
of  the   order   5  (=  D  +  3) ;    and    JD  >  2,  it  is   for  D  odd,  of  the   order  D  +  3 ;  and  for  D 
even,   of  the   order  D  +  2.     It  will  presently  appear  that  these  are  not  the  lowest  values 
which   it   is   possible   to  give   to   the    order   of    the    new   curve.     Biemann's    object  was, 
not   that  the  order  of  the  transformed  curve  might  be  as  low  as  possible,  but  that  the 
equation   in    (f,  T?)    might   be    in    each   of   these    parameters   separately    of    the    lowest 
possible  order;    and  this  he  effected  by  giving  to  the  transformed  curve  the  two  yu-tuple 
points. 

13.  It  is   to   be   noticed  that   the   theorem  that  for   any  rational   transformation  of 
one  curve  into   another  the   two   curves  have  the  same   deficiency  is   in   effect  given  (as 
a  consequence  of  Kiemann's  theory)  by  Clebsch  in  the  Paper,  "Ueber  die  Singularitaten 
algebraischer    Curven,"    Crelle,   t.   LXIV.,  pp.    98 — 100.     I   have,  by  the    assistance  of   a 
formula   communicated  to  me  by  Dr  Salmon,  obtained  a  direct  analytical  demonstration 
of  this   theorem. 

14.  I  remark    that  (#,  y,  z)   being    connected    by  an    equation,  if   (CD  :  y  :  z)   are 
given    rationally    in    terms    of    (£  :  v\  :  f),    then    it    follows    that    (£:*?:£)    are    also 

1—2 
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expressible  rationally  in  terms  of  (so  :  y  :  5):  it  is  convenient  to  consider  the  trans- 
formation from  this  point  of  view,  and  I  now  proceed  to  the  independent  development 
of  the  theory,  as  follows  : 

15.  We  have   a  given  curve   Cr=(af,  y,  s)n  =  Q,  with  deficiency  D,  which   is   by  the 
transformation  £  :  77  :  f  =  P  :  Q  :  R  (where  P,  Q,  R  are   given  functions   (a?,  ?/>  z)k  each 
of  the  same  order   k)  transformed    into   the    curve  T  =  (f,  77,  £)*  =  0.     The    transformed 
curve  has,  as  we  know,  the  same  deficiency  D  as  the  original  curve. 

16.  To   find    the   order   of  the    transformed   curve,   we  must    find    the    number    of 
its    intersections    with    an    arbitrary    line    af  4-  ltj  +  c£=  0.      Writing    in    this    equation 
|  :  T]  :  £=P  :  Q  :  It,   we   obtain   the   equation   aP  -f  bQ  +  cR  =  0,   and   combining   there- 
with  the   equation   CT  =  0,  the   two   equations,  being   of  the   orders  k  and  n  respectively, 
give    hi    systems    of    values    of    (so  :  y  :  s\    and    to    each    of   these,   in    virtue    of    the 
equations   f  :  77  :  £=P  :  Q  :  R,  there   corresponds   a   single  set  of  values  of  (£  :  rj  :  f), 
and  therefore  a  single  point  of  intersection  ;  hence  the  number  of  intersections,  that  is, 
the  order  of  the  transformed  curve,  is  —  kn. 

17.  If,    however,   the  curves  P  =  0,    Q=0,    R  =  0,   meet    in    au    ordinary    point    of 
the   curve    U  =  0,  then  it  is    easy  to    see    there    is    a    reduction   =  1    in    the   foregoing 
value  ;    and   so  if  they  meet  in   a  dp   of  the   curve    U  =  0,  then   there   is  a  reduction 
=  2.    More  generally  if  the  curves  P  =  0,  Q  =  0,  R—Q   each   pa^s  through   the   same   a 
dps  and  @  ordinary  points   of  the   curve    J/"=0,   then  there  is  a  reduction  =2«H-£?.     In 
fact    the    curve    aP  +  bQ  -f-  oR  —  0,    meets   the   curve    (7  =  0,   in    kn   points;    but   among 
these  are   included  the   a  dps,  each  counting  as   2  intersections,  and  the  /9  points;  the 
number   of   the  remaining  intersections  is  =  kn  —  2a  —  &  and    the   order    of   the    trans- 
formed curve  is  equal  to  this  number. 

I  assume  that  we  have  k  <  n  : 

18.  A  curve  of  the  order  k  may  be   made   to  pass   through   £A(&-f3)   points;    it 
is  moreover  known  that  if  any  three   curves,  P  =  0,  Q  =  0,  J2~0,  of  the   order  k  each 
pass  through  the  same  -p  (k  -f  3)  -  1  points,  then  the  three  curves  have  all   their  inter- 
sections common,  the    equations    being,  in    fact,   connected    by  an   identical   relation    of 
the  form   oP  +  J3Q  4-  yR  =  0.     To  make  the  order  of   the  transformed  curve  as   low  as 
possible,  we  must  make   the   curves  P=0,  Q  —  0,  jK  =  0,  meet  on  the   curve    £7=0  in 
as    many    points    as    possible,    and    it   appears    from   the    remark  just   made,    that   the 
greatest  possible  number   is  =  $k  (k  +  3)  -  2  ;    in  particular,  for   k  =  n  —  1,   n  —  2,    «  —  3, 
the    number  of   points    on    the    curve    Z7  =  0  will    be    at   most    equal   to   $(vP  +  n)—  3, 
£  (n*  -  n)  -  3,  |  (n*  -  Sri)  -  2,  respectively. 


19.    Hence,  considering  the  curve  Z7=0  with  deficiency  D,  or  with  £(n3-3?i)  ~ 
dps,  first  if  k  =  n  -  1,  we  may  assume  that  the  transforming  curves  P  =  0,  Q  =  0,  jR  =  0 
of  the  order  n  —  1,  each  pass 

through  the  £  (n2  —  Sri)  —  D  -f  1  dps, 

and  through  Zn  4-D  —  4  other  points, 

together         %(n*  +  ri)          -3  points  of  the  curve  Z7~0. 
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This  being  so,  each  of  the  three  curves  will  meet  the  curve  U=0 
in  the  dps,  counting  as  n2  —  3n  —  2Z)  4-  2  points, 
in  the  2?i  -f   D  —  4  points, 

and  in  D  +  2  other  points, 

together  nz  —  n  points ; 

whence  the  order  of  the  transformed  curve  is  =  D  4-  2. 

20.  In  precisely   the    same    manner,  secondly,  if  k  =  n  —  2,    then  we    may  assume 
that  the  transforming  curves  P  =  0,  Q  =  0,  E  =  0,  of  the  order  n  —  2,  each  pass 

through  the  J  (n*  -  3rc)  -  -D  +  1  dps, 

and  through  n  +D  —  4  other  points, 

together         •£  (n2  —  ?i)  —  3  points  of  the  curve  U  =  0  ; 

and  this  being  so,  each  of  the  three  curves  will  meet  the  curve  U  =  0 

in  the  dps  counting  as  ?z?  —  3n  —  2D  +  2  points, 
in  the  n+   Z>  — 4  points, 

and  in  D  -f  2  other  points, 

together  n2  —  2n  points ; 

whence  the  order  of  the  transformed  curve  is  also  in  this  case  =  D  -f  2. 

21.  I  was  under  the  impression  that  the   order   of   the    transformed   curve    could 
not  be  reduced  below  D+2,  but  it  was  remarked  to  me  by  Dr  Clebsch,  that  in  the 
case    D  >  2,  the   order  might  be  reduced  to   D  H- 1.      In    fact,  considering,   thirdly,  the 
case  k  =  n  —  3,   we  see   that  the  transforming  curves   P  =  0,   Q  =  0,  R  =  0  of  the  order 
?i  —  3  may  be  made  to  pass 

through  the  •£  (ti2  -  3ri)  -  D  +  1  dps, 

and  through  D  —  3  other  points, 

together         -J-  (n*  —  3n)         —  2  points  of  the  curve  U  =  0  ; 

and  this  being  so,  each  of  the  three  curves  meets  the  curve  U=  0, 
in  the  dps  counting  as  (n2  -  Bn)  —  2D  +  2  points, 
in  the  D  —  3  points, 

and  in  •  -D  + 1  other  points, 

together  nz  —  3ft  points ; 

whence  the  order  of  the  transformed  curve  is  in  this  case  =D-f  1. 

22.  The  general  theorem  thus  is  that  a  curve  of  the  order  n  with  deficiency  D, 
can  be,  by  a  transformation  of  the  order  n—  1   or  n,  — 2,  transformed  into  a  curve  of 
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the  order  £  +  2;  and  if  I>>2,  then  the  given  curve  can  be  by  a  transformation  of 
the  order  71-8  transformed  to  a  curve  of  the  order  D  +  l:  the  transformed  curve 
having  in  each  case  the  same  deficiency  D  as  the  original  curve. 

23.  In  particular,  if  D  =  l,  a  curve  of  the  order  n  with  deficiency  1,  or  with 
£  (n*  -  3n)  dps,  can  be  transformed  into  a  cubic  curve  with  the  same  deficiency,  that 
is  with  Odps;  or  the  given  curve  can  be  transformed  into  a  cubic.  This  case  is 
discussed  by  Clebsch  in  the  Memoir  "tTeber  diejenigen  Curven  deren  Coordmateii 
elliptische  Functionen  eines  Parameters  sind,"  Crelle,  t.  LXIV.,  pp.  210—271.  And  he 
has  there  given  in  relation  to  it  a  theorem  which  I  establish  as  follows: 

24  Using  the  transformation  of  the  order  ?i-l,  if  besides  the  2n  +  D-4(=  27* -3) 
points  on  the  given  curve  27=0,  we  consider  another  point  0  on  the  curve,  then  we 
may,  through  the  £02-3w)  dps,  the  2?i-3  points  and  the  point  0,  draw  a  series  of 
curves  of  the  order  ?i-l,  viz.,  if  PQ)  Q0,  jR0>  are  what  the  functions  P,  Q,  R,  become 
on  substituting  therein  for  (so,  y,  *),  the  coordinates  (a?0,  y0,  0  of  the  given  point  0, 
then  the  equation  of  any  such  curve  will  be  aP  +  bQ  +  cR  =  0,  with  the  relation 
aP0  +  &Qo  +  cJ?0  between  the  parameters  a,  6,  c ;  or  (what  is  the  same  thing)  eliminating 
c,  the  equation  will  be  a  (P R0  -  JPJR)  +  6  ( QE,  -  Q0#)  =  0,  which  contains  the  single 
arbitrary  parameter  a  :  b.  In  the  cubic  which  is  the  transformation  of  the  given  curve 
we  have  a  point  0'  corresponding  to  0  and  if  (fc,  ifoi  (To)  be  the  coordinates  of  this 
point,  then  corresponding  to  the  series  of  curves  of  the  order  ?i-l,  we  have  a  series 
of  lines  through  the  point  0'  of  the  cubic,  viz.,  the  lines  af-f  brj  +  c£~  0  with  the 
relation  a£0  +  %  +  c£0  =  0  between  the  parameters;  or,  what  is  the  same  thing,  we 
have  the  series  of  lines  a(££0-  ?&)  +  &(?&-  £fy>)  =  0,  containing  the  same  single 
parameter  a  :  &.  By  determining  this  parameter,  the  curves  of  the  order  ?i-l,  will 
be  the  curves  of  this  order  through  the  dps,  the  2w-3  points,  and  the  point  0, 
which  touch  the  given  curve  !7=0;  and  the  lines  will  be  the  tangents  to  the  cubic 
from  the  point  0' ';  as  the  number  of  tangents  to  a  cubic  from  a  point  on  the  cubic 
is  =4,  it  is  clear  that  the  values  of  the  parameter  a  :  b  will  be  determined  by  a 
certain  quartic  equation;  and  there  will  of  course  be  4  tangent  curves  of  the  order 
7i~l  corresponding  to  the  4  tangents  to  the  cubic.  Now  by  Dr  Salmon's  anharmonic 
property  of  the  tangents  of  a  cubic,  if  on  the  cubic  we  vary  the  position  of  the 
point  0',  the  absolute  invariant  7s -r-/2  of  the  quartic  in  (a  :  I)  remains  unaltered; 
that  is  the  absolute  invariant  P-i-J"3  of  the  quartic  which  determines  the  4  tangent 
curves  of  the  order  n-l  is  independent  of  the  position  of  the  point  0  on  the  given 
curve  Z7=0,  and  since  the  tangent  curves  in  question  have  the  same  relation  to 
each  of  the  2^-3  points  and  to  the  point  0,  it  follows  that  the  invariant  is  also  inde- 
pendent of  the  position  of  each  of  the  2^-3  points;  that  is,  we  have  the  following 
theorem,  viz.  : 

25.  Considering  a  curve  of  the  order  n  with  deficiency  =  1 ;  we  may,  through  the 
£(n3  —  Sri)  dps,  and  through  any  272,  — 2  points  on  the  curve,  draw  so  as  to  touch  the 
curve,  four  curves  of  the  order  n  - 1 ;  viz.,  these  are  given  by  an  equation  aPf  -f  bQ'  =  0, 
where  the  ratio  a  :  b  is  determined  by  a  certain  quartic  equation  (*$>,  &)4  =  0;  then 
theorem,  the  absolute  invariant  P-r-/a  of  the  quartic  function,  is  independent  of  the 
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positions  of  the  2ft  —  2  points  on  the  curve  J7=0,  and  it  Is  consequently  a  function 
of  only  the  coefficients  of  the  curve  U  =  0,  being,  as  is  obvious,  an  absolute  invariant 
of  the  curve  U  =  0. 

26.  And,  moreover,  if  the  curve    27=0  is  by  a   transformation   of  the  order  n  —  1, 
by  means  of  2%  —  3  points   on  the   curve   as  above,  transformed  into   a  cubic,  then   the 
absolute  invariant  Is  +  J2  of   the    quartic    equation  which    determines  the    tangents    to 
the  cubic  from  any  point   (7   on  the   cubic   (or,  what  is  the   same  thing,   the   absolute 
invariant   S*  -s-  T2  of  the   cubic,  taken  with  a  proper  numerical  multiplier)  is  independent 
of  the  positions   of  the   2n  —  3  points   on  the   curve    £7=  0,  being  in  fact  equal   to  the 
above-mentioned  absolute  invariant  of  the  curve    27=0.     The  like   results  apply  to   the 
transformation  of  the  order  n  —  2. 

27.  Suppose  now  that  we  have  D>2,  and  consider  a  curve  of  the  order  n  with 
the  deficiency  D,   that  is  with  •£•  (?i3  —  3?i)  —  D  +  1   dps,  transformed  by  a  transformation 
of  the  order  n  —  5   into   a  curve  of  the  order  D  4-  1   with  deficiency  D  ;   then,  assuming 
the   truth   of  the   subsidiary  theorem   to   be   presently  mentioned,   it   may  be   shown  by 
very  similar  reasoning    to    that    above    employed,   that    the   absolute    invariants    of    the 
transformed    curve    of   the    order   D  +  l   (the   number    of   which    is    =  4D—  6),    will    be 
independent   of  the   positions  of  the  D  —  3  points  used  in  the  transformation,  and  will 
be  equal  to  absolute  invariants^)  of  the  given  curve  U=Q. 

28.  The    subsidiary  theorem  is  as   follows:    consider   a  curve   of   the  order   D  +  l, 
with    deficiency    D,    that    is,    with    £  D  (D  —  1)  —  D  =  £  (D2  —  3D)    dps  ;    the    number    of 
tangents  to  the   curve   from   any  point   0'   on  the   curve  is  =  (D  +  1)  D  —  (D2  -  3D)  —  2, 
=  4D  —  2,  (this  assumes  however,  that  the   dps  are  proper  dps,  not   ciisps,)  the  pencil  of 
tangents    has  4D  —  5    absolute    invariants,  and    of   these    all    but    one,  that   is,  4D  —  6, 
absolute   invariants   of  the   pencil  are   independent   of  the   position   of  the   point   0'  on 
the  curve,  and  are  respectively  equal  to  absolute  invariants  of  the  curve. 


29.  To  establish  it,  I  observe  that  a  curve  of  the  order  D  +  l  with  deficiency  D, 
or  with  i(^-3-°)  dPs>  contains  £(D+  l)(D  +  4)  -  £(D2-3D),  =  4D  +  2  arbitrary 
constants,  and  it  may  therefore  be  made  to  satisfy  4D+2  conditions.  Now  imagine  a 
given  pencil  of  4D  —  2  lines,  and  let  a  curve  of  the  form  in  question  be  determined 
so  as  to  pass  through  the  centre  of  the  pencil,  and  touch  each  of  the  4D  —  2  lines  ; 
the  curve  thus  satisfies  4D  —  1  conditions,  and  its  equation  will  contain  4D  +  2  —  (4D  —  1),  =  3 
arbitrary  constants.  But  if  we  have  any  particular  curve  satisfying  the  4D  —  1  conditions, 
then  by  transforming  the  whole  figure  homologously,  taking  the  centre  of  the  pencil 
as  pole  and  any  arbitrary  line  as  axis  of  homology,  so  as  to  leave  the  pencil  of  lines 
unaltered  (analytically  if  at  the  centre  of  the  pencil  #=0,  y  —  0,  then  by  writing 
ax  +  fty  +  yz  in  place  of  z)  the  transformed  curve  still  satisfies  the  4*D  —  1  conditions, 
and  we  have  by  the  homologous  transformation  introduced  into  its  equation  3  arbitrary 
constants,  that  is,  we  have  obtained  the  most  general  curve  which  satisfies  the  conditions 
in  question.  The  absolute  invariants  of  the  general  curve  are  independent  of  the 

1  It  is  right  to  notice  that  the  absolute  invariants  spoken  of  here,  and  in  what  follows,  are  not  in  general 
rational  ones. 
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3  arbitrary  constants  introduced  by  the  homologous  transformation;  and  they  are 
consequently  functions  of  only  the  coefficients  of  the  given  pencil  of  4»D  —  2  lines; 
this  being  so,  it  is  obvious  that  they  will  be  respectively  equal  to  absolute  invariants 
of  the  pencil  of  4J9-2  lines.  The  number  of  the  absolute  invariants  of  the  general 
curve  of  the  order  D  +  1  is  =£  (D  +  1)  (D  +  4)  -1- 1  -  9,  but  there  is  a  reduction  =  1,  for 
each  of  the  dps,  hence  in  the  present  case  the  number  is  J  (D  +  1)  (D  +  4)  -  -|  (D2  —  3D)  —  8, 
=  4J9  —  6 ;  and  there  are  thus  4D  —  6  absolute  invariants  of  the  curve,  each  of  them 
equal  to  an  absolute  invariant  of  the  pencil ;  that  is,  of  the  4Z)  —  5  absolute  invariants 
of  the  pencil,  there  are  4J)  —  6,  each  of  them  equal  to  an  absolute  invariant  of  the 
curve,  and  consequently  independent  of  the  position  of  the  point  0'  on  the  curve ; 
which  is  the  theorem  which  was  to  be  proved.  I  believe  the  reasoning  is  quite 
correct,  but  there  are  some  points  in  it  which  require  further  examination,  it  is 
therefore  given  subject  to  any  correction  which  may  hereafter  appear  to  be  necessary. 

30.  The  general  subject  may  be  illustrated  by  considerations  belonging  to  solid 
geometry.  If  we  imagine  the  original  curve  and  the  transformed  curve  as  situate  in 
different  planes,  then  joining  each  point  of  the  original  curve  with  the  corresponding 
point  on  the  transformed  curve,  we  have  a  series  of  lines  forming  a  scroll  (skew 
surface):  if  the  two  curves  are  of  the  orders  ?i,  n'  respectively,  then  the  complete 
section  by  the  plane  of  the  original  curve  is  made  up  of  this  curve  of  the  order  n, 
and  of  ri  generating  lines;  and  similarly  the  complete  section  by  the  plane  of  the 
transformed  curve  is  made  up  of  this  curve  of  the  order  n\  and  of  n  generating 
lines.  Conversely,  given  a  scroll  of  the  order  n  +  ri,  any  two  sections  of  this  scroll, 
being  in  general  curves  of  the  same  order  n  +  ri,  are  rational  transformations  the  one 
of  the  other;  but  for  the  general  scroll  of  the  order  n  +  n',  it  is  not  possible  to  find 
sections  breaking  up  as  above. 


385] 


385. 

ON    THE    CORRESPONDENCE    OF    TWO    POINTS    ON    A    CURVE. 


[From   the  Proceedings  of  the  London  Mathematical  Society,  voL  I.  (1865  —  1866),  No.  vii. 

pp.  i_r.     Read  April  16,  1866.] 

1.  IN   a  unicursal  curve   the  coordinates   (#,  y,  z)   of  any  point   of   the  curve  are 
proportional   to  rational  and    integral    functions  of   a    variable  parameter  6.     Hence,  if 
two   points   of  the   curve   correspond   in   suchwise   that   to   a  given   position   of   the  first 
point  there    correspond    a'    positions    of    the    second  point,  and  to   a  given  position    of 
the   second  point  a  positions   of  the  first  point,  the  number  of  points  which  correspond 
each  to   itself  is  =a+o'.     For  let  the  two   points  be  determined  by  their  parameters 
6,    Q'  respectively  —  then  to  a   given   value   of   0  there   correspond   a'  values  of    0',  and 
to   a  given  value   of    ff    there   correspond    a  values   of    0;    hence  the  relation  between 
(6,  0')  is  of  the  form  (6,  !)*(&,  l)a'=0;  and  writing  therein  &  =  0,  then  for  the  points 
which   correspond  each  to  itself,  we  have  an  equation  (0,  l)a+a'  =  0   of  the  order  a  4-  a7; 
that  is,  the  number  of  these  points  is  =a-j-a'. 

2.  Hence   for  a   unicursal   curve  we   have  a  theorem  similar  to  that  of  M.  Chasles* 
for  a  line,  viz.,  the  theorem  may  be  thus  stated: 

If  two   points   of  a   unicursal   curve  have  an  (a,   a')  correspondence,  the  number  of 
united  points  is  = 


3.  But  a  unicursal   curve  is  nothing  else  than  a   curve  with   a  deficiency  D  =  0, 
and  we  thence  infer 

THEOBEM.  If  two  points  of  a  curve  with  deficiency  D  have  an  (a,  of)  corre- 
spondence, the  number  of  united  points  is  =  a  -f-  a'  -h  2&D  ;  in  which  theorem  2k  is  a 
coefficient  to  be  determined 

4.  Suppose  that    the    corresponding  points  are  P,  P  and  imagine    that  when   P 
is  given,  the  corresponding    points  Pf  are    the    intersections  of    the  given   curve  by  a 

c.  VT.  2 
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curve  ©  (the  equation  of  the  curve  ®  will  of  course  contain  the  coordinates  of  P 
as  parameters,  for  otherwise  the  position  of  Pf  would  not  depend  upon  that  of  P). 
I  find  that  if  the  curve  ®  has  with  the  given  curve  k  intersections  at  the  point  P, 
then  in  the  system  of  (P,  P'),  the  number  of  united  points  is 

a  =  a  -f  a'  +  2kD, 

whence  in  particular,  if  the  curve  ®  does  not  pass  through  the  point  P,  then  the 
number  of  united  points  is  =  a  +  a',  as  in  a  unicursal  curve. 

4*.  The  foregoing  theorem  is  easily  proved  in  the  particular  case  where  the  k 
intersections  at  the  point  P  take  place  in  consequence  of  the  curve  6  having  a  fc-tuple 
point  at  P.  Taking  Z7=(#,  y,  z)m=Q  as  the  equation  of  the  given  curve  (which  for 
greater  simplicity  is  assumed  to  be  a  curve  without  singularities),  then  if  we  suppose 
(x,  y,  z)  to  be  the  coordinates  of  the  point  P,  and  (#',  y,  zr)  to  be  the  coordinates 
of  the  point  P',  write  J7=(#,  y>  z}m,  ?7'  =  (#',  y\  z')m,  U'  being  what  U  becomes  on 
writing  therein  (#',  y\  z'}  in  place  of  (x,  y,  z)  ;  and 


=(#,  yy  *Y(af,  y',  z'Y^z'-y'z,  zof-z'x,  xy'-x' 


viz.,  ®  is  a  function  of  the  order  k  in  yz'  —  yzf,  zod  —  z'x,  &'y  -  x'y,  the  coefficients  of 
the  several  powers  and  products  of  these  quantities  being  functions  of  the  order  a  in 
(#,  y,  z)  and  of  the  order  a!  in  «  /,  /),  which  functions  are  such  that  they  do  not 
all  of  them  vanish,  identically,  or  in  virtue  of  the  equation  17=0,  on  writing  therein 
«  y',  /)  =  (#,  y,  z).  Taking  for  a  moment  (#,  y,  z)  as  current  coordinates,  suppose 
that  the  equation  of  the  given  curve  is  17=0;  then  if  (#,  y,  z)  are  the  coordinates 
of  the  point  P,  we  have  Z7=0,  and  similarly  if  «  y',  /)  are  the  coordinates  of  the 
point  P'  we  have  Z7'  =  0.  The  equation  ©  =  0,  considering  therein  (x,  y,  z)  as  the 
coordinates  of  the  given  point  P  (and  so  as  parameters  satisfying  the  equation  ?7=0) 
and  (of,  tf,  /)  as  current  coordinates,  will  be  a  curve  having  a  A-tuple  point  at  P, 
we  have  thus  the  case  above  supposed;  and  P  being  given,  the  corresponding  points 
P'  are  given  as  the  intersections  of  the  curves  CP  =  0,  @  =  0,  which  are  respectively 
of  the  orders  m  and  a'  +  k;  the  total  number  of  intersections  is  thus  ==  m  (of  4-  &), 
but  inasmuch  as  the  curve  ®  =  0  has  a  A-tuple  point  at  P,  k  of  these  intersections 
coincide  with  the  point  P,  and  the  number  of  the  remaining  intersections,  that  is 
the  number  of  positions  of  the  point  P',  is  =ma'  +  (m-l)&.  Similarly  when  P/  is 
given,  the  number  of  positions  of  the  point  P  is  =wa  +  (w-l)7c:  and  we  have 
therefore 

a  +  a'  =  m  (a  +  a')  +  2  (m  -  1)  k. 

To  find  the  united  points,  it  is  to  be  observed,  that  upon  writing  (#',  y',  z*)  -  (#,  y,  z\ 
the  function  ®  becomes  identically  =0;  but  if  we  suppose,  in  the  first  instance,  that 
P',  P,  are  consecutive  points  on  the  curve  U  =?  0,  then  we  have 

yz'-y'z  :  zti-z1®  :  atf-afy  =  §JJ\   SVU  ;   8,Z7; 
and  the  equation  ®  =  0  assumes  the  form 

©  =  fe  y,  *)*(*,  y,  *Y(*JT9  Sy 
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which,  (so,  y,  z)  being  current  coordinates,  is  the  equation  of  a  curve  of  the  order 
a  +  af  +  (m  —  1)&;  the  united  points  are  the  intersection  of  this  curve  with  the  given 
curve  II  =  0,  and  the  number  of  the  united  points  is  thus 

a  =  m  (a  +  a')  +  m  (m  —  1)  k. 
Hence  attending  to  the  above-mentioned  value  of  a  4-  a',  we  have 


But  in   the  case   of  a  curve    17=0,  without  singularities,  we   have  2Z>  =  (m  —  1)  (m  —  2), 
and  we  have  thus  the  required  formula 


The  investigation  in  the  case  where  the  k  intersections  at  P  arise  wholly  or  in 
part  from  a  contact  of  the  curve  @,  or  any  branch  or  branches  thereof,  with  the 
given  curve  Uy  is  more  difficult,  and  I  abstain  from  entering  upon  it. 

I  apply  the  theorem  to  some  examples  : 

5.  Investigation  of   the   class   of   a   curve  of   the  order  m  with   8  dps.     Take  as 
corresponding  points   on  the   curve   two  points,  such  that  the  line  joining  them   passes 
through    a  fixed  point   0:    the    united   points    will    be    the    points    of    contact    of   the 
tangents   through   0;    that   is,   the   number   of  the  united  points  is   equal  to  the  class 
of  the   curve.     The   curve   @   is   here   the   line   OP,  which   has  with  the  given   curve  a 
single   intersection    at  P;    that  is,   we  have  A  =  l.     The  points  P7   corresponding  to    a 
given   position  of    P    are    the    remaining  m  —  1    intersections    of    OP  with  the   curve  ; 
that    is,   we    have    a'=m  —  1;    and    in    like    manner    a  =  m  —  1.    Hence    the    class    is 
=  2(m-l)-f2D,  viz.,  this  is   =  (2m-2)  +  (m2-  3m  +  2-  28),   which   is  =  m2-m-2S,  as 
it  should  be. 

6.  It  is  in  the  foregoing  example  assumed  that  the  dps  are  none  of  them  cusps; 
if  the   curve  has  8  +  #  dps,  K  of  which  are  cusps  (or  what  is  the  same  thing,  8  nodes 
and  ic  cusps)  ;  then  the  number  of  united  points  is  equal  2  (m  —  1)  -f-  2J?,  =  m2  —  m  —  28  —  2/c  ; 
but  in  this  case  each  of  the  cusps  is  reckoned  as  a  united  point,  and  we  have,  therefore, 
class    -h/c  =  m2  —  m  —  28  —  2#,   that  is,   class  =  m2—  m  —  28  —  3*;.      This   will   serve  as  an 
instance   of  the   special   considerations  which   are  required  in   the  case  of  a  curve  with 
cusps,  but  in  what  follows,  I   shall  assume  that  the   dps  are  none   of  them  cusps  and 
thus   attend   bo   the   case   of  a   curve  of  the   order  m,  with  S  dps,  and  therefore  of  the 
class  n  =  m2  —  m  —  28,  and  of  the  deficiency  D  =  £  (m  —  1)  (m  —  2)  —  8,  =  £  (n  —  2m  +  2). 

7.  Investigation    of   the    number    of   inflexions.     Taking    the    point    P7    to    be    a 
tangential   of   P   (that    is,  an   intersection    of   the    curve    by  the    tangent    at   P),  the 
united  points  are  the  inflexions,  and  the  number  of  the  united  points  is  equal  to  the 
number  of  inflexions.     The  curve   ®  is  here  the  tangent  at  P,  having  with  the  given 
curve  two  intersections  at  P;  that  is  k  =  2.    P'  is  any  one  of  the  m  —  2  tangentials 
of   P,   hence    a'^w  —  2;    and    P    is   the    point    of    contact  of   any  one    of  the    n—  2 

2—2 
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tangents  from  P  to   the  curve,  that   is,  a  =  n  -  2.     Hence  the  number  of  inflexions  is 

-4-f  2(tt-a»+2),  =  3(^-ra),  which  is  right. 


8.  For  the  purpose  of  the  next  example  it  is  necessary  to  present  the  fundamental 
equation  a  =  a  +  a'  -f  2kD  under  a  more  general  form.  The  curve  ©  may  intersect  the 
given  curve  in  a  system  of  points  P'  each  p  times,  a  system  of  points  Q'  each 
q  times,  &c.,  in  such  manner  that  the  points  (P,  P'),  the  points  (P,  Q'),  &c.,  are  pairs 
of  points  corresponding  to  each  other  according  to  distinct  laws;  and  we  shall  then 
have  the  numbers  (a,  a,  a),  (b,  £,  /3'),  &c.,  belonging  to  these  pairs  respectively;  viz. 
(P,  P)  are  points  having  an  (a,  of)  correspondence,  and  the  number  of  united  points 
is  =a;  similarly  (P,  $)  are  points  having  a  (/?,  /3')  correspondence,  and  the  number 
of  united  points  is  =  b  ;  and  so  on.  The  theorem  then  is 


9.  Investigation  of  the  number  of  double  tangents  :—  Take  P',  an  intersection  with 
the  curve  of  a  tangent  drawn  from  P  to  the  curve  (or  what  is  the  same  thing,  P,  P' 
cotangentials  of  any  point  of  the  curve)  ;  the  united  points  are  here  the  points  of 
contact  of  the  several  double  tangents  of  the  curve;  or  if  r  be  the  number  of  double 
tangents,  then  the  number  of  united  points  is  =  2r.  The  curve  ©  is  the  system  of 
the  n—  2  tangents  from  P  to  the  curve;  each  tangent  has  with  the  curve  1  inter- 
section at  P,  that  is,  k  =  n  —  2  ;  each  tangent,  besides,  meets  the  curve  in  the  point 
of  contact  Q'  twice,  and  in  (w-3)  points  P'.  Hence,  if  (a,  a,  a')  refer  to  the  points 
(P,  Q'),  and  (2r,  y9,  j3')  to  the  points  (P,  P'),  we  have 

2  (a  -  a-  of)  +  2-r-  ft  -  /3'  =  2  (n-2)  D. 

Moreover,  from   the   last  example  the  value   of  a  —  a  —  a'  is  =  4D,  and  the  formula  thus 
becomes 


but  from  above  it  appears  that  we  have  /3  —ft'~(n  —  2)(?r&  —  3),  whence 

2r=  2  (w-  2)(m-  3)  +  2  (w-  6)  D, 

=  2  (n  -  2)  (m-  3)  +  (n  -  6)O  -  2m  +  2), 


which  is  right;  in  fact,  observing  that   i  (the  number  of  inflexions)  is  =3ft-3w,   the 
formula  is  equivalent  to  2r  -f-  8t  -  w2  —  n  —  m,  that  is,  m  =  w2  -  w  —  2r  —  3^. 

In  the  foregoing  examples  the  curve  ®  is  a  line  or  system  of  lines;  but  I  give 
an  example  in  which  ©  is  a  system  of  conies,  and  in  which,  as  will  appear,  we  have 
to  consider  the  two  characteristics  (/u,,  v)  of  the  system. 

10.  Investigation  of  the  number  of  conies  which  can  be  drawn,  satisfying  any 
four  conditions,  and  touching  the  given  curve;  or  say  of  the  number  of  the  conies 
(4>Z)  (1).  Take  P',  an  intersection  of  the  given  curve  by  a  conic  (4Z)  passing  through 
the  point  P,  then  the  number  of  the  united  points  is  equal  to  that  of  the  conies 
(4tZ)  (1).  The  curve  ®  is  here  the  system  of  the  conies  (4<Z)  which  pass  through  P; 


385]  ON  THE    CORRESPONDENCE    OF   TWO    POINTS    ON    A    CURVE.  13 


hence,  if  (/,&,  v)  be  the  characteristics  of  the  system  of  conies  (42),  the  number  of  the 
conies  through  P  is  =ju,;  each  of  these  has  with  the  given  curve  1  intersection  at 
P,  and  consequently  k  =  p.  Moreover,  each  of  the  conies  besides  meets  the  curve  in 
(2m  —  1)  points,  and  consequently  a  =  a'  =  /u(2m  —  1).  Hence  the  formula  gives  the 
number  of  united  points 

=  2/jL  (2m  -  1)  +  p(n  -  2m  4-  2), 

=  p  (n  -f  2m)  ; 
or,  as  this  may  be  written, 

=  fin  -f  vm  +  m  (%/j,  —  v). 


But  the  system  of  conies  (4dZ)  contains  (^p  —  v)  point-pairs  (coniques  inftniment  aplaties), 
each  of  which,  regarded  as  a  pair  of  coincident  lines,  meets  the  given  curve  in  m 
pairs  of  coincident  points  ;  that  is,  the  point-pair  is  to  be  considered  as  a  conic 
touching  the  given  curve  in  m  points;  and  there  is  on  this  account  a  reduction 
=  m  (2/6  —  v)  in  the  number  of  the  united  points  ;  whence,  finally,  the  number  of  the 
conies  (4iZ)  (1)  is  =/j,n  +  vm.  It  is  hardly  necessary  to  remark  that  it  is  assumed 
that  the  conditions  (42)  are  conditions  having  no  special  relation  to  the  given  curve. 

11.  As  a  final  example,  suppose   that  the  point  P   on  a  given  curve  of  the  order 
m,  and   the  point  Q  on  a  given  curve  of  the  order  m',  have  an  (a,  a')  correspondence, 
and   let  it   be    required    to    find    the    class    of   the    curve   enveloped    by  the   line   PQ. 
Take    an    arbitrary  point    0,  join    OQ,  and    let    this    meet    the    curve    m    in  Pf,  then 
(P,  P')  are  points  on  the  curve   m,  having  a  (m'a,  ma')   correspondence;    in  fact,  to  a 
given    position    of   P    there    correspond    at    positions    of    Q,  and    to    each    of   these    m 
positions   of   P',   that   is,  to   each   position   of   P  there   correspond   ma!  positions   of   P'  ; 
and  similarly  to   each  position   of  P'  there   correspond  m'a  positions  of  P.    The  curve 
®    is    the    system    of    the    lines    drawn    from    each    of   the   a'    positions    of    Q   to    the 
point    0,  hence  the  curve   ®   does  not  pass  through  P,  and  we  have  &=0.     Hence  the 
number   of  the  united  points  (P,  P7),  that  is,  the  number  of  the  lines  PQ  which  pass 
through  the  point  0,  is  —  ma'  4-  m'a,  or  this  is  the  class  of  the  curve  enveloped  by  PQ. 

12.  It  may  be  remarked,  that  if  the  two  curves  are  curves  in  space  (plane  or  of 
double   curvature),  then  the  like  reasoning    shows  that    the   number    of   the    lines  PQ 
which  meet  a  given  line   0  is  ^mot'4-rn'a,  that  is,  the  order  of  the  scroll  generated 
by  the  line  PQ  is  = 
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386. 

ON    THE    LOGARITHMS    OF    IMAGINAKY    QUANTITIES. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  II.  (1866  —  1869), 
pp.  50—54.    Bead  Dec.  12,  1867.] 

THE  theory  of  the  logarithms  of  imaginary  quantities  admits  of  a  remarkably  simple 
representation. 

Let  P   denote  at  pleasure  the  imaginary  quantity  #  +  iy,  or  else    the    point   the 
coordinates    of  which  are  (a?,    y)i    viz.,   P  regarded    as   a   quantity  will    denote 
but  we  may  also  speak  of  the  point  P. 

Writing  thus 

P  =#  +iy, 
and  similarly 

P'  =  #'4^y, 
we  have  of  course 

P     a  +iy 

"' 


p 

an  imaginary  quantity  X  +  iY\    and  the  point   -^  will    be   the    point  the   coordinates 

of  which  are  (X,  T). 

We  have 

P  =  reie, 

viz.,  r  is  =V^4"2/2,  the  radical  being  positive,  and  9  is  an  arc  such  that 

x  ,  < 

cos  0  =    ....  --    ,  sin  6  =    ... 


and  moreover   6  may  be  taken  to  be  an  arc  between  the  limits  —TT,   +TT.     The  arc 
so  defined  may  be  denoted  by  tan*"1  ~  ,  so  that  we  have  6  =  tan"1  *•  . 

*K  OG 
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It  is  to  be  observed  that  0  has  always  a  determinate  unique  value,  except  in 
the  single  case  y=Q,  x  negative,  where  we  have  indeterminately  6  =  ±  TT. 

It  is  further  to  be  remarked  that,  taking  A  for  the  origin  of  coordinates,  we  have 
9  =  angle  xAP,  considered  as  positive  or  as  negative  according  as  P  lies  above  or 
below  the  axis  of  x. 

Starting  from  the  equation 

P  =  rei(>, 
we  have  similarly 

P' 
and 


p 
where  <£  is  derived  from  -^  in  the  same  way  as  0  from  P,  or  ff  from  P'. 

Consequently 

ei(e-e'-*}==i9 

and  therefore  9  —  ff  —  <f>  a  multiple  of  2-Tr,  say 

and  in  this  equation  the  value  of  m  is  determined  by  the  limiting  conditions  above 
imposed  on  the  values  of  0,  0',  <j>.  To  see  how  this  is,  suppose  in  the  first  instance 
that  the  finite  line  or  chord  P'P,  considered  as  drawn  from  P'  to  P,  cuts  the  negative 
part  of  the  axis  of  x  upwards ;  P  is  then  above,  P7  below,  the  axis  of  x ;  that  is, 
0,  —  ff  are  each  positive ;  and  drawing  the  figure,  it  at  once  appears  that  the  sum 
0  +  (—  9'\  that  is  0  —  0',  is  a  positive  quantity  greater  than  TT.  And  in  this  case  the 
angle  <£  will  be  equal  to  27r  — (0— #)  taken  negatively,  that  is,  <£-  —  {2?r  —  (0  —  0')}, 
or  0  — #'  —  </>  =  2-77.  But,  in  like  manner,  if  P'P  cut  the  negative  part  of  the  axis  of 
x  downwards,  P  will  be  below,  Pf  above,  the  axis  of  x ;  —  9  and  6'  are  here  each 
positive,  and  the  figure  shows  that  the  sum  —  9  +  ff  is  greater  than  TT  ;  and  in  this 
case  the  angle  <j>  is  =  2?r  —  (—  9  -f  0') ;  that  is,  we  have  0  —  &  -  <f>  =  -  2?r.  In  every 
other  case,  (that  is,  if  the  chord  P'P  either  does  not  meet  the  axis  of  xy  or  if  it 
meets  the  positive  part  of  the  axis  of  #,)  Q—&  and  <j>  are  each  in  absolute  magnitude 
less  than  TT,  and  we  have  6  —  ff  —  <f>  =  Q.  So  that  we  see  that,  according  as  the  chord 
P'P,  considered  as  drawn  from  Pr  to  P,  meets  the  negative  part  of  the  axis  of  x 
upwards  or  downwards,  or  as  it  does  not  meet  the  negative  part  of  the  axis  of  x, 
the  value  of  0  —  9'-<f>  is  =27r,  =-2?r,  or  =0. 

Taking  now  logr  to  represent   the  real  logarithm   of  the  positive  real   quantity  r, 
we  may,  as  a  definition  of  the  logarithm  of  the  imaginary  quantity  P(=#-f  iy),  write 

log  P  =  log  r  +  iff. 

The  value  so  defined  is  of  course  one  out  of  the  infinite  number  of  values  of  the 
logarithm,  and  it  may  for  distinction  be  termed  the  "selected"  value.  In  all  that 
follows,  the  symbol  "log"  is  to  be  understood  to  denote  the  selected  value.  We  have 

logP  =logr 
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and  similarly 


log  P'=  log  /  +  ;#', 
and 

P  r 

I0gp7  =  10g™,  +  ^. 

Hence 


so  that,   by  what   precedes,  log  P- log  P',  if  the   chord  P'P,  considered  as   drawn  from 

P 

P'    to  P,   cuts  the  negative  part  of  the  axis  of  x   upwards,  is   =  log  -p,  +  2i?r ;  if    the 

P 

chord  cuts  the  negative   part  of    the  axis    of    x    downwards,  it  is    =  log -^  —  2i?r,    and 

in  every  other  case  it  is  "log -p. 

It  is  to  be  remarked  that  log  P,  as  above  defined,  is  a  continuous  function  of 
P(=£o  +  iy)}  with  the  single  exception  that,  if  the  point  P  move  from  above  to  below 
or  from  below  to  above  the  negative  part  of  the  axis  of  x,  the  imaginary  part  of 
the  logarithm  changes  from  4-  ITT  to  —  i?r,  or  from  —  ITT  to  +  iir,  in  the  two  cases 
respectively.  And  we  are  thus  led  to  another  mode  of  looking  at  the  question. 

Consider  the  integral 

The  value  of  the  integral  may  depend  on  the  series  of  values  assumed  by  the  variable 
z  as  it  passes  from  the  limit  z  =  P'  to  the  limit  z  =  P,  or  say  it  may  depend  on  the 
path  of  the  variable  z\  in  order  to  give  the  notation  a  precise  signification,  we  must 
therefore  fix  the  path  of  the  variable  z\  and  I  do  this  by  taking  the  path  to  be 

the  right  line  P'P.    Write  now  #  =  P'.%,  we  have  ££_<«*.  £  =  P'  gives  w  =  l;   z^P 

z       u 
p 
gives   u  =  ~p ;    and   it  is  easy  to  see   that,   the  path   of   z  being  along  the  right  line 

P  / 
P'  to  P,   that    of   u   is   along   the    right   line    1    to  -^  (that  is,   from    the   point  the 

p\ 
coordinates  whereof  are  0  =  1,  y  =  0,  to  the  point 

We  have  thus 

j  P'  z  ' 


p/  Z        J!  U 


the  path  in  each  case  being  a  right  line  as  above.    The  indefinite  integral  /  —  =  log  u ; 

P 

and  as  u  passes  from   1   to  -p?,   there  is  no  discontinuity  in  the  value    of  logw;  the 
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p 

value    of   the    right-hand    side    is    thus   =  log  -p? .     As    regards   the   left-hand    side,    the 

indefinite  integral  is  in  like  manner  =  logs;  but  here,  if  the  chord  P'P  cuts  the 
negative  part  of  the  axis  of  cc,  there  is  a  discontinuity  in  the  value  of  log  z,  viz., 
if  the  chord  P'P,  considered  as  drawn  from  P/  to  P,  cuts  the  negative  part  of  the 
axis  of  x  upwards,  there  is  an  abrupt  change  in  the  value  of  log  z  from  —  iir  to  -f  iir ; 
,and  similarly,  if  the  chord  cut  the  negative  part  of  the  axis  of  x  downwards,  there 
is  an  abrupt  change  from  +iV  to  —  i?r;  in  the  former  case,  by  taking  the  definite 
integral  to  be  log  P  — log  P',  we  take  its  value  too  large  by  2i?r,  in  the  latter  case 
we  take  it  too  small  by  %iir\  that  is,  the  true  value  of  the  definite  integral  is  in  the 
former  case  =  log  P  —  log  P'  —  2i?r,  in  the  latter  case  it  is  =  log  P  —  log  P'  4-  2wr.  But 
if  the  chord  PP  does  not  cut  the  negative  part  of  the  axis  of  #,  then  there  is  not 
any  discontinuity,  and  the  true  value  of  the  definite  integral  is  =logP  —  logP'.  We 
have  thus  in  the  three  cases  respectively 


which  agrees  with  the  previous  results. 

It  may  be  remarked,  that  it  is  merely  in  consequence  of  the  particular  definition 
adopted  that  there  is  in  the  value  of  log  P  a  discontinuity  at  the  passage  over  the 
negative  part  of  the  axis  of  x ;  with  a  different  definition  of  the  logarithm,  there 
would  be  a  discontinuity  at  the  passage  over  some  other  line  from  the  origin ;  but  a 
discontinuity  somewhere  there  must  be.  For  if,  as  above,  the  chord  P'P  meet  the 
negative  part  of  the  axis  of  ®,  then  forming  a  closed  quadrilateral  by  joining  by  right 

P  P 

lines   the   points   1  to  P,  P  to  P7,  P'  to   ™,   and  -p  to   1;  the   only  side  meeting  the 

negative  part   of  the   axis   of  a  is   the  side  P'P ;  the  integral   I  — ,  taken  through  the 

J   z 

closed  circuit  in  question,  or  say  the  integral 


-T-P' 

has,  by  what  precedes,  a  value  in  consequence  of  the  discontinuity  in  passing  from 
P'  to  P ;  viz.,  this  is  =  —  2i?r  or  =  2i?r,  according  as  the  chord  P'P,  considered  as 
drawn  from  P  to  P,  cuts  the  negative  part  of  the  axis  of  #  upwards  or  downwards; 
but  this  value  —  2wr  or  4-2^7r  must  be  altogether  independent  of  the  definition  of 
the  logarithm;  whereas  if,  by  any  alteration  in  the  definition,  the  discontinuity  could 
be  avoided,  the  value  of  the  integral,  instead  of  being  as  above,  would  be  =0.  The 
foregoing  value  —  2^'7^  or  4-  2iV  is  in  fact  that  of  the  integral  taken  along  (in  the  one 
c.  vi.  3 
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or  the  other   direction)  any  closed   curve    surrounding    the    point    0  =  0  for  which    the 

function  -  under   the  integral  sign  becomes    infinite:   but    in    obtaining  the   value    as 
z 

above,  no  use  is  made  of  the  principles  relating  to  the  integration  of  functions  which 
thus  become  infinite. 

The  equation 

log  P  =  log  r  H-  id 
gives 

or  say 

where,  m  being  any  real  quantity  whatever,  rm  denotes  the  positive  real  value  of  rm. 
We  have  thus  a  definition  of  the  value  of  (%  +  iy)m,  and  the  value  so  defined  may 
be  called  the  selected  value.  And  similarly,  for  an  imaginary  exponent  tn  =  p  +  qi,  we 
have 


which  is  the  selected  value  of  (# 

It  may  be  remarked,  in  illustration  of  the  advantage  (or  rather  the  necessity)  of 
having  a  selected  value,  that  in  an  integral    \Zdz>  taken  between   given   limits    along 

.a  given  path,  it  is  necessary  that  we  know,  for  the  real  or  imaginary  value  of  z 
corresp6nding  to  each  point  of  the  path,  the  value  of  the  function  Z\  and  consequently, 
if  Z  is  a  function  involving  log  z  or  zm,  the  indeterminateness  which  presents  itself 
in  these  symbols  (considered  as  belonging  to  a  single  value  of  z)  is,  so  to  speak, 

indefinitely  multiplied,  and   \Zdz  is  really  an  unmeaning  combination  of  symbols,  unless 

by  selecting,  as  above  or  otherwise,  a  unique  value  of  log  z  or  #m,  we  render  the 
function  to  be  integrated  a  determinate  function  of  the  variable. 
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NOTICES    OF    COMMUNICATIONS    TO    THE    LONDON    MATHE- 
MATICAL   SOCIETY. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  n.  (1866 — 1869), 
pp.  6—7,  25—26,  29,  61—63,  103—104,  123—125.] 

December  13,  1866.    pp.  6 — 7. 

PBOF.  CATLEY  exhibited  and  explained  some  geometrical  drawings.  Thinking  that 
the  information  might  be  convenient  for  persons  wishing  to  make  similar  drawings,  he 
noticed  that  the  paper  used  was  a  tinted  drawing  paper,  made  in  continuous  lengths 
up  to  24  yards,  and  of  the  breadth  of  about  56  inches  (*);  the  half-breadth  being 
therefore  sufficient  for  ordinary  figures,  and  the  paper  being  of  a  good  quality  and 
taking  colour  very  readily.  Among  the  drawings  was  one  of  the  conies  through  four 
points  forming  a  convex  quadrangle.  The  plane  is  here  divided  into  regions  by  the 
lines  joining  each  of  the  six  pairs  of  points,  and  by  the  two  parabolas  through  the 
four  points;  and  the  regions  being  distinguished  by  different  colours,  the  general  form 
of  the  conies  of  the  system  is  very  clearly  seen.  (Prof.  Cayley  remarked  that  it  would 
be  interesting  to  make  the  figures  of  other  systems  of  conies  satisfying  four  conditions; 
and  in  particular  for  the  remaining  elementary  systems  of  conies,  where  the  conies  pass 
through  a  number  3,  2,  1  or  0  of  points  and  touch  a  number  1,  2,  3  or  4  of  lines: 
the  construction  of  some  of  these  figures  is,  however,  practically  a  great  deal  more 
difficult.)  Other  figures  related  to  Cartesians  and  Bicircular  Quartics.  One  of  these 
was  a  figure  of  a  system  of  triconfocal  Cartesians;  and  derived  from  this  by  inversion 
in  regard  to  a  circle,  there  was  a  figure  of  a  system  of  quadriconfocal  bicircular 
quartics:  in  the  assumed  position  of  the  inverting  circle,  each  quartic  consists  (like 
tlie  Cartesian  which  gives  rise  to  it)  of  an  exterior  and  an  interior  continuous  curve, 
and  the  general  aspect  of  the  figure  is  that  of  a  distortion  of  the  original  figure  of 
the  Cartesians.  Another  figure  was  that  of  the  bicircular  quartic,  for  which  the 

1  Sold  at  Messrs  Leeliertier-Barbe's,  Begent  Street,  at  6d.  per  yard,  or  9*.  the  piece. 
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algebraical  sum  of  the  distances  of  a  point  thereof  from  three  given  foci  is  =  0  (this 
was  selected  for  facility  of  construction,  by  the  intersections  of  circles  and  confocal 
conies).  The  quartic  consists  of  two  equal  and  symmetrically  situated  pear-shaped 
curves,  exterior  to  each  other,  and  including  the  one  of  them  two  of  the  three  given 
foci,  the  other  of  them  the  third  given  focus,  and  a  fourth  focus  lying  in  a  circle 
with  the  given  foci:  by  inversion  in  regard  to  a  circle  having  its  centre  at  a  focus 
the  two  pear-shaped  curves  became  respectively  the  exterior  and  the  interior  ovals  of 
a  Cartesian.  There  was  also  a  figure  of  the  two  circular  cubics,  having  for  foci  four 
given  points  on  a  circle;  and  a  figure  (coloured  in  regions)  in  preparation  for  the 
construction  of  the  analogous  sextic  curve  derived  from  four  given  points  not  in  a  circle. 


March  28,  1867.     pp.  25—26. 

Professor  Cayley  mentioned  a  theorem  included  in  Prof.  Sylvester's  theory  of 
derivation  of  the  points  of  a  cubic  curve.  Writing  down  the  series  of  numbers 

1,  2,  4,  5,  7,  8,  10,  11,  13,  14,   16,   17,  fee.,  viz.,  all  the  numbers  not   divisible  by   3, 
then  (repetitions  of   the    same  number  being  permissible)  taking  any  two   numbers  of 
the   series,  we   have   in    the    series    a   third    number,   which    is   the    sum    or   else    the 
difference   of  the  two   numbers  (for  example,  2,  2  give  their  sum   4,  but  2,  7  give  their 
difference   5),  and  we  have  thus  a  series  of   triads,  in  each  of   which   one  number  is 
the   sum  of   the  other  two.     The  theorem  is,  that  it  is  possible  on  a  cubic  curve  to 
construct  a  series  of  points,  such  that  denoting  them  by  the  above  numbers  respectively, 
then  for  any  triad  of  numbers  as  aforesaid  the  points  denoted    by  the  three  numbers 
respectively  lie  in   lined.     And    the    theorem    gives    its    own  construction:    in   fact   the 
series  of  triads  is   112,  224,  145,  257,  178,  248,  &c.     Take   1,  an  arbitrary  point  on  the 
•cubic,  then  (by  the    theorem)  the   triad    112    shows    that    2    is    the    tangential    of    1 ; 
224  shows  that   4  is  the  tangential   of  2;   145  that   5  is  the  third  point   of  1  and  4; 
257   that   7   is  the  third  point   of   2    and   5.     So  far   we  have  no  theorem;    we   have 
merely,    starting    from    the    point    1,    constructed    by   an    arbitrary   process    the    points 

2,  4,  5,  and   7.    But  going  a   step  further;   178   and  448   show,  the  first  of  them,  that 
8  is  the  third  point  of  1   and  7,  the  second  of  them,  that  8  is  the  tangential  of  4. 
We   have  here  the  theorem   that  the  third  point    of    1    and   7   is   also   the   tangential 
of  4.     Similarly,  10,  11,  13  are   each   of  them  (like  8)  determined  by  two  constructions; 
14,  16,  17,  19,  each  of  them  by  three   constructions,  and  so  on;    the  number  of    con- 
structions increasing  by  unity  for  each   group  of   four  numbers.    And  the  theorem  is, 
that  these  constructions,  2,  3,  or  more,   as  the  case  may  be,  give  always  one  and  the 
same  point.    Prof.  Oayley  mentioned  that   on  a  large  figure  of  a  cubic  curve  he   had, 
in  accordance  with  the   theorem,  constructed  the  series  of  points  1,  2,  4,  5,  7,  8,  10,  11, 
13,  14. 

April  15,  1867.    p.  29. 

Prof.  Oayley  communicated  a  theorem  relating  to  the  locus  of  the  ninth  of  the 
points  of  intersection  of  two  cubics,  seven  of  these  points  being  fixed,  while  the  eighth 
moves  on  a  straight  line. 
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March  26,  1868.    pp.  61—63. 

Prof.  Cayley  made  some  remarks  on  a  mode  of  generation  of  a  sibi-reciprocal 
surface,  that  is,  a  surface  the  reciprocal  of  which  is  of  the  same  order  and  has  the 
same  singularities  as  the  original  surface. 

If  a  surface  be  considered  as  the  envelope  of  a  plane  varying  according  to  given 
conditions,  this  is  a  mode  of  generation  which  is  essentially  not  sibi-reciprocal;  the 
reciprocal  surface  is  given  as  the  locus  of  a  point  varying  according  to  the  reciprocal 
conditions.  But  if  a  surface  be  considered  as  the  envelope  of  a  quadric  surface 
varying  according  to  given  conditions,  then  the  reciprocal  surface  is  given  as  the 
envelope  of  a  quadric  surface  varying  according  to  the  reciprocal  conditions;  and  if 
the  conditions  be  sibi-reciprocal,  it  follows  that  the  surface  is  a  sibi-reciprocal  surface. 
For  instance,  considering  the  surface  which  is  the  envelope  of  a  quadric  surface 
touching  each  of  8  given  lines;  the  reciprocal  surface  is  here  the  envelope  of  a  quadric 
surface  touching  each  of  8  given  lines;  that  is,  the  surface  is  sibi-reciprocal.  So 
again,  when  a  quadric  surface  is  subjected  to  the  condition  that  4  given  points  shall 
be  in  regard  thereto  a  conjugate  system,  this  is  equivalent  to  the  condition  that  4 
given  planes  shall  be  in  regard  thereto  a  conjugate  system — or  the  condition  is  sibi- 
reciprocal  ;  analytically  the  quadric  surface  aa?  +  by*  +  cz*  +  dw2  =  0  is  a  quadric  surface 
subjected  to  a  sibi-reciprocal  system  of  six  conditions.  Impose  on  the  quadric  surface 
two  more  sibi-reciprocal  conditions, — for  instance,  that  it  shall  pass  through  a  given 
point  and  touch  a  given  plane, — the  envelope  of  the  quadrie  will  be  a  sibi-reciprocal 
surface.  It  was  noticed  that  in  this  case  the  envelope  was  a  surface  of  the  order 
(=  class)  12,  and  having  (besides  other  singularities)  the  singularities  of  a  conical  point 
with  a  tangent  cone  of  the  class  3,  and  of  a  curve  of  plane  contact  of  the  order  3. 
In  the  foregoing  instances  the  number  of  conditions  imposed  upon  the  quadric  surface 
is  8 ;  but  it  may  be  7,  or  even  a  smaller  number.  An  instance  was  given  of  the 
case  of  7  conditions,  viz., — the  quadric  surface  is  taken  to  be  aa?  +  by2  +  cz2J-d'u?  =  Q 
(6  conditions)  with  a  relation  of  the  form 

Abe  +  Bca+  Cab  +  Fad+Gbd  +  Hcd  =  0 

between  the  coefficients  (1  condition) ;  this  last  condition  is  at  once  seen  to  be  sibi- 
reciprocal;  and  the  envelope  is  consequently  a  sibi-reciprocal  surface — viz.,  it  is  a 
surface  of  the  order  (=  class)  4,  with  16  conical  points  and  16  conies  of  plane  contact. 
It  is  the  surface  called  by  Prof.  Cayley  the  "  tetrahedroid,"  (see  his  paper  "Sur  la 
surface  des  ondes,"  Liouv.  torn.  xi.  (1846),  pp.  291 — 296  [47]),  being  in  fact  a  homo- 
graphic  transformation  of  Fresnel's  Wave  Surface. 

{Prof.  Cayley  adds  an  observation  which  has  since  occurred  to  him.  If  the  quadric 
surface  aa?  4-  by2  +  cz2  +  dw2  =  0,  be  subjected  to  touch  a  given  line,  this  imposes  on 
the  coefficients  a,  &,  c,  d,  a  relation  of  the  above  form,  viz.,  the  relation  is 

A*bc  +  B*ca  +  Oab  +  F*ad+G*bd  +  Hzcd  =  0  ; 

where  A,  J5?  C,  F,  G,  H  are  the  "six  coordinates"  of  the  given  line,  and  satisfy 
therefore  the  relation  AF+BG+CH=Q.  It  is  easy  to  see  that  there  are  8  lines  for 
which  the  squared  coordinates  have  the  same  values  A2,  B2,  G2,  F\  G2,  JT2;  these 
8  lines  are  symmetrically  situate  in  regard  to  the  tetrahedron  of  coordinates,  and 
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moreover  they  lie  in  a  hyperboloid.  The  quadric  surface,  instead  of  being  defined  as 
above,  may,  it  is  clear,  be  defined  by  the  equivalent  conditions  of  touching  each  of  the 
8  given  lines :  that  is,  we  have  the  envelope  of  a  quadric  surface  touching  each  of 
8  given  lines ;  these  lines  not  being  arbitrary  lines,  but  being  a  system  of  a  very  special 
form.  By  what  precedes,  the  envelope  is  a  quartic  surface.  It  appears,  however,  that 
in  virtue  of  the  relation  AF+BG-  +  CH  =  Q,  this  is  no  longer  a  proper  quartic  surface, 
but  that  it  resolves  itself  into  the  above-mentioned  hyperboloid  taken  twice.  That 
is,  restoring  the  original  A,  JB,  fee.,  in  place  of  A*9  5a,  &a,  the  envelope  -of  the 
quadric  aa?  +  by* -}-czz -\-diJiP  =  0,  where  a,  6,  c,  d  vary,  subject  to  the  condition 
Abe  4-  JBca  +  Cab  +  Fad  +  Gbd  +  Hcd  —  0,  (which  is  in  general  a  tetrahedroid),  is  when 
A}  B,  C,  F,  (?,  H  are  the  squared  coordinates  of  a  line  (or,  what  is  the  same  thing, 
when  V AF  +  VjBff  -f  \/OH  =  0)  a  hyperboloid  taken  twice,  viz.,  this  is  the  hyperboloid 
passing  through  the  given  line  aad  through  the  symmetrically  situate  seven  other  lines.} 

November  12,  1868.     pp.  103,  104. 

Professor  Cayley  gave  an  account  to  the  Meeting  of  a  Memoir  by  Herr  Listing, 
"Census  raumlicher  Complexe  oder  Verallgemeinerung  des  Euler'schen  Satzes  von  den 
Polyedern,"  published  in  the  Qottingen  Transactions  for  1862.  The  fundamental  theorem 
is  a  relation  a  —  (b  —  «)  +  (c  —  K  +  TT)  —  (d  —  K"  +  IT'  —  &>)  =  0  existing  in  any  figure  whatever 
between  a  the  number  of  points,  b  the  number  of  lines,  c  the  number  of  areas, 
d  the  number  of  spaces,  and  certain  supplementary  quantities  /c,  K,  *",  ?r,  TT',  co.  In 
an  extensive  class  of  figures  these  last  are  each  =  0,  and  the  relation  is  a  —  6  +  c  —  c#  =  0; 
thus,  in  a  closed  box,  a  =  8,  6  =  12,  c  =  6,  d  =  2  (viz.,  there  is  the  finite  space  inside, 
and  the  infinite  space  outside,  the  box):  if  the  box  be  opened,  a  =  10,  6  =  15,  c  =  0, 
d  =  l;  if  the  lid  be  taken  away,  a  =  8,  6  =  12,  c  =  5,  d  =  l;  in  each  case,  a  —  6  +  c~d  =  0. 
If  the  bottom  be  also  taken  away,  a  =  8,  6  =  12,  c=4,  c?=l;  but  here  one  of  the 
supplementary  quantities  comes  in,  &"  =  1 ,  and  the  theorem  is  a  —  6-fc  —  (d—  /c")  =  0. 
The  chief  difficulty  and  interest  of  the  Memoir  consist  in  the  determination  of  the 
supplementary  quantities  K}  #',  /e",  TT,  TT',  o>. 

December   10,   1868.      pp.   123—125.      Appended  to   Paper  by  Mr  T.   Ootterill  "On    a 

Correspondence  of  Points  etc." 

Observations  by  Professor  Cayley  and  Mr  W.  K.  Clifford  on  the  connexion  of  the 
transformation  with  Cremona's  general  theory,  and  the  analytical  formulae. 

According  to  Cremona's  general  theory, — taking  (solt  y1}  ^)  and  (#2,  y2,  z%)  as 
current  coordinates  in  the  two  planes  respectively, — if  we  take  in  the  first  plane,  any 
three  points  1,  2,  3,  and  any  other  three  points  4',  5',  6',  then  if  -3^  =  0,  ^  =  0,  ^  =  0 
are  quartic  curves,  each  having  the  double  points  1,  2,  3,  and  the  simple  points 
4',  5',  6',  we  have  a  transformation  #2  :  y>2  :  &2  =  Xl  :  Fj  :  Zl  leading  to  a  converse 
system 

#1  :  2/i  :  *i-JTa  :  F2  :  Z* 

of  the  like  form ;  viz.,  there  will  be  in  the  second  plane  three  points  4,  5,  6,  and 
three  other  points  1',  2X,  3X,  such  that  -3^  =  0,  3^  =  0,  #2  =  0,  are  quartics  having  the 
double  points  4,  5,  6,  and  the  simple  points  1',  2',  3'. 
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Analytically,  Cremona's  transformation  is  obtained  by  assuming  the  reciprocals  of 
M*>  2/2,  #2  to  be  proportional  to  linear  functions  of  the  reciprocals  of  a^}  yI}  ZT- (of  course, 
this  being  so,  the  reciprocals  of  ^,  ylf  ^  will  be  proportional  to  linear  functions  of 
the  reciprocals  of  #2,  y^  z.2).  Solving  this  under  the  theory  as  above  explained,  write 

n 


i_ 

'^ 

!_ 

if 


Hence 


-i- 

:  J21P1 


i^O,  &c.,  are  quartics,  or  generally  aQiR^  pRlP1  +  yP1Q1  =  Q  is  a  quartic,  having 
three  double  points  (yx  =  0,  ^  =  0),  (^  =  0,  a^  =  0),  (^  =  0,  yx  =  0),  and  having  besides  the 
three  points  which  are  the  remaining  points  of  intersection  of  the  conies  (Ql  =  0,  R*  =  0), 
(R!  =  0,  P!  =  0),  (Px  =  0,  Q!  =  0)  respectively  ;  viz.,  these  last  are  the  points 

-  :  —  :  —  =  ei  —  hf:fg  —  id  :  dh  —  ge,  &c.  &c. 

#1    y\    z\ 

The  double  and  simple  points  are  fixed  points  (that  is,  independent  of  a,  &  7),  and  the 
formulae  come  under  Cremona's  theory.  It  is,  however,  necessary  to  show  that  if  the 
points  4',  5',  &  are  in  a  line,  the  points  1',  2',  3'  are  also  in  a  line.  This  may  be 
done  as  follows  : 

Let  there  be  three  planes  A,  B,  0,  and  let  the  points  of  the  first  two  correspond 
by  ordinary  triangular  inversion  in  respect  of  the  triangle  ^  on  the  plane  A,  and  & 
on  the  plane  B.  Let  also  the  planes  B>  0  correspond  by  ordinary  triangular  inversion 
in  respect  of  the  triangle  fa  on  the  plane  J?,  and  ys  on  the  plane  C.  Then  the  corre- 
spondence between  A  and  0  is  the  one  considered,  the  points  123  forming  the 
triangle  ax  and  the  points  456  forming  the  triangle  73.  The  points  4'5'6'  and  1'2'S' 
in  the  planes  A,  0  respectively  correspond  to  the  triangles  y9l3  A;  and  the  conditions 
that  47,  5',  &  shall  be  in  a  line  and  that  I7,  2',  3'  shall  be  in  a  line,  are  the  same 
condition,  namely,  that  the  triangles  &,  A  shall  be  inscribed  in  the  same  conic. 
Analogous  properties  must  apparently  belong  to  Cremona's  other  transformations,  and 
the  investigation  of  them  will  form  an  interesting  part  of  the  theory. 

It  is  important,  also,  to  notice  the  relation  of  the  transformation  to  Hesse's  "Ueber- 
tragungsprincip,"  Crelle,  torn.  LXVL  p.  15,  which  establishes  a  correspondence  between 
the  points  of  a  plane  and  the  point-pairs  on  a  line.  If  Atf+ZBssy  +  Gf  =  Q  is  the 
equation  of  a  point-pair,  the  coordinates  in  the  plane  are  taken  by  Hesse  directly, 
but  in  the  present  Paper  inversely  proportional  to  A,  B,  G. 
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388. 

NOTE  ON  THE    COMPOSITION  OF  INFINITESIMAL  ROTATIONS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vm.  (1867), 

pp.  7-10.] 

THE  following   is    a   solution   of   a    question   proposed   by  me    in    the    last    Smith's 
Prize   Examination: 

"Show  that   infinitesimal  rotations  impressed  upon  a  solid  body  may  be  compounded 
together  according  to  the  rules  for  the  composition  of  forces." 

DEFINITION.     The   "six  coordinates"  of  a  line  passing  through  the  point  (#0>  2/o>  #o)> 
and  inclined  at  angles  (a,  @,  7),  to  the  axes,  are 

a  =  cos  a  ,  f  =  y0  cos  7  —  #0  cos  ft, 
b  =  cos  /9,  g  =s  ZQ  cos  a  —  #0  cos  7  , 
c  =  cos  7,  7i  =  #0  cos  /3  —  y0  cos  a  . 

I    use,   throughout,   the    term    rotation    to    denote    an    infinitesimal    rotation;    this 
being  so, 

LEMMA   1.    A   rotation  to  round   the  line   (a,  6,  c,  f,  g,  h),  produces    in    the   point 
(CD,  y,  z\  rigidly  connected  with  the  line,  the  displacements 


a  =  a>         .       cy  — 
&y  =  6>  (-  ex      .    -l-  az  +g), 
§z  —  a)  (     ]>x—  ay     .  •+•  A). 

LEMMA  2.  Considering  in  a  solid  body  the  point  (#,  2/,  #),  situate  in  the  line 
(a,  6,  c,  /,  g,  A),  then  for  any  infinitesimal  motion  of  the  solid  body,  the  displacement 
of  the  point  in  the  direction  of  the  line  is 

=  al  -f  6m  +  en  +fp  Jt-gq  +  hr, 


388]  NOTE   ON   THE   COMPOSITION   OF   INFINITESIMAL   ROTATIONS.  25 

where  Z,  m,  n,  p,  q,  r  are   constants  depending  on   the   infinitesimal  motion  of  the  solid 
body. 

Hence,  first,  for  a  system  of  rotations 

o>!  about  the  line  (oj,  6lf  d,  fl9  yl9  hj, 

6)2  „  „  (fla,    63,    C2,  /3,    #s,    A2), 

&c. 
the  displacements  of  the  point  (a?,  y,  #),  are 


and  when   the   rotations   are   in  equilibrium,  the  displacements  (8ns,  %,  Sz)   of  any  point 
(x,  y,  z)  whatever  must  each  of  them  vanish  ;   that  is,  we  must  have 


which  are  therefore  the  conditions  for  the  equilibrium  of  the  rotations  a>1}  o>2,  &c. 
Secondly,  for  a  system  of  forces 

Pl  along  the  line  fa,  619  c1?  /lf  ^,  ^), 
P2  „  „  (a2,  62,  c2,  /2,  #2,  A2), 
&c. 

the  condition  of  equilibrium  as  given  by  the  principle  of  virtual  velocities  is 

2P  (al  +  6m  +  en  +fp  +  gq  +  hr)  —  Q; 
or,  what  is  the  same  thing,  we  must  have 

2Pa  =  0,    2P6  =  0,    SPc  =  0,    2P/=0,    2P^=0,    2PA  =  0, 
which  are  therefore  the  conditions  for  the  equilibrium  of  the  forces  Px,  P2,  &c. 

Comparing  the  two  results  we  see  that  the  conditions  for  the  equilibrium  of  the 
rotations  coiy  o>z,  &c.  are  the  same  as  those  for  the  equilibrium  of  the  forces  Ply  P2,  &c.  ; 
and  since,  for  rotations  and  forces  respectively,  we  pass  at  once  from  the  theory  of 
equilibrium  to  that  of  composition  ;  the  rules  of  composition  are  the  same  in  each  case. 

Demonstration  of  Lemma  1. 

Assuming  for  a  moment  that  the  axis  of  rotation  passes  through  the  origin,  then 
for  the  point  P,  coordinates  (#,  y,  z),  the  square  of  the  perpendicular  distance  from 

the  axis  is 

=     (         .         —y  cos  7  +  z  cos  j8)2 


c.  vi. 
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and  the  expressions  which  enter  into  this  formula  denote  as  follows  ;  viz.  if  through 
the  point  P,  at  right  angles  to  the  plane  through  P  and  the  axis  of  rotation,  we 
draw  a  line  PQ,  =  perpendicular  distance  of  P  from  the  axis  of  rotation,  then  the 
coordinates  of  Q  referred  to  P  as  origin  are 

—  y  cos  7  +  z  cos  J3, 

SG  cos  7        .         —  z  cos  a, 

—  x  cos  /S  +  y  cos  a        .        , 

respectively.  Hence  the  foregoing  quantities  each  multiplied  by  co  are  the  displacements 
of  the  point  P  in  the  directions  of  the  axes,  produced  by  the  rotation  o>.  Suppose 
that  the  axis  of  rotation  (instead  of  passing  through  the  origin)  passes  through  the 
point  (#o,  2/o>  #0)  ;  the  only  difference  is  that  we  must  in  the  formulae  write 
(#  —  a?0,  y  —  7/0,  z  —  #0)  in  place  of  (x,  y,  z)i  and  attending  to  the  significations  of  the 
six  coordinates  (a,  &,  c,  /,  g>  h)  it  thus  appears  that  the  displacements  produced  by  the 
rotation  are  equal  to  a>  into  the  expressions 


GOG     ,     —  az  +  g, 

—  &#  4-  ay    .    +  h, 
respectively. 

Demonstration  of  Lemma  2. 

For  any  infinitesimal  motion  whatever  of   a  solid  body,  the  displacements  of  the 
point  (fGj  y,  z)  in  the  directions  of  the  axes  are 

Bos  =  I      .     —  ry  +  qe, 


and  hence  the  displacement  in  the  direction  of  the  line  (a,  /3,  7),  is 

&e  cos  a  +  By  cos  /3  4-  8#  cos  7, 
which,  attending  to  the  signification  of  the  six  coordinates  (a,  &,  c,  /,  g>  h\  is 

=  al  +  bm  +  en  +fp  +  gq  +  hr, 
which  is  the  required  expression. 

It  is  proper  to  remark  that  the  last-mentioned  expressions  of  (S#,  Sy,  8#)  are  in 
fact  the  displacements  produced  by  a  translation  and  a  rotation.  If  we  assume  that 
every  infinitesimal  motion  of  a  solid  body'  can  be  resolved  into  a  translation  and  a 
rotation,  then,  since  a  translation  can  be  produced  by  two  rotations,  every  infinitesimal 
motion  of  a  solid  body  can  be  resolved  into  rotations  alone,  and  the  foregoing  expressions 
for  the  displacements  produced  by  a  rotation,  combining  any  number  of  them  and 
writing  (Scwa,  5o>&,  2&>c,  Sco/,  So>#,  2o)A)  =  (~jp,  -y,  -r,  I,  m,  n)  respectively,  lead  to  the 
expressions  for  the  displacements  fa,  &/,  §z  produced  by  the  infinitesimal  motion  of  the 
solid  body. 
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389. 


ON    A    LOCUS    DERIVED    FROM    TWO    CONICS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vin.  (1867), 

pp.  77—84.] 

REQUIRED  the  locus  of  a  point  which  is  such  that  the  pencil  formed  by  the 
tangents  through  it  to  two  given  conies  has  a  given  anharmonic  ratio. 

Suppose,  for  a  moment,  that  the  equation  of  the  tangents  to  the  first  conic  is 
(x  —  ay)  (x  —  by)  —  0,  and  that  of  the  tangents  to  the  second  conic  is  (a?  —  cy)  (x  —  dy)  —  0, 
and  write 


B  =a- 


so  that 
write  also 


B 


0 


then  the  anharmonic  ratio  of  the  pencil  will  have  a  given  value  k  if 


that  is,  if 

or,  what  is  the  same  thing,  if 
that  is,  if 


~ 


0, 


4  —  2 
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where 


B  -  G  =  (a  +  6)  (o  +  d)  -  2  (a  J  +  erf), 

are  each  of  them  symmetrical  in  regard  to  a,  6,  and  in  regard  to  c,  d,  respectively. 
Let  the  equations  of  the  two  conies  be 

Z7=(a,  6,  o,/,  0,  &£0,  y,  *)2  =  0, 
Z7  =  (<*',  6',  o',/,  <7',  A'Jfo  y,  *)2  =  0, 
and  let  (a,  £,  7)  be  the  coordinates  of  the  variable  point.     Putting  as  usual 

(A,  B,  G,  F,  6,  H)  =  (bc-f*,  ca-g\  oft-/*9,  yh-af,  hf-bg,  fy-  c//), 
K=abc-  a/2  -  Z>#2  -  c/i2  +  2/J/A, 

the  equation  of  the  tangents  to  the  first  conic  is 

(A,  B,  C,  F,  G,  H£X,  F,  Z)*=Q} 
where 

X  =  <yy  —  /3z,     Y^ttz  —  vx,    Z  —  px  —  ay, 

and  therefore 

aZ  +  /37-t-7#=0. 

Hence   substituting  for  Z  the  value  —  (ajr  +  /3F),  we  find,  for  the    equation    of   tho 

7 

tangents,  an  equation  of  the  form  aJT2  +  2hJTF-fbFa=  0,  which  has,  in  effect,  been  taken 
to  be  (X-aF)(-X:-67)  =  0;  that  is,  we  have 


1  :  a  +  b  :  a&=a  :  —  2h  :  b; 
and,  in  lite  manner,  if  the  accented  letters  refer  to  the  second  conic 

1  :  c  +  d  ;  cd  =  a'  :  -2h'  :  b'. 
Substituting  for  a,  h,  b  their  values,  and  for  a",  h',  V  the  corresponding  values,  we  find 


1  :  a +  6  :  aft 


:  By*  -  2Fj3y  +  Cp*. 
We  then  have 


1  :  c  +  d  :  cd 


:  -  2  (fly  -  ^7  ~  Q'Pf  +  CTaft) 


4 


a,  ft  7)2> 
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and  similarly 


a',  •••$>.  ft,  7)2. 

We  have,  moreover, 


CT*ft) 


-  ZFfty 

=  -  Zrf  (BCf  +  BG  - 
and  substituting  the  foregoing  values,  we  find 

4(2fc+iyiTJr(a,  ...][«,  A  7)2(^  -la,  &  ?)2  -  P£?'  +  SO  -  2^',  ... 
or  putting  for  shortness 

©  =  (BCT  +  B'C  -  2FF,  ,  .,  ff  JT  +  Q'H  -  AF  -  A'Ft  .,  -Jo,  /3,  7) 
the  equation  of  the  locus  is 


where  (a,  ^8,  7)  are  current  coordinates.  The  locus  is  thus  a  quartic  curve  having 
quadruple  contact  with  each  of  the  conies  U  =  0,  Ur  =  0  ;  viz.  it  touches  them  at  their 
points  of  intersection  with  the  conic  ®  =  0,  which  is  the  locus  of  the  point  such  that 
the  four  tangents  form  a  harmonic  pencil. 

The  equation  may  be  written  somewhat  more  elegantly  under  the  form 

4(2k  +  iy.KU.K'U'~®*  =  Q; 
viz.  in  this  equation  we  have 

=(BC  -J*...  $a,  ft  7)2, 

F*9  ...  Jo,  &  7)3, 


In  the  last  form  the  equation  is  expressed  in  terms  of  the  coefficients  (A,  ...),  (A!t  ...) 
of  the  line  equations  of  the  conies,  viz.  these  may  be  taken  to  be 

(A,  ...$fc  r,,  gy-0,      (A',  ...$f,  ,,  ?)2=0. 

In  particular,  if  each  of  the  conies  break  up  into  a  pair  of  points,  viz.  (I,  m,  n)  and 
(p,  q,  r)  for  the  first  conic,  (£',  m',  ri)  and  (p'3  q',  r7)  for  the  second  conic,  then  the 
line  equations  are 

2  (If  +»M7  +n?)(rf  +JW  +»•?)*  0, 
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so  that 
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A  =  2Jp,   . .  F  =  9W  -f  ^g,   . . 
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(BO  —  J"2,  ...)  =  — 


=  2  {{?TO'  -  m'n)  (qrf  -  yV)  -  (  mr>  -  ;??' 
and  substituting  these  values  the  equation  is 


V  -  n'y\ 


a>   £>   7 

2 

*>   £>   7 

'-{ 

^  13,  y 

;«,    ft,   7 

— 

_ 

I',  in',  n' 

I  ,  m,  n 

ij'»   ffi  '' 

p  >  i  >  r 

P',  <l',  r' 

1',  TO',   »' 

!  P>  <l'>  r' 

which,  if  A,  B,  0  denote 


respectively,  (-4  +  5-^(7  =  0)  is,  in  fact,  the  equation 


or,  what  is  the  same  thing, 


that  is 


-   «,  £,  y  I    a,  /S,  7    ja«0f 


«>    /3>    7 

«,    £,     7 

, 

a,     £,     7 

a,    /3,     7 

, 

^  ,    ???>,    fi 

F,    «',    n' 

2,    m,    ?t 

/>     ff'»     ^ 

P,  q,   r 

p',  q',  r' 

£',   ?/i',    ?i' 

jp,    7,    r 

a,     £,     7     .  a,     ft,    7 
Z  ,     wi,     /A        l\     mf,    n 


either  of   which   expresses    the  anharmonic   property  of   the  points  of   a  conic   in   tins 
form  given  by  the  theorem  ad  quatuor  lineas, 

Reverting  to  the  case  of  two  conies,   then  if  these  be  referred  to  a  set  of  con- 
jugate axes,  the  equations  will  bo 


we  have  K^abc,  K'^a'b'o', 

®  «  (M  -f  Vo)  aa'tf  +  (oa' 
and  the  equation  of  the  quartic  curve  is 

4  (2*  +  1)3  o&ca'&V  (a^2  +  6t/9  +  cs3)  (a'^3  +  6y  +  cV) 


x  +  a'b)  cc'z*, 


c'a)  Wtf  +  (06'  +  o' 
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I  suppose  in  particular  that  the  two  conies  are 


the  equation  of  the  quartic  is 

4  (2k  4-  1)2  m2  (tf2  +  ray2  -  1)  (ma?  4-  y2  -  1)  -  {(m2  +  m)  O2  +  y2)  -  ?7^2  -  1}2  =  0  ; 

(m  4  I)2      Al  .     . 
or  putting  X  =  ^+1)3  ,  this  1S 

^n  2   i   i  \  2 

+  ^  ~  »^TW  ~  (fl5a  +  m2/2  ~  1}(mafi  +  y*  -  1}  =  °- 

To  fix   the  ideas,   suppose   that   m  is  positive  and  >  1,  so  that   each  of  the  conies 

is   an   ellipse,    the   major   semi-axis   being   =  1,  and   the  minor   semi-axis  being  =    ..       . 

v  W 

For  any  real  value  of  k  the  coefficient  \  is  positive,  and  it  may  accordingly  be  assumed 
that  X  is  positive. 

We   have    —^  —  TVv>--<l,   or  the  radius   of   the   circle    is  intermediate   between 
the  semi-axes  of  the  ellipses,  hence  the  points  of  contact  on  each  ellipse  are  real  points. 

Writing  for  shortness 

_  ma  +  1 
~~  m2  +  m  ' 
the  equation  is 

2-  a)2  =  0. 


For  the  points  on  the  axis  of  #,  we  have 

that  is 

and  thence 

(m-  X)  #*  =  -J- (1  4-m)  -  Xa  ± £•  V  {(m  - 1)2  +  4\  (1  -  a)  (1  -  5 

or,  substituting  for  a  its  value,  this  is 

(        1> 
(m- 


Remarking  that  the  values       ^~a,m,  H™+l)a  are  in  the  order  of  increasing  magnitude, 

m+ 
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and  considering  successive  values  of  X;  first  the  value  X=  -,   =  - j-~,  wo  have 

i(m  _!)(„,_  I) 


(,»  + 1)  *  (m  +  ~  -  2)  ±  i  (»» -  1)  (m  - 1 

=  __  — _  . 

W  +  - 

V       W 
or  observing  that 

(»» +  1)  f TO  4-  -  -  2)  -  (m  +  1)  I  (»» -  I)3  =  -J-  («»  -  1)  (/»s  -  1 )  -  (M  -  1)  (m  -  ]-)  , 

\  til/  J  Ul>  /M  \  ''*'/ 


this  is 

s  0,   or 


-Dfw,-!) 

\  W?// 

or,  what  is  the  same  thing, 


J  (w2 - 

W  .  V w 


!  =  0,   or a?»u,  or 

•/M 


The  next  critical  value  is  X  =  w.    The  curve  here  is 

(of  +  7/i?/a  -  1)  (7?i^'s  4-  2/a  -  1  )  -  w  («a  +  ^  -  «)tt  «  0, 


that  is 

w  (^  +  2/4)  +  (1  +  w*9)  *Y  -  (w  +  1)  (^  +  2/u)  4-  1 

-  M  (a*  +  y4)  -     2  w     «J2,!/3  +    2  wa    (^  -f  yu)  -  ?/ia3  «  0, 
that  is 


or,  substituting  for  a  its  value, 

_  2wt«H-2     ,     ,  1X     (w-1)11 

2ma  -  -M  —  1  »  ---  r  --  -  (w  -hi)--       ,  /  , 
/M  +  1  w  +  1 


-  _      g-1  __  .. 

ma  ""       m  (wi  -l-  1)8         "  "  ~  "wi  (wi  +  1  )r 
the  equation  is 


or,  as  this  may  also  be  written, 
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which  has  a  pair  of  imaginary  asymptotes  parallel  to  the  axis  of  sc,  and  a  like  pair 
parallel  to  the  axis  of  y,  or  what  is  the  same  thing,  the  curve  has  two  isolated  points 
at  infinity,  one  on  each  axis. 


lines 


The  next  critical  value  is  \  =  J(m-|-l)2;  the  curve  here  reduces  itself  to  the  four 


and  it  is  to  be  observed  that  when  X  exceeds  this  value,  or  say  X  >  \  (ni  4- 1)3,  the 
curve  has  no  real  point  on  either  axis ;  but  when  X  =  00 ,  the  curve  reduces  itself  to 
(^+ya—  a)a  =  0,  i.e.  to  the  circle  a?  +  y*  —  a  =  0  twice  repeated,  having  in  this  special 
case  real  points  on  the  two  axes. 

It  is  now  easy  to  trace  the  curve  for  the  different  values  of  X  The  curve  lies 
in  every  case  within  the  unshaded  regions  of  the  figure  (except  in  the  limiting  cases 
after-mentioned);  and  it  also  touches  the  two  ellipses  and  the  four  lines  at  the  eight 
points  &,  at  which  points  it  also  cuts  the  circle ;  but  it  does  not  cut  or  touch  the 


four  lines,   the   two   ellipses,   or  the  circle,   except    at  the    points   k.     Considering  X  as 
varying  by  successive  steps  from  0  to  oo ; 

X  =s  0,  the  curve  is  the  two  ellipses. 

X<  (m  +  1)2 .7  the  curve  consists  of  two  ovals,  an  exterior  sinuous  oval  lying  in  the 

fm+  — ) 
\        w>/ 
four  regions  a  and  the  four  regions  6 ;    and  an  interior  oval  lying  in  the  region  c. 

C.    VI.  5 
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X=-^  -  I      there   is  still    a  sinuous  oval  as    above,  but   tho    interior    oval    has 

(  w  -I-  -  ] 
V        W     • 

dwindled  to  a  conjugate  point  at  the  centre. 

X  >  \  -  ;  <m;   X  =  ??i;  X>w<—  '-<        ;    there  is   no    interior  oval,  but   only  a 
/  JLV  ** 

w+  —  ) 
\       W 

sinuous  oval  as  above;  which,  as  X  increases,  approaches  continually  nearer  to  tho  four 
sides  of  the  square.  For  the  critical  value  X  =*  m,  there  is  no  change  in  the  general 
form,  but  the  curve  has  for  this  value  of  X,  two  conjugate  points,  one  on  each  axis 
at  infinity. 

X=  J(w  +  l)a,  the  curve  becomes  the  four  lines. 


X  >  J  (m  4"  1)2>  *he  curve  lies  wholly  in  the  four  regions  a  and  the  four  regions  e, 
consisting  thereof  of  four  detached  sinuous  ovals.  As  X  deviates  less  from  the  value 
}  (m  +  l)a,  each  oval  approaches  more  nearly  to  tho  infinite  trilateral  formed  by  tho  Hide 
and  infinite  line-portions  which  bound  the  regions  d,  e  to  which  the  oval  belongs 
And  as  X  departs  from  the  limit  J(m+l)a,  and  approaches  to  oo,  each  sinuouw  oval 
approaches  more  nearly  to  tho  circular  arc  which  separate**  the  two  regions  d,  e,  which 
contains  the  sinuous  oval. 

Finally,  X^O,  the  curve  is  the  circle  twice  repeated 
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THEOKEM  KELATING  TO  THE  FOUK  CONICS  WHICH  TOUCH 
THE  SAME  TWO  LINES  AND  PASS  THROUGH  THE  SAME 
FOUK  POINTS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vm.  (1867), 

pp.  162—167.] 

THE  sides  of  the  triangle  formed  by  the  given  points  meet  one  of  the  given  lines 
in  three  points,  say  P,  Q,  R;  and  on  this  same  line  we  have  four  points  of  contact, 
say  AI,  At,  As,  At;  any  two  pairs,  say  A1}  A*;  As,  A*,  form  with  a  properly  selected 
pair,  say  Q,  JR,  out  of  the  above-mentioned  three  points,  an  involution;  and  we  have 
thus  the  three  involutions 

(Alt  A,;    As,  A,;     Q,  E), 

(A,,  A3;    A.,  A,;    R,  P), 
(A,,  A<;    As,  A;    P,  Q). 

To  prove  this,  let  a>=0,  y  =  0  be  the  equations  of  the  given  lines,  and  take  for 
the  equations  of  the  sides  of  the  triangle  formed  by  the  given  points 


b  &  +  a  y  —  a  6  =0, 
Vsc  +  a'y-alV  =  0, 

J"/£  .J-  of'y  _  $"&"  =  0  I 

the  equation  of  any  one  of  the  four  conies  may  be  written 

Lab  L'a'V         }         L"a"Vr         _Q 

Ix  +  ay  —  db     b'%  +  a'y  —  a'b'     W®  +  a"y  —  af'b" 

and  if  this  touches  the  axis  of  x,  say  at  the  point  a=  a,  then  we  must  have 

T"  "T  f     t  T  tf     ft 

La    .    La    .    La 


-^—^  +  ^ITtf  "*" «?-  a!'  ~~  (x  -  a)  (a?-aO  (a-  a")' 

5—2 
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or,  assuming  as  we  may  do,  J5T  =  -(a/-  it")(a"  -  ct)(c&  —  <O»  ^ia  gives 

L  a  =  (a  -a)3  (a'  -a"), 
L'a'  =  (a'-dy>(ti"-a  ), 
J7V'  ==(»"  -«)»(<*  -a'  )• 

But  in  the  same  manner,  if  the  conic  touch   the  axis  of  //,  say   at   the    point   y  —  f3, 
we  have 

Lb  =  (&  -/3)»  <&'-&"), 

£'i'=(i'  -£)"(&"-&), 
L"V'  =  (b"-/3)*(b  -&'); 
and  thence 

&(«-«)'  (a'  -a")  :  &'(«'-  a  )'(«"-  a)  :  V  («"  -  «  )3  <«  -  «') 
-  a  (6  -  /8)>  (&'  -  &")  :  a'  (V  -/9)!  (6"  -  6)  :  a"  (6"  -  /8)3  (6  -  &'). 

Putting 

P  =  «  6  (a'  -  a")  (&'  -  6"), 

P'  mafV  (a"-a)(b"-b), 

P"  =  w"6"(a  -a')  (6   -6'), 
we  have 

(a-a)«|  :  (a'-«)5^  :  (a"-«)2  ^  =  (b-^(b'  -b'J  :  (V-ft(V'-Vf  :  (V 
and  thence 


which  gives 


and  we  have  in  like  manner 


but   the  first  of  these  equations  is  alone   required   for   the  present  purpose*     Putting 
for  shortness 


the  equation  is 

(a  -  a)  V  (*)  +  (a'  -  a  *  *  a 
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and  by  attributing  the  signs  +  and  -  to   the  radicals,  we  have,  corresponding  to  the 
four  conies,  the  equations 

(a  -  ai)  V  (Z)  +  (a'  -  aj  V  (Z7)  +  (a"  -  «0  V  (Z")  =  0, 

-  (a  -  «2)  V  (Z)  +  (a'  -  «*)  V  (Z')  +  (a"  -  «2)  V  (Z")  =  0, 

(a  -  a3)  V  (Z)  -  (a'  -  a,)  V  (Z')  +  (a"  -  03)  V  (Z")  =  0, 


where  ctlt  &%,  «3>  at  are  the  values  of  a  for  the  four  conies  respectively. 
Eliminating  a"  we  obtain  the  system  of  three  equations 

n=o, 

1  =  0, 
,-«,-*,)  V(Z")  =  0, 

and  then  eliminating  the  radicals  we  have 

=  0, 

a3  ~"  al  > 

j  —  «3  —  «4, 


which  is  in  fact 


1,     a  +a', 


1,     03  +  «», 


=  0, 


as  may  be   verified  by  actual   expansion;    the    transformation  of  the  determinant   is  a 
peculiar  one. 

The  foregoing  result  was  originally  obtained  as  follows,  viz.  writing  for  a  moment 


the  four  equations  are 


@  -  02  <E>  =  2  (a  -  aj)  V  (Z  ), 


these  give 
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From  the  last  equation  we  have 

(a,  _  «,)  <£  =  2  {©  -  a  V  (A')  -a'  V  (Ar/)}  -  2*  {*  -  V  (A')  -  V  (A")} 
=  2  (a,  -  «<)  #  -  2  (a  -  a,)  V  (X)  -  2  («'  -  a,)  */  (A")  ; 

that  is 

(a,  -«,)*-  2  (a  -  a,)  V  (A')  -  2  (a'  -  a.,)  V  (A")  =  0  ; 

or  substituting  for  v/(Ar),  V(-^0  their  values  in  terms  of  <l>,  we  find 


(a  - 

.      ~- 


a  —  aj 


a  — 


which  may  be  written 


that  is 


or  again 


that  is 


a  —  < 


or  finally 

(a*  -  a^  (a  —  <24)  (t//  —  cta)  +  (a,  —  aj  («  —  aa)  («' 

which  is  a  known  form  of  the  relation 

1,    a  +  a',    act     « 0, 
1,     ai+a4, 

which  gives  the  involution  of  the  quantities  a,  a'-,  <xl9  «4;   aa, 

We  have  in  like  manner 

1,    of  +  ct/y,    ctf&"    « 0, 


and 


-  «i)  -  0, 


1,    a/x  4-  a ,    a" 
1,     aa  4-  a8, 
1,     aii  +  «4; 


which  give  the  involutions  of  the  systems  of,  a";  al9  as;   a8,  a4  and   a",  a;  ax,  a»;  a^  «4 

respectively. 
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It   may   be   i*emarked  that   the  equation  of   the    conic    passing    through   the   three 
points  and  touching  the  axis  of  a  in  the  point  #  =  a  is 

(a  -  a)a  (a'  -  a")  b     (a'-  a)3  (af/  -  a)  V     (a"  -  a)2  (a  -  cf)  b"  _ 
ay-ab      +     b'a>  +  a'y-a'b'    +    b"a>  +  a"y-a"b"         ' 


and  when  this  meets  the  axis  of  y  we  have 

j|  >,-*)=  (a'  -a")     £  (a'  -«)'-(«"  -a)     £  (a"  -  a)'  (a  -  a') 

4*  ______  L.  ?  __  i    2  _  —  0 

"y-&  y-v  y-&" 

Hence,  if  this  touches  the  axis  of  y  in  the  point  y  =  /8,  the  left-hand  side  must  be 
|  (a  _  «)•  («'  -  a")  +  £  («'  -  «)»  („"  -  a)  +  ^  (a"  -  a)»  (a  -  a' 


and  equating  the  coefficients  of  -3,  we  have 

J 

b-  (ft  -  a)'  (a'  -  a")  +  -,  (a1  -  a)3  (a"  -  a)  +  ^  (a"  -  a)2  (a  -  a') 


|  (a  _  «)'  («'  -  a")  +  1  (a'  -  a)3  (a"  -  a)  +  ^  (a"  -  a)2  (a  -  a')]  (b  +  V  +  V  -  2/9), 


or  what  is  the  same  thing, 

*<*+^(.-a)^-0  +  £ 


=  2£  [  -  (a  -  «)'  (a'  -  a")  +  %  (a'  -  a?  (a"  -  a)  +  £  (a"  -  «)•  (a  - 

I  C^  Cv  w* 

which  gives  /3  in  terms  of  a,  that  is  &,  /Sa,  /38)  ft  in  terms  of  «„  <%,  03,  «4  respectively. 


Cambridge,  30  November,  1863. 
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SOLUTION    OF    A    PEOBLEM    OF    ELIMINATION. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vm.  (18(57), 

pp.  183—185.] 

IT  is  required  to  eliminate  #,  y  from  the  equations 


a  ,    6    ,    o     ,    d  ,    e 
a' ,    V  ,    c'     ,    cT,    ^ 


This  system  may  be  written 


if  for  shortness 
Or  pxitting 


-  2X6, 


V,  &c. 


we  have 
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or,  what  is  the  same  thing, 

X  (a  +  kb)  4-  V  (a  +kb')  +  \"  (a"  +  W)  =  0, 
X  (6  +  Ac)  +  V  (V  +  hcf)  +  X"  (&"  +  fa")  =  0, 
X  (c  4-  kd)  4-  X'  (c'  4-  faZ')  +  X"  (c"  4-  M7)  =  0, 
X  (d 4-  A»)  +  V  (d'  +  ke')  4-  X"  (d"  4-  to")  =  0  ; 

and  representing  the  columns 

a    Z>,       a!    V,      a"    b", 

b  c,  V  c',  b"  c", 
c  d,  c'  dr,  c"  d", 
d  e,  df  e',  d"  e", 

by 

1,     2,       3,    4,      5,     6, 

each  equation  Ls  of  the  type 

X(l  +  i2)  +  V  (3  +  M)  +  X"  (5  +  *6)  =  0. 

Multiplying  the  several  equations  by  the  minors  of  135,  each  with  its  proper  sign, 
and  adding,  the  terms  independent  of  k  disappear,  the  equation  divides  by  k,  and 
we  find 

X  2135  +  X'  4135  +  X"  6135  «  0 ; 

operating  in   a  similar   manner  with   the  minors  of  246,  the  terms  in  k  disappear,  and 
we  find 

X  1246  4-  V  3246  +  X"  5246  «  0 ; 

again,  operating  with  the  minors  of  (146  +  236  +  245  +  &246),  we  find 

X  {1236  +  1245  +  k  (2146  +  1246)} 
-}-  V  {3146  +  3245  +  k  (4236  +  3246)} 
+  X"  {5146  +  5236  +  k  (6245  +  5246)}  =  0, 
where  the  terms  in  k  disappear,  and  this  is 

X  (1236  +  1245)  +  X'  (3146  +  3245)  +  X"  (5146  4-  5236)  =  0. 

We  have  thus  three  linear  equations,  which  written  in  a  slightly  different  form  are 
X  1235  +X'  3451  +X"  5613  =0, 

X  (1236  +  1245)  4-  X'  (3452  4-  3461)  4-  X"  (5614  4-  5623)  =  0, 
X  1246  4-V  3462  4-X"  5624  =0, 

and  thence  eliminating  X,  Xx,  X",  we  have 


1235,  1236  4- 1245,  1246 
3451,  3452  4-  3461,  3462 
5613,  5614  4-  5623,  5624 


=  0, 


C.    VI. 
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which  is  the  required  result.  It  may  be  remarked  that  the  second  and  third  column 
are  obtained  from  the  first  by  operating  on  it  with  A,  JAa,  if  A  =  2S,  4-  4Sa  +  68B.  Or 
say  the  result  is 

(1,  A,  |  A3)  1235  «0. 


1235 
3451 
5613 


In  like  manner  for  the  system 


if  the  columns  are 


then  the  result  is 


where 


,     b    ,  c 

,    &'  ,  c' 

>    V",  c'" 

a  b,  a!  I 

be,  V  c 

G  d,  c'  d 

d  et  d'  i 

O         "f  0        t 

6   J,  6   J 


d  ,  e 
d'  ,  e' 
cZ"  ,  «" 


f 
/' 
/" 


a"  b",  it'"  V", 

_/'  Jff  sJ**  3*fl 

C     Cu  ,  C      (I    9 

d"  e",  d'"  e'", 

e"f",  e'"f", 


=  1,2,   3,4,   5,0,   7,8; 


(1,  A,  JA»,  JA>) 


12357 
34571 
5G713 
78135 


0, 
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ON   THE   CONICS  WHICH  PASS  THROUGH  TWO  GIVEN  POINTS 
AND   TOUCH   TWO  GIVEN  LINES. 


[From  the   Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  viu.  (1867), 

pp.  211—219.] 

LET  #=0,  7/«0  be  the  equations  of  the  given  lines;  #  =  0  the  equation  of  the 
line  joining  the  given  points.  We  may,  to  fix  the  ideas,  imagine  the  implicit  constants 
so  determined  that  x  +  y  4  z  =  0  shall  be  the  equation  of  the  line  infinity. 

Take  x  —  my  =  0,  CD  —  ny  =  0  as  the  equations  of  the  lines  which  by  their  inter- 
section with  #  —  0  determine  the  given  points.  The  equation  of  the  conic  is 


)  +  V  (n)}  V  (ay)  =  #  4-  y  V(mn)  -f  ?*, 
or,  what  is  the  same  thing, 

(cc  —  my)  (a  —  ny)±2{cc  +  y*/  (win)}  yz  +  <fz*  =  0, 


so  that   there  are  two  distinct  series   of  conies  according  as  V  (mn)  is  taken  with  the 
positive  or  the  negative  sign. 

The  equation  of  the  chord  of  contact  is 

#  +  y  V  (mri)  +  7#  =  0, 


which  meets  #  =  0  in  the  point  [x  +  y  */(mri)  =  0,  #  =  0}  that  is  in  one  of  the  centres  of 
the  involution  formed  by  the  lines  (#  =  0,  y  =  0),  (#  —  ?wy  =  0,  &—ny=  0).  It  is  to  be 
observed  that  the  conic  is  only  real  when  mn  -is  positive,  that  is  (the  lines  and  points 
being  each  real)  the  two  points  must  be  situate  in  the  same  region  or  in  opposite 
regions  of  the  four  regions  formed  by  the  two  lines  :  there  are  however  other  real 
cases;  e,g.  if  the  lines  #  =  0,  y  =  0  are  real,  but  the  quantities  m,  n  are  conjugate 
imaginaries;  included-  in  this  we  have  the  circles  which  touch  two  real  lines. 

6—2 
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To  fix  the  ideas  I  take  ni  and  n  each  positive  and  mn  >  1  ;  also  I  attend  first 
to  the  series  where  \f  (mn)  is  taken  positively.  At  the  points  where  the  conic  meets 
infinity,  we  have 

{V  (w)  +  V  («)}  V  (soy)  «  a?  +  y  V  (ww)  -  7  fa  +  y), 

which  gives  two  coincident  points,  that  is  the  conic  is  a  parabola,  if 

(1  -  7)  {V  (mn)  -  7}  -  i  {V  (w)  +  V  <»))», 
that  is 

7s  -  7  {1  +  V  ('»*)}  -  J  {  V  OH)  ~  V  OO}2, 
or 

7  =  HI  +  V  (w»)  ±  V  {(1  +  w)  (1  +  »)11 
where  it  is  to  be  noticed  that 

7  -  HI  +  V  (ww)  +  V  {(1  +  »0  (1  +  »)}] 
is  a  positive  quantity  greater  than  V  (m?i),  say  7  =  p, 

7  =  4  tl  +  V  (wwi)  -  V  {(1  +  »0  (1  +  w)}] 
is  a  negative  quantity,  say  7  =  —  q,  q  being  positive* 

The  order  of  the  lines  is  as  shown  in  fig.  1,  see  plate  facing  p.  52. 
<y  =  ~  oo  to  7  =  -<7,  curve  is  ellipse  ;  7  =  —  j,  parabola  P^ 
yzsz~q  to  jp,  curve  is  hyperbola;  7=4),  parabola  Pa, 
yz=:p  to  7  =  00,  ellipse. 
Resuming  the  equation 

(co  -  my)  (#  -  wy)  +  2  {#  4-  y  V  (wm)J  7#  +  7V  «  0, 
the  coefficients  are 

(a,  6,  c,  /,  0,  &)  =  {!,  mw,  7^,  7V  (»»•»),  % 
and  thence  the  inverse  coefficients  are 


[0,  0,  -J(m-^)a, 

- 

or,  omitting  a  factor,  the  inverse  coefficients  are 

(A,  B,  a,  F,  <?,  J5T)«  [o,  0,  ~  (V(w)  -  VO/OJ2.  1,  V(»«n),  -7] 

Considering  the  line 

X#  4-  /^y  -f  ^  »  0, 

the  coordinates  of  the  pole  of  this  line  are 
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or  (what  is  the  same  thing)  introducing  the  arbitrary  coefficient  k,  we  have 
Tex  +  yp  —  v  *J  (mn)  =  0, 
ky  +  y\-v  =  0, 

fe?  -  X  V  (mn)  -  p  —  5-  {V  (m)  —  V  (^)}s  v  =  0  ; 
the  first  two  equations  give 

Ic  :  7  :  —  1  =  i>{/6  —  X  V  (w>ri)}  :  v\y  \f(mn)  —  so]  :  \oc  —  py, 
that   is 

,  _  ""  v  [p  ~  ^  V  (m7?>)}  _  — 

~~                               '  "~ 


or,  substituting  this  value  of  7  in  the  third  equation, 


x—  yy      j 

1P       vv      /;     %-mri  2 


that  is 

(Xs?  -  ^)2  .  J  {V  (m)  -  V  W}2  +  {^  -  y  V  (wm)}  (X«  -  /ty)  {p  +  \*J(mn)} 

+  z{a  —  y\f  (mn)}  v{p,-\*J  (mn)}  =  0, 

which  is  the   equation  of  the  curve,  the  locus  of  the  pole  of  the  line  Xo?  +  A*y  +  **«<> 
in  regard  to  the  conic 

O  -  my)  (x-ny)  +  2{x  +  y^  (mn)}  ye  +  y^  =  0. 

In  particular,  if  X  =  /*  =  i/  =  l,  then  for  the  coordinates  of  the  centre  of  the  conic, 
we  have 

x  :  y  :  «  =  -7  +  V(ww)  :  "7+1  :  V(^0  +  1  +  gj  {V  («»)-  V(w)}2  5 

and  for  the  locus  of  the  centre, 
(#  -  2/M  (V(^)  ~  ^  W}a  +  (*  ~  ^ 

so  that  the  locus  is  a  conic,  and  it  is  obvious  that  this  conic  is  a  hyperbola.    Putting 

for  greater  simplicity 

x-y  =Z, 

x  -  y  V  (mw)  =  F, 


the  equation  of  the  curve  of  centres  is 
Z^i^^-VW 

or,  writing  this  under  the  form 
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the  equation  is 

rQ  +  Ar*  =  o, 

where 

JST=:0-y, 

F=  a?  -  y  V  (m?0, 


these  values  give 

aj  -  T/  =  Ar, 

&1  —  y  V(wwl)  —  lr> 

{1  -  V  («w)}  *  =  {V  O)  -  V  (w)]9  Q  +  2  {1  +  «/  (»MOJ  A", 
or,  what  is  the  same  thing, 

(1  -  V  (WMI)}  a?  =        -  V  (wwi)  Ar  -f  r, 


{l  -  V  (m^i)}  JB  =  2  {l  4-  V  (ww)I  Ar        +  IV  0»0  -  V  OOJSQ, 
whence  also 

[1  -  V  (mat)}  («  +  y  +  *)  »  {1  +  V  (ww)}  X  +  2F  +  {  V  (w)  -  V  (wV,*  <<?, 
or  the  equation  of  the  line  infinity  is 

2F+  {V(«*>-  VOO!"  Q  «0, 


a  formula  which  may  be  applied  to  finding  the  asymptotes    aud   thence   the  centre  of 
the  conic 


In  fact  we  have  identically 

{2to  4-  %ky  -  (2fc  4-  1)  ^}a  -  (1  +  4fc)  (2to  -  g?  »  «?  (a  +  y  +  ^)-  -«?(!+  4*)  (fa 
that  is 

z)  =  {2fc^  +  2%  -  (2&  +  1)  «}a  -  (1  +  4&)  (2fa  -  a)»  *  4ft*  (0  +  y  4- 


which,  if   x  +  2/4-^  =  0    is    the    equation    of    the    line    infinity,    puts    in    evidence    the 
asymptotes  of  the   conic  kx?  +  yz~  0.    Hence  writing  00,  £y,  7^  in  the  place  of  #,  y/,  2 


respectively,  and    !-==&',  that  is,  &=    ^F,  we  have 
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that  is 

-I-  tfrylt)  (k'tf  +  yz)  =  {2a/ 


or,  what  is  the  same  thing, 


-  (a2 

which,  when   a^-f  fty  +  <yjs*=Q   is   the   equation   of  the   line  infinity,  puts   in  evidence  the 
asymptotes  of  the  conic  &V  +  yz  =  0. 

Now  writing  X,  F,  Q  in  the  place  of  x,  y,  z  ;  &'  =  1,  and   a  =  {1  +  A/  (mrc.)},  /3  =  2, 
7  =  {V  (wO  —  V  (^)}8>  w^  have 


-  16  [{1  +  V  (ww)}«  +  8  {V  (m)  -  V  W}3]  (FQ  +  Z2) 

=      [4  {1  +  V  (mn)}  Z  +  87  -  (4  {  V  (m)  -  V  W}2  +  {1  +  V  («M*)}S)  Q]2 

-  [{1  +  V  (mn)j2  +  8  {V  (m)  -  V  (n)]1]  [4-T  -  {1  +  V  (mn)J  Q]2 

-  16  [{1  +  V  (mn)}  X  +  27+  {V  (m)  -  V  (»)}»  Q]2, 
and  the  asymptotes  are 


=  ±  v  {1  +  V  (flw)}2  +  8  {  V  (m)  -  V  (n)}2  [4T  -  {1  +  V  («i»)}  Q]. 
At  the  centre 


4  {1  +  V  (mn)}  Z  +  8  7  -  [4  {V  (m)  -  V  (*)}•  +  {1  +  V  (^^)}2]  Q  =  0, 


but  the  first  equation  is 

{1  +  V  (wwi)}  [4Z  -  Q  {1  +  V  (ww)}]  +  87-  4  (V  (m)  ™  V  (n)}1  Q  =  03 
so  that  we  have 

4X  =  {l  +  J(mn)}Q,    27  =  {v/(w)-  V  «}SQ> 
the  first  of  these  is 

2{V(m)-V(^)}2(^-y)-{i+V(^}2(^-y)-(i-^^==o, 

and  the  two  together  give 

2Z  (V  (m)  -  V  (»)}*  -  {1  +  V  (mn)}  7=0, 
so  that  we  have 


[{1  +  V0nw)}§-  2 
to  determine  the  coordinates  of  the  centre. 
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The  equation  of  the  chord  of  contact  is 

#  +  y  V  (w>n)  +  7.2  —  ()? 

which   for  y~l   is  parallel  to  y  =  0  and  for  y***/(mn)  is  parallel   to  £'  =  0.     But  the 
coordinates  of  the  centre  are 

#  :  y  :  g=s  —  y  +  t/(mri)  :  -7  +  !  :  V(wwi)  +  l  H-  5-  {V(W0  —  V(w)]a> 
which  for  7  =  1  give 

2/  =  0,  a;  :  s  =  -  1  +  V  (mn)  :  ^  (mn)  +  1  +  j  {^/  (m)  -  ^  (w)js>  =  _  3  +  2  V  (v?m)  :  2  -f  w  +  w, 
and  for  7  =  V  (wwi)  give 


:  0  «  1  -  V  (wm)  :  V  («»0  +  1  +  2  (V  («0  -  V  00}a,  =2-2  V(wn)  :  2  V(ww)  + 


The  line  drawn   from  the  fixed   point   on  the    chord  of   contact   to   the   centre   has   for 
its  equation 


#  +  V  V  (flwi)  4-  7^  =  0, 
where,  writing  for  0,  y,  «  the  coordinates  of  the  centre,  we  have 

-  7  {1  +  V  (m?i)}  +  2  V  (»m)  +  7'  [V  0»»)  +  1  4-  p  {  V  (w)  -  A/  («)}*]  =  0, 

that  is 

Ol-ay  (wn) 


g 

or,  what  is  the  same  thing, 


l-VW-^fl  +  V 
and  consequently  7' 3=7  only  for  7  =  0. 

It  is  now  easy  to  trace  the  corresponding  positions  of  the  chord  of  contact  through 
the  fixed  point  {0  +  y*J(wn,)**Q,  z~Q},  and  of  the  centre  on  the  hyperbola  which  is 
the  curve  of  centres :  see  fig.  2  in  the  plate  facing  p.  52. 

The  lines  OP»  OLt  0®,  OPa,  OX,  OG,  OH  are  positions  of  the  chord  of  contact, 
and  the  points  P2,  L,  ®,  Px,  X,  G,  H,  on  the  hyperbola  which  is  the  curve  of  centres 
are  the  corresponding  positions  of  the  centre. 


392]  AND    TOUCH    TWO    GIVEN   LINES.  49 

Chord  of  Contact.  Centre. 

OP2.  Pa,  at  infinity   on  hyperbola. 

OL  (z  =  0).  L,  (z  =  0,  a?-  y  =  0). 

0©.  ©,  the  line  joining  this  with  0  being  always 

behind  06. 

OP  i.  P1}  at  infinity  on  hyperbola. 

OX  [x  +  y  V  (mri)  =  0}.  Z  (a?  =  0,  y  =  0). 

OG  (parallel  to  y  =  0).  G  (on  line  y  =  0). 

OH  (parallel  to  x  =  0)  and  so  back  to  H  (on  line  x  =  0)  and  so  on  to 

OP3.  P2. 

I  have  treated  separately  the  case  \f(mn}=\. 


Consider   the    conies   which    touch    the    lines   y  —  #  =  0,  y  +  x  —  0   and  pass   through 
the  points 


The  equation  is  of  the  form 

y2  —  a?  +  k  (w  —  a)2  =  0, 
and  to  determine  &,  we  have 

c2 
l-c2-l-f  &(l-a)a  =  0,  and  therefore  k^-^r— 

The  equation  thus  becomes 


that  is 

(1  -  a)2  y2  +  {c2  ~  (1  -  a)2}  0*  -  Sc2^  +  c2*2  =  0, 

or  as  this  may  be  written 


Hence   the    nature   of   the    conic   depends    on    the   sign   of  c2  —  (1  —  a)2,  viz.   if   this   be 
positive,  or  a  between  the  limits  1  +  c,  1  —  c,  the  curve  is  an  ellipse, 

^-coordinate  of  centre  =  - 


"c2-(l-a)2J 
which  is  positive, 

+ca(l-a) 
=  -—  —-/ 


^-semi-axis 

ca 


The  coordinate  of  centre  for  a  =  1  +  c  is  =  +  oo    (the  curve  being  in  this  case  a  parabola 

Px)  and  for  a  =  1  —  c  it  is  also  =  +  oo    (the  curve  being  in  this  case  a  parabola  P3).    The 

coordinate  has  a  minimum  value  corresponding  to  a  =  V  C1  —  c2)>  ™-  ^is  is  =  £  {1  +  V  (1  —  c2)}. 

c.  vi.  7 
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Hence  as  (a)  passes  from  l  +  c  to  V  (1  —  c")>  *^0  coordinate  of  the  centre  passes 
from  oo  to  its  minimum  value  £{1  +  V(l  -  c'2)}  ;  m  the  passage  we  have  a  =  l  giving 
the  coordinate  =1,  the  conic  being  in  this  case  a  pair  of  coincident  lines  (,*;-l)2~0. 
And  as  (a)  passes  from  the  foregoing  value  V  (1  —  c~)  to  1  -  c,  the  coordinate  of  the 
centre  passes  from  the  minimum  value  3  {1  +  V(1  -  ^2)}  *°  °°  • 


The  curve  is  a  hyperbola  if  a  lies  without  the  limits  1  4-  o,  1  —  c, 

—  c'Ja 
.^-coordinate  of  centre  "n"^-"  "I3—  ""*' 

which  has  the  sign  of  —  a, 

.      .  ±  ca  (I  -  a) 

^-semi-axis  *  ' 


semi-aperture  of  asymptotes  s^tan*1  *  /\l  -   -  ^   .3L 

which  for  a  =  l±c  is  —0  (parabola),  but  increases  as  1—  a  increases  positively  or 
negatively,  becoming  =  45°  for  a  =  ±  oo  (the  asymptotes  being  in  this  case  the  pair  of 
lines  2/2-#a  =  Q): 

a  SB  +  oo  ,  coordinate  of  centre  is  «     0, 


so  that  a  diminishing  from   oo   to   1-f  c,  the  coordinate  of  the  centre  moves  constantly 
in  the  same  direction  from  0  to  —  oo, 

a  =  1  —  c,  coordinate  of  centre  is  »  —  oo  , 
a  =  0,  „  „  0, 

the  hyperbola  being  in  this  case  the  pair  of  lines  ^^(l-c8)^2. 

a  negative,  the  coordinate  of  centre  becomes  positive,  vi&  as  a  passes  from  a=»0 
to  a  =  —  V  (1  ~"  c2)?  ^e  coordinate  of  centre  passes  from  0  to  a  maximum  positive  value 
J{1  -\/(l-ca)},  and  then  as  a  passes  from  —  V(l  —  cu)  to  -oo,  the  coordinate  of 
centre  diminishes  from  ^  (1  —  \/(l  —  ca)}  to  0.  It  is  to  be  remarked  that  a  being 
negative,  the  lines  ^-a^O  are  touched  by  the  branch  on  the  negative  aide  of  the 
origin,  that  is  the  branch  not  passing  through  the  two  points  #«1,  ;//«  ±  V(l  —  c*). 
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393. 

ON    THE    CONICS    WHICH    TOUCH    THREE    GIVEN    LINES    AND 
PASS    THEOUGH    A    GIVEN    POINT. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  VIIL  (1867), 

pp.  220—222.] 

CONSIDER  the  triangles  which  touch  three  given  lines;  the  three  lines  form  a 
triangle,  and  the  lines  joining  the  angles  of  the  triangle  with  the  points  of  .contact  of 
the  opposite  sides  respectively  meet  in  a  point  S:  conversely  given  the  three  lines  and 
the  point  S,  then  joining  this  point  with  the  angles  of  the  triangle  the  joining  lines 
meet  the  opposite  sides  respectively  in  three  points  which  are  the  points  of  contact 
with  the  three  given  lines  respectively  of  a  conic ;  such  conic  is  determinate  and  unique. 
Suppose  now  that  the  conic  passes  through  a  given  point;  the  point  S  is  no  longer 
arbitrary,  but  it  must  lie  on  a  certain  curve ;  and  this  curve  being  known,  then  taking 
upon  it  any  point  whatever  for  the  point  S,  and  constructing  as  before  the  conic 
which  corresponds  to  such  point,  the  conic  in  question  will  pass  through  the  given 
point,  and  will  thus  be  a  conic  touching  the  three  given  lines  and  passing  through 
the  given  point.  And  the  series  of  such  conies  corresponds  of  course  to  the  series  of 
points  on  the  curve. 

I  proceed  to  find  the  curve  which  is  the  locus  of  the  point  S. 

We  may  take  &  =  0,  y  =  0,  z  =  0  for  the  equations  of  the  given  lines,  and 
x  :  y  :  z  =  1  :  1  :  1  for  the  coordinates  of  the  given  point.  The  equation  of  a  conic 
touching  the  three  given  lines  is 

a  V  O)  +  b  V  (2/)  +  c  V  0)  =  0, 

and  the   coordinates   of   the  corresponding  point  8   are    as    —  :  ^2  :  -,   that    is,   taking 
(#,  y,  z)  for  the  coordinates  of  the  point  in  question,  we  have 

111 


a  :  b  :  c- 


'<</(*)' 

7—2 
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the  condition  in  order  that  the  conic  may  pass  through  tho  given  point  is  «  +  &  -f  c  *=  0, 
and  we  thus  find  for  the  curve,  which  is  the  locus  of  the  point  S,  the  equation 


+JL.o 
' 


or,  what  is  the  same  thing, 

the  rationalised  form  of  which  is 


(«?  4-  y  +  *)  =  0. 

This  is  a  quartic  curve  with  three  cusps,  viz.  each  angle  of  the  triangle  is  a  cusp; 
and  by  considering  for  example  the  cusp  (y«0,  *  =  0)  and  writing  the  equation  under 
the  form 

&  (y  -  *y  -  2a?  (^a  -f  2/a*)  +  0w  «  o, 


we  see  that  the  tangent  at  the  cusp  in  question  is  the  line  y  -  -5  ~  0  ;  that  is,  tin* 
tangents  at  the  three  cusps  are  the  lines  joining  these  points  respectively  with  thr 
given  point  (1,  1,  1).  Each  cuspidal  tangent  meets  the  curve  in  tho  cusp  counting  as 
three  points  and  in  a  fourth  point  of  intersection,  tho  coordinates  whereof  in  tho  twine 
of  the  tangent  y-s-O,  are  at  once  found  to  be  at  :  y  :  £~  1  :  4  :  4,  or  say  this  is 
the  point  (1,  4,  4);  the  point  on  the  tangent  0-^  =  0  is  of  course  (4,  1,  4),  and  that 
on  the  tangent  cc  —  y  —  Q  is  (4,  4,  1).  To  find  the  tangents  at  these  points 
I  remark  that  the  general  equation  of  the  tangent  is 


that  is 

JT    y    z 

~H         5  +  •  n    —   0, 


or  for  the  point  (1,  4,  4)  the  equation  of  the  tangimt  is  tiX  -4-7+^  =  0,  or  nay 
8#  +  2/-f#  =  0;  that  is,  the  tangent  passes  through  tho  point  <r-0,  .r  +  y  +  ^=0,  Iniing 
the  point  of  intersection  of  the  line  ^;  =  0  with  the  line  #  +  //  +  *«<),  which  is  the 
harmonic  of  the  given  point  (1,  1,  1)  in  regard  to  the  triangle;  the  tangents  at  tho 
points  (1,  4,  4),  (4,  1,  4),  (4,  4,  1)  respectively  pnsvS  through  the  points  of  interKtwtion 
of  the  harmonic  line  #4-y  +  #:s=0  with  tho  three  given  linos  respectively, 


In  the  case  where  the  given  point  lies  within  the  triangle,  the  curve  the  loeuw 
of  S  lies  wholly  within  the  triangle,  and  is  of  the  form  shown  in  fig.  3  in  the  plate 
opposite;  it  is  clear  that  in  this  case  the  conies  of  the  system  are  all  of  them  ellipHOH; 
there  are  however  three  limiting  forms,  viz.  tho  line  joining  the  given  point  with  any 
angle  of  the  triangle,  such  line  being  regarded  as  a  twofold  line  or  pair  of  cohuudont 
lines,  is  a  conic  of  the  system.  The  discussion  of  tho  two  cases  in  which  the  given 
point  lies  outside  the  triangle,  viz.  in  the  infinite  space  bounded  by  two  sides  produced, 
or  in  the  infinite  space  bounded  by  a  side  and  two  sides  produced,  may  be  effected 
without  much  difficulty. 


Plate  I. 


fig  3 


FigS 


Cayleys  Papers  VI 
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ON    A    LOCUS    IN    RELATION    TO    THE    TEIANGLE. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  viu.  (1867), 

pp.  264—277.] 

IF  from  any  point  of  a  circle  circumscribed  about  a  triangle  perpendiculars  are 
let  fall  upon  the  sides,  the  feet  of  the  perpendiculars  lie  in  a  line;  or,  what  is  the 
same  thing,  the  locus  of  a  point,  such  that  the  perpendiculars  let  fall  therefrom  upon 
the  sides  of  a  given  triangle  have  their  feet  in  a  line,  is  the  circle  circumscribed 
about  the  triangle. 

In  this  well  known  theorem  we  may  of  course  replace  the  circular  points  at 
infinity  by  any  two  points  whatever;  or  the  Absolute  being  a  point-pair,  and  the 
terms  perpendicular  and  circle  being  understood  accordingly,  we  have  the  more  general 
theorem  expressed  in  the  same  words. 

But  it  is  less  easy  to  see  what  the  corresponding  theorem  is,  when  instead  of 
being  a  point-pair,  the  Absolute  is  a  proper  conic;  and  the  discussion  of  the  question 
affords  some  interesting  results. 

Take  (#  =  0,  y  =  0,  z  =  0)  for  the  equations  of  the  sides  of  the  triangle,  and  let 
the  equation  of  the  Absolute  be 

(a,  b,  c,  f,  ff,  Jifo,  y,  zf  =  0, 

then  any  two  lines  which  are  harmonics  in  regard  to  this  conic  (or,  what  is  the 
same  thing,  which  are  such  that  the  one  of  them  passes  through  the  pole  of  the 
other)  are  said  to  be  perpendicular  to  each  other,  and  the  question  is: 

Find  the  locus  of  a  point,  such  that  the  perpendiculars  let  fall  therefrom  on  the 
sides  of  the  triangle  have  their  feet  in  a  line. 

Supposing,  as  usual,  that  the  inverse  coefficients  are  (A,  B,  C,  F,  G,  H),  and  that 
K  is  the  discriminant,  the  coordinates  of  the  poles  of  the  three  sides  respectively  are 
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(A,  H,  Q),  (ff,  B,  F),  ((?,  F,  (7).  Hence  considering  a  point  P,  the  coordinates  of  which 
are  (a?,  y,  z\  and  taking  (X,  Y,  Z)  for  current  coordinates,  the  equation  of  the  perpen- 
dicular from  P  on  the  side  X  =  0  is 


-ar,   r,  z 

x  ,    y ,    z 
A,    H,    G 


=  0, 


and  writing  in  this  equation  X  =  0,  we  find 

(       0        ,  Ay -Use,  As-G,r) 

for  the    coordinates    of   the    foot   of   the    perpendicular.      For   the    other   perpendiculars 
respectively,  the  coordinates  are 


and 


(Bx-Hy,       0        >tt*-Fy\ 


(Cx-Gs,  Cy-Fz  ,       0       ), 
and  hence  the  condition  in  order  that  the  three  feet  may  lie  in  a  line  is 

0       ,    Ay-Hx,     AZ-GM 
Bx  -Hij,          0  Hz  -  Fy 

Gx-Gz  ,    Cy  ~Fz,          0 

or,  what  is  the  same  thing, 

(Ay  -  Hx)  (Bat  -  Fy)  (Ox  -  Oz)  +  (A*  -  ft/;)  (Jfa  -  ffy)  (Oy  -  1%)  -  0, 

that  ia 


+  A(   -Rff- 
+  B(    FG  - 


which  is  the  equation  of   the  locus  of   P;    the  locus  is  therefore   a  cubic.      Writing 
for  a  moment 

(BC-F*,  (JA-ffi,  AB~H\  GH-AF,  HF-BG,  FG-.CII)~(A',  B',  Gf,  F,  0',  H')t 
and  Kf  for  the  discriminant  ABC  —  AF*~  &c.,  the  equation  ia 

2  (JLJ5C  -  ^ffif)  ay*  +  ^y«  (J?'y  +  #'*)  +  Sw  (J5T«  -H  F*)  +  Oby  (^  +  J»  =  0, 
or  as  this  may  also  be  written 
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that  is 

T     2      fAKn     ram     A      B       Gl        ,  (A          &  0      \(x       y       ^\A 

L;F<?'jy'(^SG-^ff^ 

and  the  cubic  will  therefore  break  up  into  a  line  and  conic  if  only 


and   it  is   easy  to   see   that  conversely  this  is  the   necessary  and   sufficient  condition  in 
order  that  the  cubic  may  so  break  up. 

The  condition  is    ' 

n  =  ZFG'H'  (ABC-FGH)  -  AG'*H'*  -  BH'*F*  -  CF*Qr*  =  0, 


we  have 

AA'  +  m  +  CC'  =  3ABC-AF*-£G*-CH\  =  K'  +  2(ABC-  FGH), 
and  thence 

n  =  FG'H'  (AA'  +  BB'  +  CO'  -K')-A  Q*H*  -  BH'W*  -  CF*Q*> 

that  is 

fl  =  -  A  G'H'  (G'H'  -A'F)-  BH'F'  (H'F'  -  £'£')  -  OFGf  (F'G'  -  G'H'}  -  K'FG'H', 
=  -  A  G'H'K'F-  BH'FK'G  -  CF'G'K'H-KFG'H', 
~-K  (AFG'H'  +  BGH'F  +  CHFG'  +  FG'H'l 

so  that  the  condition  fl  =  0  is  satisfied  if  K'  =  0,  that  is  if  the  equation 

(-4,  B,  C,  F,  G, 


which  is   the    line-equation    of   the    Absolute    breaks    up  into    factors  ;    that  is,  .  if   the 
Absolute  be  a  point-pair. 

In  the  case  in  question  we  may  write 
(A,  B,  C,  F,  G, 


that  is 

(A,  B,  C,  F,  G,  H)  =  (iaef,  2/3/3', 

whence  also,  putting  for  shortness, 

(ft*/  -  fft>  ^  -  7X  o^7  -  fl^/3)  =    (X,  j6,  p), 

we  have 

(A1,  F,  (y,  F,  ff, 

and  also 
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The  original  cubic  equation  is 

(aaV  -1-  ftp*/**  4-  77V2)  snjz  4-  cnct!\yz  (py  4-  vs)  +  $8'/m?  (X&  4-  us)  +  77'^  (Xr  4-  py)  -  0, 

and  this  in  fact  is 

(aafXyz  4-  ftff'psx  4-  yy'vwy)  (X,r  -f  /.t/y  4-  jc)  =  0. 

The  equation  Xas  H-  /^y  4-  vs  =  0  is  that  of  the  lino  through  the  two  points  which 
constitute  the  Absolute;  the  other  factor  gives 

QLo!\y2  4-  jSfi'fjuSir  4-  77'wr//  —  0, 

which  is  the  equation  of  a  conic  through  the  angles  of  the  triangle  (,r  =  0,  //  =  0,  s  =  0), 
and  which  also  passes  through  the  two  points  of  the  Absolute ;  in  fact,  writing  (a,  /9,  7) 
for  (#,  y,  z)  the  equation  becomes  &/3y  (a'A,  4-  ftp*  4-  7^)  =  0,  and  so  also  writing  (V,  /?',  7') 
for  (.7;,  y,  z)  it  becomes  a'/3y  (a\  4-  ySytt  4-  yv)  ==  0,  which  relations  arc1  ident.ically  satisfied 
by  the  values  of  (X,  yu,,  z/).  Hence  we  see  that  tho  Absolute  being  a  point-pair,  the 
locus  is  the  conic  passing  through  the  angles  of  the  triangle,  and  the  two  points  of 
the  Absolute;  that  is,  it  is  the  circle  passing  through  the  angles  of  the  triangle. 

But  assuming    that  Kf  is  not   =0,  or  that   the    Absolute    is    a  proper    e.onic,  the 
equation  fl  =  0  will  be  satisfied  if 

AWE*  4-  BQH'F  +  CUFG'  4-  FG'H'  -  0, 

we  have  F,  Gf,  Hf~Kf,  Ky,  Kh  respectively,  or  oiuitting  the    factor   AT1',  th(r 
becomes 

AFgh  4-  B0hf+  OHfg  4-  Kfgh  -  0, 
which  is 

/yA3  -  Ictfte  -  cafcf*  ~  cibfy  4-  Zabcfffli «  0, 

or,  as  it  may  also  be  written, 


I  remark  that  we  have  AKG-F(rH~K(dbc-f<jh)\  substituting  also  for  F9  tr',  //' 
the  values  Kf,  Kg>  Kh,  the  equation  of  thci  cubic  curve  is 

2  (ale  -fgh)  ®yz  4-  Ayz  (hy  4-  ga)  +  Jtex  (hx  +/y)  4-  Qxy  (gat  +fy)  =  0, 
and  the  transformed  form  is 

2  .  1N     ^     P     01  /4         ^         0     \fw     u     z\     „ 

-/^)-^ 

we  have 

^l     J?     0 


so  that  the  foregoing  condition 

_1._i. 
060     a/2 
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being  satisfied,  the  cubic  breaks  up  into  the  line  7+-  +  ?  =  °> 

y 


-TT  yz  -f  — 
' 


0. 


It  Is  to  be  remarked  that  in  general  a  triangle  and  the  reciprocal  triangle  are 
in  perspective;  that  is,  the  lines  joining  corresponding  angles  meet  in  a  point,  and 
the  points  of  intersections  of  opposite  sides  lie  in  a  line;  this  is  the  case  therefore 
with  the  triangle  (o?  =  0,  y  =  0,  £=0),  and  the  reciprocal  triangle 


and   it  is   easy  to   see   that   the  line  through  the  points  of  intersection  of  corresponding 

sides  is  in   fact  the  above  mentioned   line  -?  +  --}-  7-  =  0.     It  is  to   be  noticed  also  that 

/     9     h 
the    coordinates    of   the    point   of   intersection    of   the    lines   joining    the    corresponding 

angles  are  (F9  G,  H).     The  conic 

-jyz-\  —  zx  +  T-  %y  =  0 

is  of  course  a  conic  passing  through  the  angles  of  the  triangle  (a?  =  0,  y  =  0,  z  =  0)  ; 
it  is  not,  what  it  might  have  been  expected  to  be,  a  conic  having  double  contact  with 
the  Absolute  (a,  b,  c,  /,  g,  K$xt  y,  z)\ 

I  return  to  the  condition 

JL__L    .l-l  +  A-o 

abc     af*     bg*     cfr*fgh~   ' 

this  can  be  shown  to  be  the  condition  in  order  that  the  sides  of  the  triangle 
(x  =  0,  y  =  0,  z  =  0),  and  the  sides  of  the  reciprocal  triangle  (ax  +  hy  +  gz  =  0,  ha+by  -\-fit  =  0, 
ffM+jfy  +  cz^O)  touch  one  and  the  same  conic;  in  fact,  using  line  coordinates,  the 
coordinates  of  the  first  three  sides  are  (1,  0,  0),  (0,  1,  0),  (0,  0,  1)  respectively,  and 
those  of  the  second  three  sides  are  (a,  h,  g\  (h,  6,  /),  (g,  /,  c)  respectively;  the  equation 
of  a  conic  touching  the  first  three  lines  is 


and    hence    making    the    conic    touch    the    second   three    sides,    we    have    three    linear 
equations  from  which  eliminating  Z,  M,  N,  we  find 


Ill 

a'     hy    g 

111 
h9    b9    f 


which  is  the  equation  in  question. 
C.  VI. 


1 

r 


-0 

"~  v» 
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We  know  that  if  the  sides  of  two  triangles  touch  one  and  the  same  conic,  their 
angles  must  lie  in  and  on  the  same  conic.  The  coordinates  of  the  angles  are  (1,  0,  0), 
(0,  1,  0),  (0,  0)  1)  and  (A,  H,  <?),  (JET,  B,  F),  ({?,  F,  G)  respectively,  and  the  angles  will 
be  situate  in  a  conic  if  only 


1 

1 

1 

A  ' 

H' 

ff 

I 

1 

1 

H' 

£' 

J 

1 

1 

1 

&  ' 

f' 

& 

an  equation  which  must  be  equivalent  to  the   last  preceding  one ;  this  is  easily  verified. 
In  fact,  writing  for  shortness 


1 

a' 

I 

h' 

1 
ff 

,  a- 

i 

1 
H' 

I 
G 

1 

1 

I 

i 

I 

I 

S' 

£' 

f 

IV 

B' 

F 

1 

1 

I 

\ 

I 

] 

ff* 

/" 

0 

G  ' 

F' 

0 

we  have 


-D  = 


mm 


K 


and  the  second  factor  is 

=  a&H  (AF+  Kf)  +  AFJiBQ  +  AFgCH, 
=  AF(aGH  -i-  hSQ  +  gCH)  +  ^fa/(?//. 

G  (aH  +  hfy+yQH^ 
-     G-gF+gOH, 


But 


so  that  the  second  factor  is 
which  is 


-ghK, 
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so  that  we  have  identically 


and  the  conditions   V  =  0,  D  =  0  are  consequently  equivalent. 
The  condition 

-1_J^_L_^,A=0 

abc     af*     bg*     ch^  fgh       ' 
is  the  condition  in  order  that  the  function 

/111111 


may  break  up  into  linear  factors;  the  function  in  question  is 

be     ca     ab 

7,  - 

which  is 

=  a,     ,  c,    ,  #,          ,  y, 

so  that  the  condition  is,  that  the  conic 

(A  D  C* 

jyz  +  -zx  +  ^ 

(which     is    a     certain     conic     passing     through     the     intersections     of     the     Absolute 

A  "R          G 

(a,  b,  c,  f,  g,  ti$w,  y,  zf  =  0,  and  of  the  locus  conic  -?yz-\  —  ZM  +  T-  soy  =  0)  shall  be  a 

/          9          "> 
pair  of  lines.     Writing  the  equation  of  the  conic  in  question  under  the  form 

/      ,        be     ca     abY 

(a>b>c>  f>  7'  Ti*'y' 

the  inverse  coefficients  A1,  B',  <7,  F,  G',  Hf  of  this  conic,  are 

f    Abc        Bca        Cab        abc  „       abc  ~       abc  rr 

(~7r>  "'  ~~~'  ~      '  ~      '  ~ 


so  that  we  have  F'  :  G'  :  H' ~  F  :  G  :  H.  Hence,  if  in  regard  to  this  new  conic  we 
form  the  reciprocal  of  the  triangle  (x  =  0,  y  =  0,  z  =  0),  and  join  the  corresponding 
angles  of  the  two  triangles,  the  joining  lines  meet  in  a  point  which  is  the  same 
point  as  is  obtained  by  the  like  process  from  the  triangle  and  its  reciprocal  in  regard 
to  the  Absolute.  But  I  do  not  further  pursue  this  part  of  the  theory. 

It  is  to  be  noticed  that  the  conic 

A          B         G 

f          9          h 

8—2 
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contains  the  angles  of  the  reciprocal  triangle,  and  is  thus  in  fact  the  conic  in  which 
are  situate  the  angles  of  the  two  triangles.  For  the  coordinates  of  one  of  the  angles 
of  the  reciprocal  triangle  are  (A,  H,  G) ;  we  should  therefore  have 

%  G     7T- 

9  h 

which  is 

~  (GHc/h  +  BGI*f+  Gfffff)  =  0, 
J9'1 

or  attending  only  to  the  second  factor  and  writing 

GH=Kf+AF, 
the  condition  is 

Kfgh  +  AFgh  +  BGhf+  CHfg  =  0, 

or  substituting  for  K,  A,  5,  (7,  F,  G,  H  their  values  and  reducing,  this  is 


which  is  satisfied:    hence  the  three  angles  of  the  reciprocal   triangle  lie   on  the  conic 
in  question. 

Partially  recapitulating  the  foregoing  results,  we  HOC  in  the  case  where  tho  Absolute 
is  not  a  point-pair,  that  the  locus  of  a  point  such  that  the  perpendiculars  from  it 
on  the  sides  of  the  triangle  have  their  feet  in  a  line,  is  in  general  a  cubic  curve 
passing  through  the  angles  of  the  triangle :  if,  however,  the  condition 

JL  _  !  _  JL  _  !  +  2_  _  n 

abc     ap     by*     ck**Jfyh~ 

be    satisfied,  that    is,  if  the    triangle    be    such    that    the    angles    thereof   and    of    tho 
reciprocal  triangle   lie   in  a   conic  (or,  what   is    the  same  thing,  if   the  Hides  touch  a 

conic)  then  the  cubic  locus   breaks  up   into    the  line  ^-f-  +  f  —  0,  which   Ls   the   lints 

J    9     h 

through  the  points  of  intersection  of  the  corresponding  sides  of  the  two   triangles,  and 
into  the  conic 

B        C 

—  «0+£0y»0, 

which  is  the  conic  through  the  angles  of  the  two  triangles. 

The  question  arises,  given  a  conic  (the  Absolute)  to  construct  a  triangle  such  that 
its  angles,  and  the  angles  of  the  reciprocal  triangle  in  regard  to  the  given  conic,  Ho 
in  a  conic. 
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I  suppose  that  two  of  the  angles  of  the  triangle  are  given,  and  I  enquire  into 
the  locus  of  the  remaining  angle.  To  fix  the  ideas,  let  A,  B,  0  be  the  angles  of  the 
triangle,  A',  B',  G'  those  of  the  reciprocal  triangle;  and  let  the  angles  A  and  B  be 
given.  We  have  to  find  the  locus  of  the  point  G\  I  observe  however,  that  the  lines 
AA',  jBjB',  GG'  meet  in  a  point  0,  and  I  conduct  the  investigation  in  such  manner 
as  to  obtain  simultaneously  the  loci  of  the  two  points  G  and  0.  The  lines  G'B'}  G'A' 
are  the  polars  of  A,  B  respectively,  let  their  equations  be  #=0,  and  y  =  0,  and  let  the 
equation  of  the  line  AB  be  #  =  0;  this  being  so,  the  equation  of  the  given  conic  will 
be  of  the  form 

(a,  6,  c,  0,  0,  K&cG,  y,  *)2  =  0. 

I  take  (a,  yS,  7)  for  the  coordinates  of  0  and  (as,  y,  z)  for  those  of  G\  the 
coordinates  of  either  of  these  points  being  of  course  deducible  from  those  of  the  other. 

Observing  that  the  inverse  coefficients  are 

(6c,  ca,  ab  —  A2,  0,  0,  —  c&), 
we  find 

coordinates  of  A  are  (    6,  —  A,  0), 
B    „    (-A,      a,  0). 

The  points  A'  and  B'  are   then  given  as  the  intersections   of  AO  with  C'A'(y  =  Q)  and 
of  BO  with  C'.B'(tf  =  0);  we  find 


coordinates  of  A'  are  (ha  +  b/3,        0        ,  hy), 

B'  „    (      0      ,    aa  +  h/3,  fry). 

Moreover,                       coordinates  of  0'  are  (0,  0,  1), 

0  „    (#,  y,  *). 

The  six  points  A,  J5,  0,  ^L',  JS',  0'  are  to  lie  in  a  conic;  the  equations  of  the 
lines  (7-4,  C?B,  AB  are  A5T-h&F=0,  oZ+AF=0,  #=0,  and  hence  the  equation  of  a 
conic  passing  through  the  .points  (7,  -4.,  5  is 

i          .         Jf         .   N     * 


Hence,  making  the  conic  pass  through  the  remaining  points  A',  B',  G,  we  find 
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and  eliminating  the  L,  M,  N9  we  find 

1  1 

a       '  h 

I  1 

h       '  b 


,    te  +  lft 


,    aa  H-  lift 


by  ' 


Jiy 


'0, 


or  developing  and  reducing,  this  is 


1  act  -f 


A  //#  +  &// 

1  /««  +  6/8  = 
&  rt^'-i-  hy 


We  have  still  to  find  the  relation  between  (a,  &  7)  and  (as,  y,  £);  this  is  obtained 
by  the  consideration  that  the  line  A'B',  through  the  two  points  Af,  B'  the  coordinates 
of  which  are  known  in  terms  of  (a,  ft,  y),  is  the  polar  of  the  point  0,  the  coordinates 
of  which  are  (#,  y,  z).  The  equation  of  A'B'  is  thus  obtained  in  the  two  forms 


and 


and  comparing  these,  we  have 


or  what  is  the  same  thing 


Z+ 


cz 


(where  it  is  to  be  observed  that  the  equation  a  :  $  —  so  :  y  is   the  verification  of  the 
theorem  that  the  lines  AAf,  BB',  CC'  meet  in  a  point  0). 

"We  may  now  from  the  above  found  relation  eliminate  either  the   (a,  /8,  7)  or   the 
(%,  y,  z)\  first  eliminating  the  (a,  /3,  7),  we  find 

ab  -  7&s  F  ,2^1  w-f  hy  _l  ^±j^!/=^ 
hab    Z     h     a  hso  +  by     b  a®  -F  by  ~   ' 
where 


or,  completing  the  elimination, 


which  is  a  quartic  curve  having  a  node  at  each  of  the  points 
0-0,  a®  +  hy  =  0),  0  =  0, 


394]  ON    A   LOCUS    IN    RELATION    TO    THE    TRIANGLE.  63 

that    is,   at    each    of    the    points    5,   A,    C'.      The    right-hand    side    of   the    foregoing 
equation  is 


aft, 
so  that  the  equation  may  also  be  written 


(ax  +  %)2  (Aa?  +  fy)z  +  cAV   aa£  -f  %2  +  -~  0y   =  0. 


Secondly,  to  eliminate  the  (#,  y,  #),  we  have 

_  21 

~halT  Z 
where 

F  ___  cAy2 
£~     (act  + 
or,  completing  the  elimination, 


(aft  -  A2)  e%2  =     (hb,  -  aft,  Aa$aa  4-  Aft  Aa  +  6y9)2 


( 


that  is 

(a,  6,  c,  0,  0,  £} 

\  h) 

Writing  (x,  y,  z)  in  place  of  (a,  /3,  7),  the  locus  of  the  point  0  is  the  conic 

(a,  Z>,  c,  0,  0,  Q#,  y, 

which  is  a  conic  intersecting  the  Absolute 

(a,  b,  o,  0,  0,  A$#,  y,  zf  =  0, 
at  its  intersections  with  the  lines  x  —  0,  y  =  0,  that  is  the  lines  C'B'  and  CM'. 

In  regard  to  this  new  conic,  the  coordinates  of  the  pole  of  C'B'(x  —  fy  are  at 
once  found  to  be  (—  A,  a,  0),  that  is,  the  pole  of  C'B'  is  B ;  and  similarly  the  coordi- 
nates of  the  pole  of  G".4'(y=0)  are  (6,  -A,  0),  that  is,  the  pole  of  C'A'  is  A.  We 
may  consequently  construct  the  conic  the  locus  of  0,  viz.  given  the  Absolute  and  the 
points  A  and  J5,  we  have  C'A'  the  polar  of  B,  meeting  the  Absolute  in  two  points 
(an  a3),  and  C'B'  the  polar  of  A  meeting  the  Absolute  in  the  points  (bL  and  63);  the 
lines  C'A'  and  C'B'  meet  in  C',  This  being  so,  the  required  conic  passes  through  the 
points  Oi,  a2,  blt  b%,  the  tangents  at  these  points  being  Aa^,  Act?,  Bblt  Bb2  respectively; 
eight  conditions,  five  of  which  would  be  sufficient  to  determine  the  conic.  It  is  to  be 
remarked  that  the  lines  C'B',  C'A  (which  in  regard  to  the  Absolute  are  the  polars  of 
A,  B  respectively)  are  in  regard  to  the  required  conic  the  polars  of  B,  A  respectively. 

The  conic  the  locus  of  0  being  known,  the  point  0  may  be  taken  at  any  point 
of  this  conic,  and  then  we  have  A'  as  the  intersection  of  C'A'  with  AO,  B'  as  the 
intersection  of  C'B'  with  J50,  and  finally,  C  as  the  pole  of  the  line  A'B'  in  regard 
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to  the  Absolute,  the  point  so  obtained  being  a  point  on  the  lino  O'O.  To  each  position 
of  0  on  the  conic  locus,  there  corresponds  of  course  a  position  of  (7;  the  locus  of  0 
is,  as  has  been  shown,  a  quartic  curve  having  a  node  at  each  of  the  points  #',  -A,  B. 

The  foregoing  conclusions  apply  of  course  to  spherical  figures ;  we  see  therefore  that 
on  the  sphere  the  locus  of  a  point  such  that  the  perpendiculars  let  fall  on  the  sides  of  ai 
given  spherical  triangle  have  their  feet  in  a  line  (great  circle),  is  a  spherical  cubic.  ^  If, 
however,  the  spherical  triangle  is  such  that  the  angles  thereof  and  the  poles  of  the  Hides 
(or,  what  is  the  same  thing,  the  angles  of  the  polar  triangle)  lie  on  a  spherical  conic  ; 
then  the  cubic  locus  breaks  up  into  a  line  (great  circle),  which  is  in  fact  the  circle 
having  for  its  pole  the  point  of  intersection  of  the  perpendiculars  from  the  angles  of  the 
triangle  on  the  opposite  sides  respectively,  and  into  the  before-mentioned  spherical  conic. 
Assuming  that  the  angles  A  and  B  are  given,  the  above-mentioned  construction,  by 
means  of  the  point  0,  is  applicable  to  the  determination  of  the  locus  of  the  remaining 
angle  (7,  in  order  that  the  spherical  triangle  ABQ  may  be  such  that  the  angles  and 
the  poles  of  the  sides  lie  on  the  same  spherical  conic,  but  this  requires  some  further 
developments.  The  lines  O'l?9  G'Af  which  are  the  polars  of  the  givou  angles  A,  £ 
respectively,  are  the  cyclic  arcs  of  the  conic  the  locus  of  0,  or  say  for  shortness  the 
conic  0;  and  moreover  these  same  lines  O'ff,  O'A'  are  in  regard  to  the  conic  0, 
the  polars  of  the  angles  B,  A  respectively.  If  instead  of  the  conic  0  wo  consider  the 
polar  conic  0',  it  follows  that  A,  -B  are  the  foci,  and  O'A',  G'Bf  the  corresponding 
directrices  of  the  conic  0',  The  distance  of  the  directrix  G'A'  from  the  centre  of  the 
conic,  measuring  such  distance  along  the  transverse  axis  is  clearly  =90"  —  distance  of 
the  focus  A  ;  it  follows  that'  the  transverse  semi-axis  is  =  45°,  or  what  is  the  same 
thing,  that  the  transverse  axis  is  =90°;  that  is,  the  conic  0'  is  a  conic  described 
about  the  foci  A,  B  with  a  transverse  axis  (or  sum  or  difference  of  the  focal  distances) 
=  90°.  Considering  any  tangent  whatever  of  this  conic,  the  polo  of  tho  tangont  is  a 
position  of  the  point  0,  which  is  the  point  of  intersection  of  the  perpendiculars  lot 
fall  from  the  angles  of  the  spherical  triangle  on  the  opposite  sides ;  hence,  to  complete 
the  construction,  we  have  only  through  A  and  B  respectively  to  draw  lines  AUt  BO 
perpendicular  to  the  lines  B0t  GO  respectively ;  the  lines  in  question  will  meet  in  a 
point  C,  which  is  such  that  00  will  be  perpendicular  to  AB,  and  which  point  6V  is 
the  required  third  angle  of  the  spherical  triangle  ABQ.  In  order  to  ascertain  whothtkr 
a  given  spherical  triangle  ABC  has  the  property  in  question  (viz.  whothor  it  is  such 
that  the  angles  thereof  and  of  the  polar  triangle  lie  in  a  spherical  conic),  we  have 
only  to  construct  as  before  the  conic  0'  with  the  foci  A,  B  and  transverse  axis  =90\ 
and  then  ascertain  whether  the  polar  of  the  point  0,  the  intersections  of  the  perpen- 
diculars from  the  angles  of  the  triangle  on  the  opposite  sides  respectively,  is  a  tangent 
of  the  conic  0'.  It  is  moreover  clear,  that  given  a  triangle  ABC  having  the  property 
in  question,  if  with  the  foci  A,  B  and  transverse  axis  =90°  we  describe  a  conic,  and 
if  in  like  manner  with  the  foci  A,  C  and  the  same  transverse  axis,  and  with  the  foci 
J5,  C  and  the  same  transverse  axis,  we  describe  two  other  conies;  then  that  the  three 
conies  will  have  a  common  tangent  the  pole  whereof  will  be  the  point  of  inter- 
section of  the  perpendiculars  from  the  angles  of  the  triangle  ABC  on  the  opposite  sides 
respectively. 
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INVESTIGATIONS  IN  CONNEXION  WITH   CASEY'S   EQUATION. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vni.  (1867), 

pp.  334—341.] 

IN  a  paper  read  April  9,  1866,  and  recently  published  in  the  Proceedings  of  the 
Royal  Irish  Academy,  Mr  Casey  has  given  in  a  very  elegant  form  the  equation  of  a 
pair  of  circles  touching  each  of  three  given  circles,  viz.  if  17  =  0,  F  =  0,  W  =  0  be 
the  equations  of  the  three  given  circles  respectively,  and  if  considering  the  common 
tangents  of  (F=0,  Tf=0),  of  (TF  =  0,  Z7  =  0),  and  of  (!7=0,  F=0)  respectively,  these 
common  tangents  being  such  that  the  centres  of  similitude  through  which  they 
respectively  pass  lie  in  a  line  (viz.  the  tangents  are  all  three  direct,  or  one  is  direct 
and  the  other  two  are  inverse),  then  if  /,  g,  h  are  the  lengths  of  the  tangents  in 
question,  the  equation 


belongs  to  a  pair  of  circles,  each  of  them  touching  the  three  given  circles.  (There 
are,  it  is  clear,  four  combinations  of  tangents,  and  the  theorem  gives  therefore  the 
equations  of  four  pairs  of  circles,  that  is  of  the  eight  circles  which  touch  the  three 
given  circles.) 

Generally,  if  27=0,  F=0,  TF  —  0  are  the  equations  of  any  three  curves  of  the  same 
order  n,  and  if/,  g,  h  are  arbitrary  coefficients,  then  the  equation 


is  that   of  a  curve  of  the   order  2w,  touching  each   of  the   curves  £T=0,  F=0,  TF=0, 
n*  times,  viz.  it  touches 

Z7  =  0,  at  its  n*  intersections  with  gV  ~  hW=Q, 
F=0  „  „ 


c,  vi. 
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If  however  the  curves  £7=0,  F=0,  !F=0  have  a  common  intersection,  then  the 
curve  in  question  has  a  node  at  this  point,  and  besides  touches  each  of  the  three 
curves  in  ?ia-l  points;  and  similarly,  if  the  curves  *7=0,  F-0,  F=0  have  k  common 
intersections,  then  the  curve  in  question  lias  a  node  at  each  of  these  points,  and  besides 
touches  each  of  the  three  curves  in  ?i2  —  k  points. 

In  particular,  if  U-Q,  F=0,  W  =  0  are  conies  having  two  common  intersections, 
then  the  curve  is  a  quartic  having  a  node  at  each  of  the  common  intersections,  and 
besides  touching  each  of  the  given  conies  in  two  points  ;  whence,  if  the  coefficients 
/,  g,  h  (that  is,  their  ratios)  are  so  determined  that  the  quartic  may  have  two  more 
nodes,  then  the  quartic,  having  in  all  four  nodes,  will  break  up  into  a  pair  of  conies, 
each  passing  through  the  common  intersections,  and  the  pair  touching  eaoh  of  the 
given  conies  in  two  points;  that  is,  the  component  conies  will  each  of  them  toueh 
each  of  the  given  conies  once.  Taking  the  circular  points  at  infinity  for  the  common 
intersections,  the  conies  will  be  circles,  and  we  thus  see  that  Casey's  theorem  is  in 
effect  a  determination  of  the  coefficients  /,  g,  h,  in  such  wise  that  the  curve 


(which  when    27=0,  F=0,  W  —  Q  are   circles,  is   by  what  precedes  a  bicircular  quartic) 
shall  have  two  more  nodes,  and  so  break  up  into  a  pair  of  circles, 

The   question  arises,   given    Z7=0,  F~0,  JT  =  0,  curves  of  the   same   order   n,  it  is 
required  to  determine  the  ratios  /  :  g  :  h  in  such  wise  that  the  curve 


may  have  two  nodes;    or  we   may  simply   inquire  as   to    the   number    of   the    seta    of 
values  of  (/  :  g  :  A),  which  give  a  binodal  curve,  V  (/0)  +  V(tfV)-H  V  (A  If)  «0. 


I  had  heard  of  Mr  Casey's  theorem  from  Dr  vSalmon,  and  communicated  it  together 
with  the  foregoing  considerations  to  Prof.  Cremona,  who,  in  a  letter  dated  Bologna, 
March  3,  1866,  sent  rne  an  elegant  solution  of  the  question  a«  to  tho  number  of  the 
binodal  curves.  This  solution  is  in  effect  as  follows  : 

LEMMA.  Given  the  curves  U  —  Q,  V**Q,  W  —  Q  of  the  wamo  order  n;  consider  the 
point  (/,  g,  h),  and  corresponding  thereto  the  curve  fff+gV+hW^Q.  AH  long  an  the 
point  (/,  g,  h)  is  arbitrary,  the  curve  flf+gV+hW^Q,  will  not  have  any  node,  and 
in  order  that  this  curve  may  have  a  node,  it  is  necessary  that  the  point  (/,  g,  h) 
shall  lie  on  a  certain  curve  X;  this  being  so,  the  node  will  Ho  on  a  curve  /,  the 
Jacobian  of  the  curves  U,  V,  W\  and  the  curves  J  and  2  will  correspond  to  each 
other,  point  to  point;  viz.  taking  for  (f9  g,  h)  any  point  whatever  on  the  curve  2, 
the  curve  fU  +  gV+hW=Q  will  be  a  curve  having  a  node  at  some  one  point  on  the 
curve  J'y  and  conversely,  in  order  that  the  curve  fU+gV+  hW—Q  may  be  a  curve 
having  a  node  at  a  given  point  on  the  curve  J",  it  is  necessary  that  the  point  (/,  g>  h) 
shall  be  at  some  one  point  of  the  curve  S.  The  curve  S  has  however  nodes  and 
cusps  ;  each  node  of  2j  corresponds  to  two  points  of  </,  viz.  the  point  (/,  g,  h)  being 
at  a  node  of  S,  the  curve  fU  +  gV  -j-ATT^O,  is  a  binodal  curve  having  a  node  at 
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each  of  the  corresponding  points  on  J;  and  each  cusp  of  2  corresponds  to  two  coincident 
points  of  J,  viz.  the  point  (/,  g,  K)  being  at  a  cusp  of  2,  the  curve  fU+gV+hW=0 
is  a  cuspidal  curve  having  a  cusp  at  the  corresponding  point  of  J.  The  number  of 
the  binodal  curves  fU+gV+hW=  0  is  thus  equal  to  the  number  of  the  nodes  of  2, 
and  the  number  of  the  cuspidal  curves  fU+gV+  hW  =  0  is  equal  to  the  number  of 
the  cusps  of  2.  The  curve  2  is  easily  shown  to  be  a  curve  of  the  order  3  (n  —  l)a 
and  class  Sn  (n  —  1)  ;  and  qua  curve  which  corresponds  point  to  point  with  J,  it  is  a 
curve  having  the  same  deficiency  as  J,  that  is  a  deficiency  = -J- (3n  —  4)  (3n  -  5)  ;  we 
have  thence  the  Pliickerian  numbers  of  the  curve  2,  viz. : 

Order  is  =    §(n- 1)2, 

Class  =    Sw(n-l), 

Cusps  =  12  (n  -  1)  (  n  -  2), 

Nodes  =    f  (n  -  1)  (  n  -  2)  (3ra2  -  Sn  -  11), 

Inflexions  =    3  (n  —  1)  (4tn  —  5), 

Double  tangents  =    f  (n  - 1)  (  n  ~-2)  (3ft2  +  3n  -  8). 

Remarks.  The  consideration  of  the  foregoing  curve  2  is,  I  believe,  first  due  to 
Prof.  Cremona,  it  is  a  curve  related  to  the  three  distinct  curves  Z7=0,  F  =  0,  TT=0, 
in  the  same  way  precisely  as  Steiner's  curve  PQ  is  related  to  the  three  curves 
dxU=09  dvU*=  0,  dz?7=0.  (Steiner,  "Allgemeine  Eigenschaften  der  algebraischen  Curven," 
Crelle,  t.  XLVII.  (1854),  pp.  1 — 6  ;  see  also  Clebsch,  "  Ueber  einige  von  Steiner  behandelte 
Curven,"  Grelle,  t.  LXIV.  (1865),  pp.  288 — 293),  and  the  Pliickerian  numbers  of  PQ 
(writing  therein  n  +  I  for  n)  are  identical  with  those  of  2.  The  foregoing  expressions 
f(?i  —  1)(^  —  2)  (3ft3  —  on  —  11)  and  12  (ft—  l)(n  —  2)  for  the  numbers  of  the  binodal  and 
cuspidal  curves  fU  +  gV+hW=(),  are  given  in  my  memoir  "On  the  Theory  of  Invo- 
lution," Cambridge  Philosophical  Transactions,  t.  xr.  (1866),  pp.  21 — 38,  see  p.  32,  [348] ; 
but  the  employment  of  the  curve  2  very  much  simplifies  the  investigation. 

Passing  now  to  the  proposed  question,  we  have  as  before  the  curves  Z7=0,  F=0,  TF=0, 
of  the  same  order  n ;  and  we  may  consider  the  point  (/,  g,  A),  and  corresponding  thereto 
the  curve  V(/C7)  +  *J(gV)  +  \J (hW)  =  0,  say  for  shortness  the  curve  JQ,  which  is  a  curve 
of  the  order  2n,  having  n2  contacts  with  «each  of  the  given  curves  U,  F,  W.  As  long 
as  the  point  (/,  g,  h)  is  arbitrary,  the  curve  ii  has  not  any  node;  and  in  order  that 
this  curve  may  have  a  node,  it  is  necessary  that  the  point  (f,  g,  h)  shall  lie  on  a 
certain  curve  A  ;  this  being  so,  the  node  will  lie  on  the  foregoing  curve  J",  the  Jacobian 
of  the  given  curves  J7,  Vy  W;  and  the  curves  J  and  A  will  correspond  to  each  other, 
point  to  point,  viz.  taking  for  (/,  g,  h)  any  point  whatever  on  the  curve  A,  the  curve 
fl  will  have  a  node  at  some  one  point  of  J";  and  conversely,  in  order  that  the  curve  II 
may  be  a  curve  having  a  node  at  a  given  point  of  J,  it  is  necessary  that  the  point 
(/»  ff»  ^)  s^a^  ^e  a*  some  one  P0^  °f  *ke  curve  A.  The  curve  A  has  however  nodes 
and  cusps;  each  node  of  A  corresponds  to  two  points  of  J,  viz.  for  (/,  g,  h)  at  a  node 
of  A,  the  curve  &  is  a  binodal  curve  having  a  node  at  each  of  the  corresponding 
points  of  J  i  each  cusp  of  A  corresponds  to  two  coincident  points  of  J,  .viz.  for  (/,  g,  h) 
at  a  cusp  of  A,  the  curve  H  is  a  cuspidal  curve  having  a  cusp  at  the  corresponding 

9—2 
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point  of  J".  The  number  of  the  binodal  curves  £1  is  consequently  equal  to  that  of 
the  nodes  of  A,  and  the  number  of  the  cuspidal  curves  H  w  equal  to  that  of  the 
cusps  of  A  ;  we  have  consequently  to  find  the  Pliickerian  numbers  of  the  curve  A  ; 
and  this  Prof.  Cremona  accomplishes  by  bringing  it  into  connexion  with  the  foregoing 
curve  S,  and  making  the  determination  depend  upon  that  of  the  number  of  the  conies 
which  satisfy  certain  conditions  of  contact  in  regard  to  the  curve  2. 

Consider,    as    corresponding    to    any    given    point    (/,    g,    h)    whatever,    the    conic 

/  4.2  +  ^0  which  passes  through  three  fixed  points,  the  angles  of  the  triangle 
x  y  z 

#  =  0,  3/  =  0,  £  =  0.  For  points  (/  g,  A)  which  lie  in  an  arbitrary  line  Af  +!*<?+  Vh  =0, 
the  corresponding  conies  pass  through  the  fourth  fixed  point  ,-/.•  :  y  :  s  =  A  :  B  :  (/. 
Assume  for  the  moment  that  to  the  points  (/,  g,  //)  which  lie  on  the  foregoing  curve 
A,  correspond  conies  which  touch  the  foregoing  curve  S.  Then  I11,  to^  the  points  of 
intersection  of  the  curve  A  with  an  arbitrary  lino,  correspond  the  conies  which  paxs 
through  four  arbitrary  points  and  touch  the  curve  S;  or  the  order  of  the  curve  A 
is  equal  to  the  number  of  the  conies  which  can  be  drawn  through  four  arbitrary 
points  to  touch  the  curve  S  ;  via.  if  in  be  the  order,  n  the,  cluHR  of  2,  the  number 
of  these  conies  is  «2wt+«,  or  substituting  for  w,  n  the  values  :}(/*-  I)9  ami  ;*//.(tt-l) 
respectively,  the  number  of  these  conies,  that  is  the  order  of  A,  is  «3(tt-l)(3/f.--  2). 
2°.  To  the  nodes  of  A  correspond  the  conies  which  pass  through  three  arbitrary  points 
and  have  two  contacts  with  S,  viz.  if  m  be  the  order,  n  the  olass,  and  /c  the  number 
of  cusps  of  S,  then  the  number  of  those  conies  us  «i(2w4-  w-)3-  2w  -  5w.-  £*,  or 
substituting  for  m,  n  their  values  as  above,  and  for  tc  its  value  «12(//.-  !)(/*  —  2), 
the  number  of  these  conies,  that  is,  the  number  of  the  nodes  of  A,  in  found  to  bo 

«  8  (»  ~  1)  (Wtf  -  63>i"  +  22w  +  16). 

3°,  To  the  cusps  of  A  correspond  the  conies  which  pass  through  three  arbitrary 
points,  and  have  with  2  a  contact  of  the  second  order  ;  the  number  of  those  (m,  «,  tc 
as  above)  is  ~3n  +  /c,  or  substituting  for  n  and  tc  their  valuer  as  above,  the  number 
of  these  conies,  that  is  the  number  of  the  cusps  of  A,  in  «3(>i~  1)(7^  -8).  We 
have  thence  all  the  Pliickerian  numbers  of  the  curve  A,  via.  the.se  are 

Order  -   8(n-l)(  8»-2), 

Class  =    6(tt~l)a, 

Nodes  «  f  (n  -  1)  (27»*  -  83/i3  4-  22>&  4-  16), 

Cusps  *  3  (»-!)(  7n  -8), 

Double  tangents  *  f  (»-!)(!  2w»-36n?  4-  19n  +  16), 

Inflexions  »  12  (w  -  1)  (     n  -  2), 

and  as  a  verification  it  is  to  be  observed,  that  the  deficiency  of  the  curve  A  is  equal 
to  that  of  the  curve  Jt  viz.  it  has  the  value  J  (3n  -  4)  (8»  -  5).  The  foregoing 
numbers  include  the  result  that  the  number  of  the  binodal  curves 


«  f  (n  -  1)  (277i3  -  63tt*  +  22w  +  1  6), 
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The  proof  depended  on  the  assumption,  that  to  the  points  (/,  g,  h)  which  lie  on 

the    curve    A,    correspond    the    conies    -  -f  -  +  -  =  0    which    touch    the    curve    S  ;   this 
r  x     y     z 

M.  Cremona  proves  in  a  very  simple  manner:  the  points  of  J  correspond  each  to  each 
with  the  points  of  S,  or  if  we  please  they  correspond  each  to  each  with  the  tangents  of 
S.  To  the  6n  (n  -  1)  intersections  of  J  with  any  curve  £1  (viz.  ^  (fU)  +  \/  (gV)  +  V  (hW)  =0) 

/i  7 

correspond  the   6n  (n  —  1)  common  tangents  of  2  and  the  conic  •£  -|-  ^  +  -  =  0  ;  if  fl  has 

CG     y     z 

a  node,  two  of  the  6n  (n  —  1)  intersections  coincide,  and  the  corresponding  two  tangents 
will  also  coincide,  that  is  Ht  having  a  node  (or  the  point  (/,  gt  h)  being  on  the 
curve  A),  the  conic  touches  the  curve  2.  But  it  is  not  uninteresting  to  give  an 
independent  analytical  proof.  Write  for  shortness 


dU  = 
dV  = 
dW  =  A"dx  -f  B"dy 

and  let  (#,  y,  z)  be  the  coordinates  of  a  point  on  J,  (X,  F,  Z)  those  of  the  corre- 
sponding point  on  2,  (/,  g,  K)  those  of  the  corresponding  point  on  A.  Write  also 
for  shortness 

BC'-B'G,  CA'-C'A,  AB'~A'B  =  P  :  Q  :  R, 


then  we  have 


AX  -f  BY  +  CZ  =  0, 
A'X  +B'Y  +C'Z  =0, 


A 

'V  vc//         'V   V/ 

4'      „       +  5'       „       +  ff      „       -0, 

A"    „     +5-    „    +<r    „     =o, 

4  ,    B  ,     C     =0,  which  is  in  fact  the  equation  of  the  curve  /;  and  moreover 
A',    B' ,     ff 

A",    B",    G" 
giving  X  :  Y  :  Z=P  :  Q  :  R,  to  determine  the  point  (X,  7,  Z)  on  S;   and 

"*  A      r>  .  A  .   i? 
w  =^  :  y  :  M, 


giving 


or,    what    is    the    same    thing,  /  :  g  :  h~P*U  :  QaF  :  R*W,    to    determine    the    point 
(/>  ff>  A)  0]a  A.     Treating  now  (/  ff,  h)  as  constants,  and  (X,  Y,  Z)  as  current  coordinates, 

the   conic   -^4--C+^==:0,  will  touch  the   curve  S  at  the  point  (P,  Q,  jR),   if  only  the 
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equation    of    the    conic    is    satisfied    by   these    values    and    by    the    consecutive    values 
P  +  dP,  Q  +  dQ,  R  +  dR',  or  what  is  the  same  thing,  if  we  have 

*  +  8  +  »  -"• 

fdP    gdQ  ,MR_ 

p,    +    Q*    +-&     -"' 

that  is 

=  :     :   °-=  QdR~  RdQ  : 


If  the  functions  on  the  right-hand  side  are  as  U  :  V  :  W,  then  these  equations  give 

f;g:  I,  -  P»U  :  Q>V  :  »W, 

that  is  (/,  g,  h)  will  be  a  point  on  the  curve  A.  It  is  thereforo  only  necessary  to 
show  that  in  virtue  of  the  equation  ,/=()  of  the  curve  J,  and  of  the  derived 
equation  dJ=0,  we  have 

QdR-RdQ  :  JRdP-PdR  :  PdQ  -  QdP  -  U  :  V  :  W. 
Take  for  instance  the  equation 

V  (QdR  -  RdQ)  -  U(RdP  -  PdR)  -  0, 

that  is 

dR(UP+VQ+  WR)-R(lfdP+VdQ+  WdR)  =  0, 

and  this,  and  the  other  two  equations  will  bo  satiHued  if  only  UP  +  VQ  +  WR  ~  0, 
UdP+VdQ  +  WdR  —  0;  we  have,  neglecting  a  numerical  factor, 


U  =A 
V^Bx+B'y  +B"z, 
W=Gx+G'y  +G"z, 

whence,  attending  to  the  values  of  P,  Q,  R,  we  have 


hence  also 

UdP  +  VdQ  +  WdR  +  (PdU+  QdV+  RdW)  =  0, 
so  that 

UdP  +  VdQ  +  WdR  =  0, 
if  only 

PdU+QdV+RdW^O, 
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and  substituting  for  P,  Q,  R,  dU,  dVt  dW  their  values,  the  left-hand  side  is  «  — Jcfe, 
which  is  =0;  hence  the  equations  in  question  are  proved,  and  (/,  g,  h}  is  a  point 
on  the  curve  A. 

It  is  to  be  noticed,  that  the  two  curves  2,  A  are  geometrically  connected  through 
the  three  arbitrary  points  as  follows :  viz.  taking  as  axes  the  sides  of  the  triangle 
formed  by  these  three  points,  then  starting  from  any  point  (/,  g,  h)  of  A,  we  take  the 

&1      1\ 
,    -,   T),  the    harmonic    line    thereof  /#-f  gy  +  A#  =  0,   and    finally  the 
9     "*' 

inverse    conic    -  +  -  +  -  =  0,  which    by   what    precedes    touches    2    in   the   point    corre- 
x     y     z 

spending  to  the  assumed  point  (/,  g,  h)  of  A :  and  conversely  starting  with  an  assumed 

/i  j 

point   on  2,   we   take   the   conic    -  +  -  +  -  =  0   which   passes   through,  the  angles  of  the 

x     y     z 

triangle  and  touches  2  at  the  assumed  point;  the  inverse  line  /#  +  #y  +  A#  =  0;  the 
harmonic  point  (->,  -,  H  of  this  line;  and  finally  the  inverse  point  (/,  g,  A),  which 
will  be  on  the  curve  A,  the  point  corresponding  to  the  assumed  point  on  the  curve  2. 
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396. 


ON  A  CERTAIN  ENVELOPE  DEPENDING  ON  A  TBIANGLE 
INSCRIBED  IN  A  CIRCLE. 


[From   the   Quarterly  Journal  of  Pure   and  Applied  Mathematics,  vol.   IX.   (1868), 

pp.  31—41  and  175—176.] 

CONSIDERING  a  triangle  and  the  circumscribed  circle,  and  from  any  point  of  the 
circle  drawing  perpendiculars  to  the  sides  of  the  triangle;  the  foot  of  the  three 
perpendiculars  lie  on  a  line;  and  (regarding  the  point  as  a  variable  point  on  the 
circle)  the  envelope  of  the  line  in  a  curve  of  the  third  class,  having  the  line  infinity 
for  a  double  tangent,  and  being  therefore  a  curve  of  the  fourth  order  with  three  cusps, 
see  Steiner's  paper  "Ueber  cine  bosondcre  Curve  dritter  Klassc  und  vierten  Umdes/1 
Grelle,  t  Lin.  (1857),  pp.  231 — 237,  which  contains  a  series  of  very  beautiful  geometrical 
properties. 

Mr  Greer,  in  a  paper  in  the  last  volume  of  the  Journal,  has  expressed  the 
equation  of  the  line  in  a  very  elegant  form,  viz.  if  a,  yS,  7  arc  the  perpendicular 
distances  of  the  point  from  the  wides  of  the  triangle;  A,  B>  0  the  angles  of  the 

triangle;  (X,  p,  v)**( ,    -^~ ,  J;    and   (X,   Y,  Z)  certain  current  coordinates, 

viz.   these  are    the   perpendicular   distances    from  the    sides,  multiplied   by  sin  A  tan  .4, 
sin  B tan jB,  sin  0 tan  (7  respectively;   then  the  equation  of  the  line  is 


v  r/\  x     "          i     v  /  \r  f    ' \  /  \  r^  /         ~  * 

where  the  parameters  X,  /-t,  v  are  connected  by  the  equation  \  tan  -A  -f  A  tan  #  +  v  tan  (7=0, 
or  say  by  the  equation 

Xa  +  /ab  -t*  z/c  «  0. 
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We  have  a  cubic  equation  in  (X,  //,,  v)  with  coefficients  which  are  linear  functions  of 
(X,  F,  Z),  and  the  required  equation  is  that  obtained  by  equating  to  zero  the 
reciprocant  of  this  cubic  function,  the  facients  of  the  reciprocant  being  the  (a,  b,  c) 
of  the  linear  relation;  the  reciprocant  is  of  the  degree  6  in  (a,  b,  c)  and  of  the 
degree  4  in  the  coefficients  of  the  cubic  function,  that  is  in  (X,  Y,  Z).  But  I  remark 
that  the  equation  in  (X,  p,  v)3  regarding  these  quantities  as  coordinates,  is  that  of  a 
cubic  curve  having  a  node  at  the  point  X  =  ju,=  z/,  or  say  the  point  (1,  1,  1);  the 
corresponding  value  of  Xa  +  ^b  H-  z/c  is  =  a  +  b  +  c,  and  the  reciprocant  consequently 
contains  the  factor  (a  +  b  +  c)2,  or  dividing  this  out,  the  equation  is  only  of  the  degree 
4  in  (a,  b,  c).  The  equation  of  the  curve  thus  is 

i 

recip.  {ZX(X-  ^)  (X-  v)  +  Y/J,  (p  -  v)  O-X)  -f  Zv  (y  -  X)  (v  -/*)}  =  0, 


(a  +  b  +  c)2 ' 

being  of  the  degree  4  in  (a,  b,  c),  and  also  of  the  degree  4  in  (-5T,  F,  Z),  that  isr 
treating  (X,  Y,  Z)  as  current  coordinates,  the  envelope  is  as  above  stated  a  curve  of 
the  fourth  order. 

A  symmetrical  method  for  finding  the  reciprocant  of  a  cubic  function  was  given 
by  Hesse,  see  my  paper  "On  Homogeneous  Functions  of  the  Third  Order  with  Three 
Variables,"  Camb.  and  Dull.  Math.  Jour.,  vol.  I.  (1846),  pp.  97 — 104,  [35];  the 
developed  expression  there  given  for  the  reciprocant  is  however  erroneous;  the  correct 
value  is  given  in  my  "Third  Memoir  on  Quantics,"  Phil.  Trans.,  voL  CXLVI.  (1856),  see 
the  Table  67,  p.  644,  [144]  and  we  have  only  in  the  table  to  substitute  for  (£,  ^,  f) 
the  quantities  (a,  b,  c),  and  for  (a,  6,  c,  /  g,  h,  i,  j,  k}  I)  the  coefficients  of  the 
cubic  function  of  (X,  p,  v),  viz.  multiplying  by  6  in  order  to  avoid  fractions,  these  are 

(  a,     6,     c,        /,        g,         h,        i ,       j ,        k ,          I        ) 
=  (6X,  6F,  6Z,  -2F,  -2Z,  -2X,  -2Z,  -2Z,  -2F,  X+Y  +  Z) 


respectively.  The  substitution  might  be  performed  as  follows,  viz.  for  the  coefficient  of 
a6,  we  have 

&2c2  +  1 . 1296  F2^2  +  1296  ^ 
bcfi-6.    144  F*Z3-   864 
Iff    +4. -48  YZ*  -    192 
cfs   +  4 .  _  48  Y*Z  -    192 
/H*  -3.     16  F2^2-     48; 

and  so  for  the  other  coefficients;  but  I  have  not  gone  through  the  labour  of  per- 
forming the  calculation.  Omitting  the  numerical  factor  —192,  the  coefficients  of 
a6,  b6,  c6  are  of  course 

YZ(Y-Z)\  ZX(Z-X)\  XF(X-F)2; 
C.  VI.  10 
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and  I  find  also  that  the  coefficient  of  bfic  (the  factor  -  1  02  being  omitted)  is 

=  ZX  (3  JP  4-  3£3  +  3  YZ  -  MX  -I-  5  Ar  7), 
whence  those  of  the  terms  cfia,  &c.  are  also  known. 
I  denote  the  result  as  follows: 

(YZ(7-Z)\  ZX(Z~X)*>  ZF<JT-  T)2,  ...Ja,  b,  c)'<-0; 
this  equation  divides  as  we  have  seen  by  (a  +  b  4-  c)a,  and  the  quotient  is 


and  it  may  be  remarked  that  the  coefficient  of  b*c  in  this  quartic  function  of  (a,  b,  o)  is 

*  SSX(X*  +  Z*  +  3YZ-2ZX  +  &XY. 

The  last  mentioned  equation,  if  the  calculation  were  completed,  would  be  analytically 
the  best  form  for  the  equation   of  the   envelope;  but  in   view  of  what   follows,  I   will 

•change   it  by  writing  a&,  by,  oz  in  place  of  (X,  Yy  Z)\  w  is  therefore   =    _.  AY,  that* 

is,  it  is  «  perpendicular  distance  x  sin  A  ;  or,  what  is  the  Name  thing,  th«  new 
coordinates  (so,  y,  z)  are  proportional  to  the  perpendicular  distances  from  the  nidus,  each 
distance  divided  by  the  perpendicular  distance  of  the  aide  from  the.  opposite  angle, 

the  equation  of  the  line  infinity  is  thus  #4-y-M  =  0.  I  write  also  (a,  b,  c)=sf-  ,  p  -J, 
that  is,  we  have  (a,  6,  c)=(cot-47  cotJS,  cot  (7).  The  Hystom  of  equations  is  therofor<^ 

-  X  (X  -  /-t)  (X  —  v)  +  4  p  (p  —  v)  (p  —  X)  4-  -  v  (v  -  X)  (i>  -  ft)  «  0, 

(t  0  C 


giving  for  the  envelope  the  equation 

foy#  (oy  —  &^)a  -f  ca^  (a#  —  o«?)a  4-  d6^  (&#  —  ay)3  4-  &c.  «  0  ; 
and  in  this  function,  corresponding  to  the  term 

VoZX  (X*  +  &  +  9YZ-  2ZX  +  5X  Y), 
we  have  the  term 


It  may  be  noticed  that,  arranging  in  powers  of  (#,  y,  #),  the  several  portions  of 
each  coefficient  are  distinct  literal  functions  ;  thus  we  see  that  the  coefficient  of  ^a? 
is  =&8c4-as&4-  other  combinations  of  (a,  6,  c):  this  is  material  in  order  to  the 
comparison  of  the  foregoing  equation  of  the  envelope  in  a  different  form  which  will 
be  presently  mentioned. 
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I    proceed    to    find    the    tangential    equation    of    the    envelope.     Representing    the 
equation  of  the  line  by 


'  +  gfc  =  0, 

we  have 

1  1  1 

g    '.   7)    I    £  —  —  X  (X  —  ^Ui)  (\  — -  v)    I    y  fji  (fju  —  ii\  (iji  —  \)    ;    —  if  (v  —  X)  (v  —  tfr), 
CL  0  C 

or,  what  is  the  same  thing, 

c.<.lX  l/^  1          v 


*       '  '  b     a       Afi-ii  '  &       z/-X  '  o      X-^? 

where  as  before 


and  eliminating  X,  ^,  v,  we  find 


In  fact  we  find  at  once 


-  v  (p  -  z/  )  -  -  X  (X 

a 


and  the  sum  of  the  three  expressions  on  the  right-hand  side  is 


which  verifies  the  result  just  obtained. 

The  tangential  equation  of  the  envelope  is  thus 


or  the  envelope  is  a  curve  of  the  third  class  having  as  a  double  tangent  the  line 
|:  =  ^  =  J;  that  is  the  line  infinity;  in  fact  for  these  values  the  equation  f^  +  ^y-f  £#  =  0 
becomes  #  +  2/  +  #  =  0,  which  is  the  equation  of  the  line  infinity.  The  curve  is  therefore 
a  curve  of  the  fourth  order,  the  equation  of  which  is 


10—2 
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where   the  reciprocant  in   question   may  be  calculated   from   the  before   mentioned  table 
67,  viz.  multiplying  by  3  in  order  to  avoid  fractions,  the  coefficients  of  the  table  are 

O,  6,  c,  /,  g,  h,  i,  j,  k,       I  ) 

=  (0,  0,  0,  c,  a,  b,  b,  c,  a,  —  a  —  6  —  c) 

respectively,  and  for    the   facients   (£  77,    f)   of    the   table    we   have   to    write   (.tr,    <y,   s). 
The  expression  of  the  reciprocant  is 


»  iW  -I-  (?a*y*  +  tfbW  4-  &c., 
and  dividing  by  (%  +  y  +  z)*  we  have  the  equation  of  the  envelope  in  the  form 

6W  4-  cWty4  -h  a.*fc*  4-  &c.  =  0, 
which  must  of  course  be  identical  with  the  former  result 

Icyz  (cy  —  l)2f  4-  cazx  (az  -  ca?)a  -h  r/  feuy  (i^1  -  f^)a  -f  &c.  =  0. 
Instead  of  discussing  the  curve  of  the  third  class 


it  will  be  convenient  to  write  (a?,  y,  ^)  in  place  of  (f,  T;,  f),  and  discttss  the  curve 
of  the  third  order,  or  cubic  curve 

U  =  ax  (y  -  z)-  +  by(z~-  #)3  +  ^  (^  -  2/)"  =  °> 

which  is  of  course  a  curve  having  a  node  at  the  point  (&=syssis)t  or  say  at  the 
point  (1,  1,  1),  and  having  therefore  three  inflexions  lying  in  a  line.  The  equation  of 
the  tangents  at  the  node  is  found  to  bo 


that  is,  at  the  node  the  second  derived  functions  of  U  are  proportional  to 

(6  +  c,  c-fa,  a-f-6,  -a,  —6,  -e), 


The  equation  of  the  Heswian   may  bo   found  directly,  or    by  meann  of   the   table, 
No.  61,  in  my  memoir  above  referred  to.    It  is  as  follows: 

(6*  o){a(b 


4-  byz*  ) 


-  (3c2  +  26o  +  2ca 

+  {4  (6ca  4-  63c  4-  oa9  4-  (H  4-  a&ft  4-  a96)  4-  6a6c}  A?^  «  0. 
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I  find  that  in  the  function  b*cW  +  &c.  the  term  in  z*x  is 
=  a  (4a26  +  4a2c  +  4a&3  +  4a6c  -  262c), 
whence  in  the  function  62cV  +  &c.  the  term  in  sPx  is 

=  &xa  (4a2Z>  +  4a2c  +  2a&2  +  4a&c  -  263c), 

a   portion   whereof    is   =  4&x  (aa&  +  a3c)  ;    and   we   thus   obtain   the   numerical   factor   =4, 
and  thence  the  identity 

&Vtf  4  +  &a?y*  +  a262^  +  &c.  =  klcyz  (cy  —  }>zf  +  .  .  .  +  &c. 
which  equation  I  represent  by 

Aa?  +  By*  +  G&  +  3  (^y2^  +  G^2^  +  JT^y  +  Iy&  +  J^  +  ST^j/2)  +  6  i^y^  =  0, 
or 

(A,  5,  (7S  F,  G,  H,  I,  J,  Kt  L-fr,  y,  ^  =  0, 

viz.  writing  for  shortness 


M  =  6c  +  ca  4-  a6, 
the  values  of  the  coefficients  are  as  follows  : 

c)(6c+Jf),        JT  =  -c(3 


M), 


I  remark  that  the  cubic  having  a  node  at  the  point  (1,  1,  1),  the  Hessian  has 
at  this  point  a  node  with  the  same  tangents.  The  second  derived  functions  for  the 
Hessian  are  therefore  at  the  node  proportional  to  those  of  the  cubic  ;  it  is  easy  to 
verify  that  we  have  in  fact 

A  +#  +  /  =  (6  +  c)  M,        L  +F  +1  =  -aM, 
,        J  +L  +  <?= 


these  values  give  also 

^  +  5+7+2^+2^  +  2^  =  0, 
J-+JF  +0  +2/+2(?+2i=0, 

equations  which  merely  express  that  the  first  derived  functions  vanish  at  the  node.  If, 
by  these  equations  we  express  A,  B,  C  in  terms  of  the  other  coefficients,  and  substitute 
these  values  in  the  equation  of  the  Hessian,  this  may  be  expressed  in  the  form 

(y-zf{  Lx+(2F+    I  +  L)y  +  (  F+  2l+L)z] 

J+L)*} 
L  *  =  0 


a  form  which  puts  in  evidence  the  node  (1,  1,  1). 
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I  write 

X  —  y  —  j,     F  =  £  —  ,r,    #  =  &  —  ?/, 

yo  that  we  have  identically 


and  that  the  equation  of  the  tangents  at  the  node  is 

aX*  +  bY*  +  c2P-Q, 
I  write  also  for  shortness 

J?"  =  2*7  +/+/,,     /'  ^JP+2/  + 
(?'  -  20  +  ./  +  A     ./'  -  fl  +  2>f  + 


the  equation  of  the  cubic  is  then 

J7  «  <avY-  4-  6y  P  +  cz&,  «  0, 
and  that  of  the  Hessian  is 

JH7-JP(£  a  +  iPty  +  /'*)+  P^ 
Now  observing  that  we  have 


If  +/,)«-//'-  A", 

we  find 

(7'F  -  JP'JgT  ) 


which  shows  that  the  function  HU+SMU  iw  a  cubic  function  of  y  —  5,  5  —  a?,  &*-//> 
decomposable  therefore  into  three  linear  factors;  and  the  equation  Hlf+3MU~0,  in 
consequently  that  of  the  three  lines  drawn  from  the  uodo  to  the  three  iufloxion«  of 
the  cubic  (or  the  Hessian).  We  know  also  that  the  Hessian  of  the  three  linen  ZH  the 
pair  of  tangents  at  the  nodeO,  viz.  that  regarding  any  one  of  the  variables  X,  F,  Z 
as  a  linear  function  of  the  third  of  them  (in  virtue  of  the  equation  X+  r-f-#«0), 
then  that  the  cubic  function  of  Z,  7>  Z  has  aZa-f  6Fa-f  cZ*  for  itn  Hessian. 


as  the  canonical  form  of  a  nodal  cubic  t/=^-f  y*+6fey*:=sO,  then  we  havo  /If/ 
is  the  equation  of  the  lines  from  the  node  to  the  inflexions,  and  the  Hesnian  of  tho  binary  cubic 
,  where  ^«0  is  the  equation  of  the  tangents  at  the  node.  We  obtain  as  the  only  linear  functions 
of  17,  HU  which  are  decomposable,  a*+  y*  and  asyt,  the  equation  #y*«0  gives  afy«0  which  belongs  to  the 
tangents  at  the  node  or  else  *=0,  which  is  the  equation  of  the  line  through  the  three  inflexions  :  this  line 
is  so  obtained  a  little  further  on  in  the  text. 
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It   is    interesting    to    verify   this  ;    I    write    Z  =  —  X  —  Y,    the    cubic    function    then 
assumes  the  •  form 

(a,  ft,  y,  BIX,  Tf, 
where  (a,  /3,  7,  8)  have  the  values  presently  given. 

The  Hessian  is 

(2a7  -  200  X*  +  (aS  -  /37)  .  2X7  +  (2/38  -  272)  P, 
or  writing  2XF=#2-X2-  F2,  this  is 

=  (2«7  -  2/32  -  aS  +  £7)  X2  +  (2/38  -  2T2  -  aS  -  £7)  F2  +  (08  - 
We  find  after  some  easy  reductions, 


+c  ), 


and  hence 

08  -£y  =  -  81  (a+  c)  (6  +  c)  {(ac  +  if)  (be  +  M)-ab(a  +  c)(b  +  c)}, 


where  the  expression  in  {  }  is 

=  (ab  +  2ac  +  6c)  (ai  +  ac  +  26c)  -  a6  (aft  +  ac  +  bc  +  c2), 
«  c  {ab  (3a  +  36)  +  c  (6  +  2a)  (a  +  26)  -  a6  (a  +  b  +  c)}, 
=  2c  (a  4-  6)  (bo  +  ca  +  aft), 

and  therefore 

aS  -  £7  =  -  162  (6  +  c)  (c  +  a)  (a  +  b)  Me  ; 

the   other  coefficients  may  be  similarly  calculated,  and  omitting  the    merely  numerical 
factor,  we  have 

Hessian  =  (ft  +  c)  (c  +  a)  (a  +  b)M  (aX3  +  6F2  +  aZ2), 
which  is  right. 

I  write  next 

-F'Z) 

-ff'Z) 
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or  writing  x  =  z  —  F,  y  =  z  4-  Ar,  this  is 
#£7+3 


+  Z*{K'X-H'Y  j, 

•we    may   determine    S-,   so    that    the    cubic    function    of   X,  Y,   Z   contains    the   factor 
aX*  +  bY3+cZ~;  writing  Z  =  -  X  -  Y,  then 

Contains  the  faotor  Quotient  is 


Ya    /     Ar/  4-    f1' 
4-  JT2F(-  J/'  +  2A"  +  F  +  /'  + 


K'-ZH'-G'-J'-U*} 
+  P     (-/'-  H'  ) 

We  have  seen  that 


(a  4  c)  A"a 

4-      2c     AT 


-  «  (at?  +  J/)  A" 


1C  +  JF"  =  -  8  («  4-  c)  (ao  +  J17), 


whence  the  quotient  is,  as  above  stated, 

«  _  8  («c  4-  if)  Ar  +  8  (6c  4-  Al)  Y. 
Comparing  the  coefficients  of  A*a7,  we  have 

a&  =  -(--Ef'  +  2J8:/  4-  F'  +  r>  +  S  (r*  +  (0  (&c  +  3f)  -  6c  (f/c  +  if), 
«  9a  (ct  +  c)  (6  4-  c)  4-  3  (a  4-  c)  (</&  4-  ac  H-  26c)  -  t>c  («6  4-  Zdc  4-  6c)( 
=s  1  2a  (bo  4-  ca  4-  a6)  ==  1  2aif  , 


that  is  9-  =  12Jkf;   and    the  same   value   would    have   been    obtained   by  comparing  the 
coefficients  of  JSTR     Hence  HU-^MU  divides  by  aZ24-iP4-e-2Ts,  the  <ixiotiout  being 

which  is 

^ 
or,  finally  it  is 

«  -  3  {(604-  Jtf)  a?+  (o»4-  Jtf)  y  -h(a6  -h  AT)^}, 
and  we  thus  have 


-  3  (aJT34-  6F2  +  c^a)  x  {(be  +  M)x  +  (ca  +  M)y  +  (a 
BO  that  the  three  inflexions  are  the  intersections  of  the  cubic  curve  by  the  lino 

(bo  +  M)as  +  (ca  +  M)y+(ab  +  #)*=:  0. 
It  may  be  noticed,  that  if  we  write 


6c«?  4-  cay  4-  a&#  —  — 
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then  oc,  y,  z  will  be  as 

(b-c){(2M-bc)u-av} 

:  (c  -  a)  {(21T-  ca)  u  -  lv] 


and  substituting  these  values  in  the  equation 

ax  (y  —  zf  4-  by  (z  —  xf  +  cz(x  —  y)2  =  0 


of  the   cubic,  we  have   a   cubic   equation   for   the  ratio   (u  :  ij)\    and   thence   the  values 
(x,  y,  z)  for  the  coordinates  of  the  inflexions. 

It  may  be  added,  that  we  have 

cZ*)  {(be 


which  is  the  equation  of  the  cubic  expressed  in  the  canonical  form, 

Pp.  175  —  179.     Effecting  the  process  indicated  p.  73,  but  writing  for  greater  con- 
venience (x,  y,  z)  in  place  of  (X,  Y,  Z),  so  that  the  substitution  to  be  made  is 

(  a  ,    &  ,   c  ,      /,       g  ,       A,       i  ,      j,        k,         I       ) 
=  (6#,  6y,  62,  -2#,  -2^,  -25?,  -2^,  -2a?,  -2y,  «  +  y  +  *), 

respectively   (where   I   have   corrected  a   misprint  in   the   formula  as   originally  given)  I 
find  the  equation  of  the  envelope  to  be 

tyz  (y  -  ZY  ^ 

(z  -  xf  b4 
(x  —  y)2  c4 

-to  (52  +  a?  4-  3yz  —  Zzx  +  5ay)  bsc 


asb 


ca3 

+  4*0 

+  x  (a?  -  2#2y  -  2^  +  ^2  +  ZZxyz  +  xz* 

^.  y  (y»  _  2y2^  -  2y2#  -f  y^a  4-  38a?y^  4-  y&  +  12^2a?  4-  12^^)  caa2 
4-  z  (*»  -  202#  -  2*^y  4-  za?  4-  38a?y^  4-  -srya  4-  12^y  4-  12fl?ya)  aab2 
4-  2y*  (lla?  4-  y2  4-  z*  -  2y#  4-  24#y  4-  24«c)  a2bc 
4-  Zzx  (lly2  4-  ^2  +  a?  -  2*a?  4-  24y0  4-  24a?y)  b2ca 
4-  2«y  (11-z2  4-  &  4-  y2  —  2#y  4-  24^^  4-  24ysr)  c2ab  =  0. 
C.  VI. 
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The  function  on  the  left-hand  side  is  the  quotient  by  -48(a  +  b  +  c)'J  of  the 
sextic  function,  Table  67  of  my  third  Memoir  on  Quantics,  [144]  ;  the  foregoing  quotient 
was  calculated  without  using  the  coefficient  of  the  term  in  a2b3c2  (%rf£*)  of  the  table, 
but  by  way  of  verification,  I  calculated  from  the  table  the  term  in  question,  and  found 
it  to  be 


-  2  (a?  -f  y  +  zf  (yz  4  zx  +  ay) 
4-  296  (&  +  y  +  z)  xyz 

-  8 


and  this  should  consequently  be  equal  to   the   coefficient    of   asbac'J  in    the   product   of 
(a  +  b  +  c)3  into  the  foregoing  quartic  function  of  (a,  b,  c)  that  is,  it  should  be 


of  (of  -  2^y  -  2^  4-  xf  -f  SSxys  +  %z*  +  l&fz  4-  IZ 
V  (f  ""  ty*z  —  2^  +  y&  +  3&r?y-ar  -f  yaP 
-ff  (z*  -  2^  -  2^2y  +  z&  +  S&xyz  +  z\f 
kyz  (llaf  4-  ya  4  &  -  2z/z  4-  24ay  4 

4  ^2  +  ^3  -  2^o;  4-  24y^  -I- 

4-  0"  4-  y8  - 

which  is  accordingly  found  to  be  the  case, 
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SPECIMEN    TABLE    M  =  a*tf  (MOD.  N)    FOE    ANY    PKIME    OE 

COMPOSITE    MODULUS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  IX.  (1868), 

pp.  95 — 96  and  plate.] 

IF  N  be  a  prime  number,  and  a  one  of  its  primitive  roots,  then  any  number  M 
prime  to  N,  or  what  is  the  same  thing,  any  number  in  the  series  1,  2,  ...N—  1,  may 
be  exhibited  in  the  form  M  =aa(Mod.  N) ;  where  a  is  said  to  be  the  index  of  M  in 
regard  to  the  particular  root  a.  Jacobi's  Canon  Arithmeticus  (Berlin,  1839),  contains  a 
series  of  tables,  giving  the  indices  of  the  numbers  1,  2,  3...JV—  1  for  every  prime 
number  N  less  than  1000,  and  giving  conversely  for  each  such  prime  number  the 
numbers  M  which  correspond  to  the  indices  a— 1,  2,  ...(N  —  1)  (Tdbulce  Numerorum  ad 
Indices  datos  pertinentium  et  Indicum  Numero  dato  correspondentium).  A  similar  theory 
applies,  it  is  well  known,  to  the  composite  numbers;  the  only  difference  is,  that  in 
order  to  exhibit  for  a  given  composite  number  N  the  different  numbers  less  than  Jf 
and  prime  to  it,  we  require  not  a  single  root  a,  but  two  or  more  roots  a,  6,...  and 
that  in  terms  of  these  we  have  M  =  aa&P ...  (Mod. N).  For  each  root  a  there  is  an 
index  A  (or  say  the  Indicator  of  the  root),  such  that  <#*  =  !  (Mod.  N),  A  being  the 
least  index  for  which  this  equation  is  satisfied ;  and  the  indices  a,  6, ...  extend  from 
1  to  A>  .B, ...  respectively;  the  number  of  different  combinations  or  the  product  AB..., 
being  precisely  equal  to  <£(.#),  the  number  of  integers  less  than  -ZV"  and  prime  to  it. 
The  least  common  multiple  of  A,  5...,  is  termed  the  Maximum  Indicator,  and  repre- 
senting it  by  /,  then  for  any  number  M  not  prime  to  N,  we  hav^  ifJ=l(Mod.  JV),  a 
theorem  made  use  of  by  Gauchy  for  the  solution  of  indeterminate  equations  of  the 
first  order.  Thus  N=*  20,  the  roots  may  be  taken  to  be  3,  11 ;  the  corresponding 
exponents  are  4,  2  (viz.  34  =  1  (Mod.  20)  II2  ==  1  (Mod.  20)),  and  the  product  of  these 
is  8,  the  number  of  integers  less  than  20  and  prime  to  it;  the  series  [go  to  p.  86] 
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-  — 

NOB. 

1 

2 

3 

41 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

10 

17 

18 

19 

20 

21 

«' 

23 

24 

25 

20 

27 

as  ', 

us)  .  ;u) 

BOOTS 

1 

2 

ll 

2 

5 

a 

II 

2 

3 

2 

5,7 

6  i 

3 

2,11 

3,7 

10 

5 

10 

3,11 

2,  13 

7 

10 

>,7,13 

JL 

7 

li 

U3 

10  ;  7,  n 

IND. 

1 

2 

2 

4 

2 

6 

2,2 

6 

4 

10 

2,2 

12  ! 

6 

4,2 

4,2 

16 

0 

18 

4,2 

6,  a 

10 

22 

W 

20 

13 

IS 

_ 

L»rt  '  1,1! 

M.  I. 

1 

2 

2 

4 

2 

0 

2 

6 

4 

10 

2 

12 

6 

4 

4 

16 

6 

18 

4 

G 

10 

22 

2 

20 

j 

13 

is 

ft 

2«  i    4 

0 

0 

1 

2 

2 

4 

2 

6 

4 

6 

4 

10 

4 

12 

C 

8 

8 

10, 

0 

18 

8 

12 

10 

22 

8 

20  j 
""""""7 

12 

MMMM 

1H  , 

"—  T 

13 

2rt  '    H 

1 

0 

0 

0 

0 

0 

0 

0,0 

0 

0 

0 

0,0 

0 

0 

0,0 

0,0 

0 

0 

0 

0,0 

0,0 

0 

0 

0,  0,  0 

0 

0 

1) 

0,0 

0      0,0  1 

2 

^ 

1 
3 

2 
1 

1,0 

1 

1 

1 

8 

5 
8 

1 

1,0 

1,0 

10 

11 

17 
5 

1,0 

1,0 

4 

H 
20 

1 
7 

8 

,7 

1,0 

1            ! 

— 

T 

2 

4 

^ 

fl 

10 

2,0 

4 

Ifi 

2,0 

10 

^ 

i 

**"  • 

y 

1 

5 

0T1 

5 

4 

1,0 

9 

5 

1,1 

7 

1 

2 

1,1 

2 

15 

Ailki 

JL 

t\ 

-iL 

ML   — 

w 

q 

1 

5 

4 

(i 

H 

'   .      i 

T 

1,1 

4 

3 

7 

0,1 

7 

1,1 

0,1 

o 

2 

12 

3,0 

1 

21 

0,  1,  0 

5 

i 

11) 

i 

'JO     1,  0  i 

—  • 

Q 

3 

3 

3,0 

14 

15 

3,0 

* 

3 

«t 

•»  i 

? 

2 

6 

4 

2 

2,0 

0 

10 

2,0 

S 

IS 

14 

4 

, 

'3,0  ! 

a*  i      : 

—  ' 

10 

r> 

2 

1 

1 

2,1 

1 

.,— 

^,. 

1  L  _; 

11 

1,1 

11 

4 

0,1 

3,0 

13 

5 

C 

0,1 

6,0 

3 

1,1,0 

10 

i» 

lii 

1,1 

23  i  t>,  1  j 

-  -  " 

fi 

15 

3 

14 

i) 

'21            j 

—  — 

13 

3 

3,1 

3,1 

12 

4 

13 

1,1 

0,1 

3 

13 

0,0,1 

19 

8 

0,1 

«    !  3,0  1 

14 

8,1 

3 

11 

7 

n 

,  H 

'* 

15 

2,1 

2 

7 

(i 

13 

U 

3,  1 

I  <   ' 

11) 

H 

14 

4,0 

10 

4 

4 

10  , 

._ 

3 

8 

3,1 

5,1 

7 

17 

1,0,1 

13 

10 

1  1:> 

U 

7  t  1,1 

18 

0 

4 

15 

'!.  '' 

IS) 

2,1 

4,1 

0 

5 

0,  1,  1 

8 

7 

12 

fi,0 

t.»  ' 

20 

:*'L 

i) 

— 

7 

. 

111     2,0 

21 

U 

11) 

12 

tt 

It)            j 

22 

11 

17 

14 

<>             | 

|  23 

1,1,1 

11 

2 

11 

ft,  i 

114     3,1 

24 

10 

•I 

i") 

J5. 

10. 

'ML 

H 

21) 

tl 

. 

»7 

3,0 

ur>  , 

-  ?H_ 

ll 

80 
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31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

17 

3,15 

2,10 

3 

2,6 

5,19 

5 

3 

2,14 

3,11,21 

6 

5,13 

28 

3,21 

2,26 

5 

10 

5,7,17 

3 

3 

30 

8,2 

10,2 

16 

12,2 

6,2 

36 

18 

12,2 

4,2,2 

40 

6,2 

42 

10,2 

12,2 

22 

46 

4,2,2 

42 

20 

30 

8 

10 

16 

12 

6 

36 

18 

12 

4 

40 

6 

42 

10 

12 

22 

46 

4 

42 

20 

30 

16 

20 

16 

24 

12 

36 

18 

24 

16 

40 

12 

42 

20 

24 

22 

46 

16 

42 

20 

0 
12 
13 

24 
20 

0,0 
1,0 
7,1 

0,0 
1,0 

2,0 

9,1 

0 

1 
5 

0,0 
1,0 
11,0 
2,0 

0,0 
1,0 

0 
11 
34 
22 
1 

0 
1 
4 

0,0 
1,0 

2,0 
9,0 

0,0,0 
1,0,0 

0 
26 
15 
12 
22 

0,0 
1,0 

0 
39 
17 
36 

5 

0,0 
1,0 
8,0 

0,0 
1,0 

2,0 

0 
16 
1 

0 
30 
18 
14 
17 

0,0,0 
1,0,0 

0 
26 
1 
10 
29 

0 
1 

1 
2 

3 
4 
5 
6 
7 
8 
9 
10 

25 
4 
6 
2G 

a 

2,1 

2,0 

2,1 
3,0 

0,1 

11 
2 

0,1 

3,0 
10,0 

2,1 

y 

28 
33 
32 

12 

6 
2 

11,1 
3,0 

10,0 

3,0,1 
2,0,0 

1 
39 
38 
30 

8 

14 
7 
33 
34 
2 

9,1 
2,0 

1,1 
3,0 

19 
10 

2 

38 
44 
36 
1 

0,1,0 

27 

36 
2 
13 

15 
2 

21) 
7 
23 
16 
3 

7,0 

1,1 
0,1 

6,1 
3,1 

7 
4 
G 

8,0 
1,1 
3,1 

5,1 

4,0 

6 
20 
13 
3 
35 

12 
17 
5 

7,0 
0,1 

0,1,0 
1,1,1 

3 
27 
31 
25 
37 

5,1 
0,1 

6 
11 
40 
4 
22 

2,1 
9,0 

4,1 

11,1 
2,1 

9 
14 
17 

27 
32 
3 
22 
35 

3,1,0 
3,0,1 

40 
11 
33 

30 

8 
17 

11 
12 
13 
14 
15 

18 
1 
8 
22 
14 

4,0 
5,0 

4,0 
9,0 

8,1 
1,1 

14 

4,0 
5,1 
11,0 
10,1 

3,0 
0,1 

8 
5 
7 
25 
23 

16 

4,0 
2,1 

5,1 
11,0 

2,1,0 

24 
33 
16 
9 
34 

5,0 
4,1 

30 
16 
31 
29 
41 
*24 
3 
20 
8 
10 

8,1 
1,1 

4,0 
9,0 

6,0 

7 
15 

28 
42 
20 
29 
31 

0,0,1 
1,1,1 

20 
25 

28 
35 
39 

19 
14 

16 
17 
18 
19 

20 

17 

11 
21 
19 
10 

3,1 
6,1 
6,0 

5,1 
8,0 

12 
15 
10 

9,0 
7,0 
2,1 

1,1 
2,0 

26 
17 
21 
31 
2 

7 
14 
8 

8,0 
10,1 

6,0 

0,0,1 
1,0,1 

14 
29 
36 
13 
4 

1,1 

2,0 

0,1 
5,0 

6,0 

5,1 
11,0 

13 
2 

10 
11 
39 
16 
34 

0,1,1 
2,0,0 

24 
38 
37 
16 

16 
13 

21 
22 
23 

24 
25 

5 
9 
28 
27 
15 

3,0 
5,1 

7,1 

4,1 
7,0 

3 
13 

4,1 
9,1 

6,0 

5,0 

24 
30 
14 
15 
10 

3 

11 

1,1 
4,1 

3,0,0 
2,0,1 

17 
5 
11 
7 
23 

3,1 

37 

9 
1 
25 
19 

3,0 
4,1 

0,1 

3,1 
10,1 

4 
18 

33 
8 
6 
43 
19 

3,0,0 

17 
3 

18 

14 

3 

6 

26 

27 
28 
29 
30 

31 

4,1 

6,0 
5,0 

9 

8 

8,1 
5,0 
7,1 
6,1 

4,1 
81 

27 
19 
4 
16 
29 

15 
13 
10 

9,1 
5,0 

3,1 
8,1 

0,1,1 
1,1,0 

28 
10 
18 
19 
21 

2,1 

32 
27 
23 
13 

12 

v,o 

7,1 

8,0 
5,0 

10,0 

6 
3 
20 

5 
12 
45 
26 
9 

2,1,0 

1,1,0 

7 
4 
41 
9 

4 
9 

31 
32 
33 
34 
35 

32 

33 

34 

35 

36 

18 

9 

7,1 

8,1,1 

2 
32 
35 
6 

4,0 

28 
35 
26 
15 
38 

4,0 
3,1 

9,1 
7,0 

21 
8 

4 
24 
13 
21 
15 

1,0,1 

12 
32 

19 
34 
23 

7 
18 

36 
37 
38 
39 
40 

37 

38 

6,1 

39 

2,1,1 

40 

20 

41 

3,0 

18 
21 

6,1 
5,1 

8,1 

7,1 
6,1 

12 
5 
11 

25 
40 
37 

41 
7 

2,0,1 
3,1,1 

15 

6 
8 
31 

12 
5 

41 
42 
43 
44 
45 

42 

43 

44 

45 

46 

2,1,1 

22 
5 
21 

11 

46 
47 
48 
49 
50 

47 

48 

49 

10 

50 
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[from  p.  S3]  of  these  is  in  fact  1,  3,  7,  9,  11,  13,  17,  19,  each  of  which  is  expressible 
in  the  required  form,  viz.  Is  3°.  11°,  3s3l.lln,  7  =  3M1°,  &c.  (Mod.  20):  the  maximum 
indicator  is  4;  viz.  14=1,  3* si,  74=1,  &c.  (Mod.  20). 

The  table  pp.  84,  85  gives  the  Indices  for  the  numbers  less  than  N  and  prime 
to  it,  for  all  values  of  N  from  1  to  50 ;  the  arrangement  may  be  seen  at  a  glance  ; 
of  the  five  lines  which  form  a  heading,  the  first  contains  the  numbers  N]  the  second 
the  root  or  roots  belonging  to  each  number  N,  the  third  the  indicators  of  these  roots, 
the  fourth  the  maximum  indicator,  the  fifth  the  number  $  (N).  The  remaining  lines 
contain  the  index  or  indices  of  each  of  the  <f>N  numbers  M  less  than  N  and  prime 
to  it,  the  number  corresponding  to  such  index  or  indices,  being  placed  outside  in  the 
same  horizontal  line.  For  example,  30  has  the  roots  7,  11,  indices  4,  2  respectively; 
the  Maximum  Indicator  is  4,  and  the  number  of  integers  less  than  30  and  prime  to 
it  is  8 ;  taking  any  such  number,  say  17,  the  indices  are  1,  1,  that  is,  we  have 
17  =  71.111  (Mod.  30). 

The  foregoing  corresponds  to  the  Tabulcv  Iiid-icum  Numero  data  corrosj^ondentium  of 
Jacobi;  on  account  of  multiplicity  of  roots  there  does  not  appear  to  be  any  mode  of 
forming  a  single  table  corresponding  to  the  Talnilw  Numerorum  ad  Indices  datos  pert  I- 
nentium;  and  there  would  be  no  adequate  advantage  in  forming  for  each  number  X 
a  separate  table  in  some  such  form  as 

JT--  20. 


Hoots 

NOB. 

3 

11 

0 

0 

1 

o 

1 

11 

1 

0 

3 

1 

1 

13 

2 

0 

9 

2 

1 

19 

3 

0 

7 

3  j 

1 

17 

which  I  have  written  down  in  the  form  of  a  table  of  single  entry;  for  although 
(whenever,  as  in  the  present  case,  the  number  of  roots  in  only  two)  it  might  have 
been  better  exhibited  as  a  table  of  double  entry,  when  the  number  of  roots  is  throe  or 
more  it  could  not  of  course  be  exhibited  as  a  table  of  corresponding  multiple  entry. 
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398. 


ON   A   CERTAIN   SEXTIC  DEVELOPABLE,   AND  SEXTIC  SURFACE 

CONNECTED  THEREWITH. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  ix.  (1868), 

pp.  129—142  and  373—376.] 

I  PROPOSE  to  consider  [first]  the  sextic  developable  derived  from  a  quartic  equation, 
viz.  taking  this  to  be  (a,  6.  c,  d,  e§t,  I)4  =  0,  where  (a,  &,  c,  d,  e)  are  any  linear  functions 
of  the  coordinates  (#,  y,  z,  w),  the  equation  of  the  developable  in  question  is 

(ae  -  4bd  +  3c2)8  -  27  (ace  -  ad*  -  b*e  +  2bcd  -  c8)2  =  0. 

I  have  already,  in  the  paper  "On  a  Special  Sextic  Developable,"  Quarterly  Journal 
of  Mathematics,  vol.  VII.  (1866),  pp.  105 — 113,  [373],  considered  a  particular  case  of  this 
surface,  viz.  that  in  which  c  was  =  0,  the  geometrical  peculiarity  of  which  is  that  the 
cuspidal  edge  is  there  an  excubo-quartic  curve  (of  a  special  form,  having  two  stationary 
tangents),  whereas  in  the  general  case  here  considered  it  is  a  sextic  curve.  There 
was  analytically  the  convenience  that  the  linear  functions  being  only  the  four  functions 
a,  6,  c?,  e,  these  could  be  themselves  taken  as  coordinates,  whereas  in  the  present  case 
we  have  the  five  linear  functions  a,  6,  c,  d,  e. 

The  developable 

(ae  -  $bd  +  3c2)8  -  27  (ace  -  ad2  -  b*e  +  2bcd  -  c3)2  =  0 
is  a  sextic  developable  having  for  its  cuspidal  curve  the  sextic  curve 

ae-4M+  3c2  =  0, 
ace-  ad*-  b*e  +  2bcd-  c8  =  0, 

(say  7=0,  J-0,  as  usual),  and  having  besides  a  nodal  curve   the  equations   of  which 
may  be  written 

6(ac-62)  :  3(ad-bc)  :  ae  +  2bd-3<?  :  8(be-cd)  :  6(ce-cf3)  :  9J" 
=        #          :         b  :  c  id  :        e  :/, 
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viz.  these  equations  are  really  equivalent  to  two  equations,  and  they  represent  a  curve 
of  the  fourth  order  which  is  an  excubo-quartic.  We  may  in  fact  find  the  equations 
of  the  nodal  curve  by  assuming  (a,  6,  c,  d,  e$t,  I)4  to  be  a  perfect  square,  say  to 
avoid  fractions  that  it  is  ==  3  (a&  4-  2/3t  +  y)2,  then  we  have 


a  :  b  :  c  :  d  : 


:  Sa/3  : 


:  87*, 


which  equations  as  involving  the  two  arbitrary  parameters  a  :  /3  :  7,  give  two  equations 
between  (a,  6,  c,  d,  e),  and  we  may  at  once  by  means  of  them  verify  the.  above- 
mentioned  equations  of  the  nodal  curve.  It  also  hereby  appears  that  the  nodal  curve 
is  as  stated  an  excubo-quartic  curve  ;  viz.  we  have  between  a,  b,  c,  d}  e  a  single 
linear  relation,  that  is  a  quadric  relation  between  a,  /9,  7,  and  this  equation  may  be 
satisfied  identically  by  taking  for  a,  /3,  7  properly  determined  quadric  functions  of  a 
variable  parameter  0;  whence  ft,  &,  c,  d,  e  are  proportional  to  quartic  functions  of  the 
variable  parameter  6,  or  the  curve  is  an  excubo-quartic. 

The   equations  of   the  nodal   curve   may  be   presented  under  a  somewhat  different 
form;   viz.  the  cubi-covariant  of  (a,  b,  c,  d>  eT$t>  1)4"0  being 


9aca  -  6Z>ac 
5abe  4-  ISffcrf  —  10  W 
lOad2  -  1062e 
5ad^  • 


^  -I-    2d3 

say  this  function,  multiplied  by  6  to  avoid  fractions,  is 

(a,  b,  c,  d,  e,  f,  g#,  1)', 
that  is 


(t,  I)6  »  0, 


b  =  1  (-  a3e  -  2abd  + 
c  »  2  (-  a&e  +  Sacd  - 
d  =  3  (+  ad*  -  b*e), 
e  =  2  (+  ade  4-  26da  - 
f  =  1  ( 


then  the  equations  of  the  nodal  curve  may  be  written 

a  =  0,  b  =  0,  c  =  0,  d  =  0,  e«0,  f«0,  g  =  0. 
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It  may  be  mentioned  that  we  have  identically 

ae  -  4bd  +  3c2  =  0, 
af  -  3be  +  2cd  =  0, 
ag  -  9ce  +  8d2  =  0, 
bg  -  3cf  4-  2de  =  0, 

bf  -  4ce  +  3d2  =  0, 
and  moreover 

ag-6bf  +15ce~10d2 

=      -6(bf-  4ce  +   3d2),  =  +  6  (/*-  27  J2), 
so  that  the  equation  of  the  developable  may  be  written  in  the  form 

ag  -  6bf  +  15ce  -  10ds  =  0, 
or  in  the  more  simple  form 


each  of  which  puts  in  evidence  the  nodal  curve  on  the  surface. 

The  nodal  and  cuspidal  curves  meet  in  the  points 

a_6_c  _d 
b  ~  c~  d~~  e  ' 

being,  as  it  is  easy  to  show,  a  system  of  four  points.  The  four  points  in  question 
form  a  tetrahedron,  the  equations  of  the  faces  of  which  may  be  taken  to  be  #  =  0, 
y  =  0,  #  =  0,  w  =  0;  and  the  equation  of  the  surface  may  be  expressed  in  this  system 
of  quadriplanar  coordinates. 

We  introduce  these  coordinates  ab  initio,  by  taking  the  quartic  function  of  t  to  be 

(a,  b,  c,  d>  e$t,  l)'  = 
that  is,  by  writing 


e  =  a*oc  4-  fry  +  <fz 
Observe  that  (ft,,  t^  t8,  h)  being  any  constant  quantities,  we  thence  have 


e  - 


a  vi. 
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and  thence  in  particular 


e  -  cZ2<*  +  o£cty3  -  &2o#y  +  a  afaS  =  0, 

viz.  this  is  the  linear  relation  which  subsists  identically  between  (a,  6,  c,  cJ,  e),  the  five 
linear  functions  of  the  coordinates  (#,  y,  z,  tv). 

Staining  from  the  above  values  of  (a,  b,  c,  d,  e),  we  find  without  difficulty 
(a-  7)*  at*  +  (a-  8?  ow  +  (J3  -  < 


+  (a  -  7)*  (7  -  S)2  (S  -  a)2  xzw  +  (0-  7)'  (7  ~ 

but  we  thus  see  the  convenience  of  introducing  constant  multipliers  into  the  expressions 
of  the  four  coordinates  respectively,  viz.  writing 


where  for  shortness 

-0),  &c., 


or  what  is  the  same  thing,  taking  the  quartic  to  be 

(a,  1),  c,  d,  e$t,  lY 
we  find 


where  for  shortness 

or  writing 

V  (»•')  =  (7  -8)  (a  -/8), 
we  have 

VCxo  +  VO^O+VM-o, 

and  the  equation  of  the  developable  is  thus 
{V  (afvf  +  y'z')  +  /  (y  V  4-  *V)  +  1/  (^V  +  a?Y)}8  -  27\VV  (^yV  +  yW  +  /a?V  +  rfy  V)a  «  0. 


Observe  that  c/"=0  is  a  cubic  surface  passing  through  each  edge  of  the  tetra- 
hedron, and  having  at  each  summit  a  conical  point;  /=  0  is  a  quadric  surface  passing 
through  each  summit  of  the  tetrahedron,  and  at  each  of  these  points  the  tangent 
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plane  of  the  quadric  surface  touches  the  tangent  cone  of  the  cubic  surface:  to  show 
this  it  is  only  necessary  to  observe  that  at  the  point  (of  =  0,  y'  =  0,  /  =  0)  the  tangent 
cone  is  y  Y  +  *  'of  +  x'y'  =  0,  and  the  tangent  plane  is  X  'a/  +  pfy'  -f  v  '2*  =  0,  and  that 
these  touch  in  virtue  of  the  above-mentioned  relation  V  (V)  +  V  (/*')  +  V  (*>')  =  0.  It 
follows  that  on  the  curve  of  intersection,  or  cuspidal  edge  of  the  developable,  each  of 
the  summits  is  a  cuspidal  or  stationary  point,  that  is,  the  cuspidal  curve  has  four 
stationary  points;  this  agrees  with  the  character  of  the  curve  as  given,  Salmon  "On 
the  Classification  of  Curves  of  Double  Curvature,"  Camb.  and  Dubl.  Math.  Jour.  vol.  v. 
(1850),  p.  39,  viz.  the  character  is  there  given 

a  =  6,  w  =  6,  ft  =  4,  r  =  6,  #  =  3,  h  =  6,  a=0,  /3  =  4,  #  =  4,  y  =  6, 
(ft  =  4,  that  is,  there  are  as  stated  4  stationary  points). 

To  find  the  equations  of  the  nodal  curve,  instead  of  transforming  the  equations 
as  given  in  terms  of  (a,  6,  c,  d,  e),  it  is  better  to  deduce  these  from  the  equation 
of  the  sxxrface  ;  viz.  if  there  is  a  nodal  curve,  we  must  have 

:  Syl  :  8*1  :  8^1  :  ISJ 


Writing  these  under  the  form  S^I-h  fffS^J=  0,  &c.,  where  6'  is  regarded  as  an  arbitrary 
parameter^),  we  have 

XV  +  p'ff  +  vy'  -f-  ff  (y'zr  +  yV  -f  gfwf)  =  0, 

XV  +  fji V  4-  v V  +  ^  (^ V  -f  ^W  +  cc V)  =  0, 

xy  +  /^V  -h  i/ V  +  ff  (%'y1  +  a? V  +  y  V)  =  0, 

XV  +  //y'  +  v  V  +  ff  {y'z  +  sfx'  +  %'y' )  =  0, 
which  equations  (eliminating  6')  must  be  equivalent  to  two  equations  only. 

I    remark    that    the    first    three    equations    may  be    regarded    as    a    set    of   linear 
equations  in   1,  w',  0'9  Q'w' \  and   determining  from  them  the  ratios  of  these  quantities, 

we  have,  suppose, 

1  :  —  w'  :  ff  •  _  Q  V  —  A  :  B  :  G  :  D, 

where 

J3  = 


(*',    z'x',    n'  +  of 
v',    cdy1,    af  +  y' 


s!a!,     n!  +  IE',     v'x'  +  XV 


O  -1- 


V 


+  Sjf,    X', 
+XV,    /*', 


1  The   value   of  ff   is  in  fact   s-iy-,  that  is,  instead   of   the   four  equations  inYohdng   an  arbitrary 

parameter  ff,  we  have  really  four  determinate  equations. 

12—2 
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We  have  thence  AD-BC  =  Q  and  (substituting  in  the  fourth  equation)  A  (XV  4-  tfif  4-  v  V) 
+  (7(yY-|-£V-i-#y)-0;  each  of  these  equations  must  contain  the  equation  of  the 
cone  having  (o?'~0,  2/'  =  0,  /  =  0)  for  its  vertex,  and  passing  through  the  nodal  curve. 
The  two  equations  are  of  the  orders  6  and  4  respectively;  and  as  the  curve  is  a 
quartic  curve  passing  through  the  vertex  iu  question,  the  equation  of  the  cone  is  of 
the  order  3.  I  have  not  effected  the  reduction  of  the  sextic  equation,  but  for  the 
quartic  equation,  substituting  for  A,  0  their  values,  this  is 


v*  (y  - 

4-  jiaf  +  aftf)  [XV  (?/'  - 


which  is  easily  reduced  to 

XV  (-  x'*  +  y'z'  +  sf&f  H-  attf  )  (y  -  /) 


v  v  - 


+  v  'x'  to*'  +  </'  + 

+  XV  [(of  +  /  +  /)  (y  V  +  /^'  +  ^y  )  +  ,7/^']  (a/  -  ?/)  -  0  ; 
and  I  have  found  that  this  is  transformable  into 
2  [of  V  (V)  +  /  V  00  +  ^  V(OJ  x  [2/v  V(X')0*y  -  z/V)  5V 

{V  V)  - 


viz.  the  two  functions  are  equivalent  in  virtue  of  the  relation  V(XO  -h  V  00  "I"  V  (vf)^(\ 
or,  what  is  the  same  thing,  they  only  differ  by  a  function  (a/,  y\  z'}*  into  the 
evanescent  factor  X/a  +  //a  +  ^2  -  2^V  -  2/V  -  2X>'  .  The  function  in  {  }  equated  to 
zero  is  therefore  the  equation  of  the  cubic  cone. 

I  do  not  stop  to  give  the  steps  of  the  investigation  in  the  above  form,  a«  the 
investigation  may  be  very  much  simplified  as  follows:  by  linear  combinations  of  the 
four  equations  in  #',  yf,  /,  w',  0',  we  deduce 

/(yV--^V)^0, 
=  0, 

-o, 

(    X'  +  /  4-  1/)  («/  +  ^  +  sf  +  ^0  4-  2<97  (y  V  H-  5/«/  4-  a?y  +  dvt  +  y'w'  +  sfw')  »  0. 

Hence  writing 

X  =     X7  —  f*  —  v,        a? 


-f  ^, 
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we  find 


H-2XV, 
and  thence 


*  -  2/iV  -  2y'V  -  2X>')>  =  0, 
that  is 


the  relation  which  connects  the  new  constants  A,,  /*,  z/.     Moreover 

3/5?  —  sew  =  4  (y  V  — 
^a?  —  T/W;  =  4  (z  V  — 


and  writing  for  greater  convenience  0  =  --p,  the  equations  are  transformed  into 

)  =  ww  —  yz, 


Qvz  —  jsw  —  xy> 

where 

X     p>     v       f 

viz.  these  equations,  eliminating  6,  give  the  equations  of  the  nodal  curve. 
From  the  first  three  equations  eliminating  0,  we  deduce 
y0w(p  —  v)~£ 


or,  as  these  equations  may  be  written, 
wc&uz  = 

* 


which  equations,  from  the  mode  in  which  they  are  obtained,  are  it  is  clear  equivalent 
to  two  equations  only.  Using  the  fourth  equation,  and  eliminating  6  by  substituting 
therein  for  0\,  6p,  6v  their  values  from  the  first  three  equations,  we  find 
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that  is 

W  +  aP  +  !f  +  t~*w(l£  +  Z  +  &\, 

^  \&      y      2  / 

or,  what  is  the  same  thing, 

xyz  (3w2  4-  %*  +  f  +  £2)  -  2w  (2/3s2  +  sPa?  +  a-2?/2)  =  0, 


we   have  to  show    that   this   is  in   fact    included  in   the    former  system,   for    then   the 
four  equations  with  6  eliminated  will  it  is  clear  give  two  equations  only. 

Observe  that  the  former  system  may  be  written 


- 

«/  — 


and  that   we    have  thus    to   show  that    substituting    for   w   the    value 
in  the  equation 

xyz  (3wa 


the  result  is 

(/A- 

The  substitution  in  question  gives 


that  is 

3o?3  (/Aj/3  -  z/^9)2  +  (^  -  z/)2  yV  (aa  4-  f  +  2°)  -  2  (/A  -  v)  (^?/a  -  vaP)  (y*z*  +  ^a?  4-  aPtf*)  =  0, 
which  is  in  fact 

-  A*V  (2/2  -  *2)  (^2  -  ^)  +  2/Avai8  <2/a  -  «*)a  -  ^a  (j/2  -  ^a)  (#9  -  2/s)  =  0, 
that  is,  throwing  out  the  factor  ?/2  —  z*,  it  is 

2  -  z*)  -  v  V  (^  -  yu)  =  0, 


But  in  virtue  of  the  equation   -  H  ---  H  -  =  0,  we  have 
^  \      ,     v 


and  the  required  property  thus  holds  good. 
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We  thus  sec  that  the  equations  of  the  nodal  curve  are 


the  nodal  curve  is  thus  the  partial  intersection  of  the  two  cubic  scrolls  (skew  surfaces) 
O  -  v)  wyz  =  x(py*  -  vz*\   (v  -  X)  wzx  =  y  (vz*  - 


viz.  taking  A,  B,  G3  D  to  be  the  summits  of  the  tetrahedron  the  faces  whereof  are 
0  =  0,  2/  =  0,  £  =  0,  w  =  0,  the  first  of  these  has  AD  for  a  nodal  directrix,  SG  for  a 
single  directrix,  BD,  CD  for  generators;  the  second  has  BD  for  a  nodal  directrix,  AC 
for  a  single  directrix,  AD,  CD  for  generators;  the  surfaces  intersect  in  the  line  AD 
twice,  the  line  BD  twice,  and  the  line  CD]  the  order  of  the  residual  curve,  or  nodal 
curve  of  the  developable,  is  thus  9  —  (2  +  2  +  1),  =  4  as  it  should  be. 

I  remark  that  the  equation 

(v  -  x)  #&  +  (x  -  //,)  #y  =  o, 


is  the  equation  of  the  cone  having  its  vertex  at  the  point  D,  (#=0,  y  =  Q,  #  =  0),  and 
passing  through  the  nodal  curve;  the  lines  DA9  DB,  DG  are  each  of  them  a  nodal  line 
of  the  cone,  or  "line  through  two  points"  of  the  curve;  for  an  excubo-quartic  curve 
the  number  of  lines  through  two  points  which  pass  through  a  given  point  not  on  the 
curve  is  in  fact  =  3. 

It    remains    to    introduce    the    coordinates    (as,  y9  z,  w)   into  the    equation    of   the 
developable.     We  have 


and  thence 

16yV  =(w-xf-(y-zf, 

16#W=  (w  +  a?)2  -  (y  +  zf, 
giving 

and  similarly 

and 

8  (z'wf  +®'y')  =  w2  -  #a-2/2  4-  «•. 
Moreover 
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Consequently 

-tf'y')  =        (w  +  a+y  +  z) 

x  {3ws  —  2w  (x  4-  y  4*  z)  —  #3  -"  y2  *~~  ^2  • 
(•w;  4-  a?  —  y  —  ^)  (w  —  &  4-  y  —  #)  (w  —  ^  ~-  y  —  #)? 


Putting  for  shortness 
pss 
the  two  expressions  are 


-f  w2.-l-p 

+  «;.  -  22  -  V 


-\-w\-p 
—  w.V 


or  observing  that  -jpV  is 

=5  -d?8- 
we  have 

64  (tifyV 


that  is 

1  6  (wfyV  4-  v/aftt!  4-  w  Wy  '  4-  aftfsf)  = 


Moreover 

(a?  V  4-  y  V)  4-  /  (3/^  4-  *V)  4- 


=  -  (X  4-  A64- 
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and  we  have 


whence  X/w 

Hence     finally    X,    yu,,     v    denoting    as    just    mentioned,    and    therefore    satisfying 
j-  H  ---  h  -  =  0,  the  equation  of  the  developable  is 

+  108  {(X  +  p,  +  ?)  w3  -  Xo?2  -  //#2  -  vz*\*  =  0 


(say  this   is  XyLtz/272  +  108S8  =  0),  and  this  surface  (which  has  obviously  the  cuspidal  curve- 
$  =  0,  r  =  0)  has  also  the  nodal  curve 


= 


^ 

—  V  V  —  \  \-fJL 


I   will    show   a,  posteriori  that  this  is  actually  a  nodal    curve    on    the    surface.     Intro- 
ducing an  arbitrary  parameter  6,  the  equations  of  the  curve  may  be  written  ut  supra 


Qvz 

20  (X  +  p  +  v)  w 
and  we  have  thence,  as  before, 


V  x       y       z 

Hence 

2  0  - 

" 


3  ^3  - 


""  (X  4-  ytt  +  v 

-§.r 

"  5' 

Hence  writing 

=0, 

=  0, 
=  0, 

^.  2  (X  +  /&+  i/)  w  -  (3w*  -a?-y*-z*)  =  0, 
c.  vi.  13 
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O/7T 

substituting  for  G  its  value  =  ^,  and  attending  to  the  significations  of  flf  and  7T,  we  have 


which  are  in  fact  the  conditions   to   be   satisfied   in   order  that   the   point    (••»,  y,   ~,  w) 
may  belong  to  a  nodal  curve  of  the  surface  X/«'Z*4-  108  $*  =  0. 

It  is  to  be  noticed  that  the  coordinates  of  the  before  mentioned  four  points  of 
intersection  of  the  cuspidal  and  the  nodal  curves  (being  as  already  mentioned  stationary 
points  on  the  cuspidal  curve)  may  be  written  #;,  y,  s,  ™  =  0,  1,  1>  D,  0-,  —  ^  -1'  l^ 
<-l,  1,  -1,  1),  (-1,  -1,  1,  1). 


We  have  thus  far  considered  the  developable,  or  torse,  the  equation  of  which  is 

{V  (#W  +  7/V)  +  p!  (y'wf  4-  Jaf)  +  v*  (Jut  4-  ^Y)l3 

-  27xy  i/  (#'y  V  4-  fl'W  +  -^v  +  ^Vw')a  *  0, 

where   V  (*0  +  V  0*0  +  V  00  -  0  ;   or»  what  ia  tllG  samo   thiu^  writing  a>  &'  c>  iu   Placo 
•of  V(*0>  V(A  V(^)  respectively,  the  torse 


where 

*  1111 

Inverting  this    by  the  equations  «/,  y',  ^,  ™/:=5~>  -»  ~^   f  j  »   wo  obtaiu   a  scxtic 

surface 

{a2  (sow  +  y*)  +  &2  (yw  H-  «»)  4-  c3  (w  4-  ay)}'  -  27a362c2  asytw  (®  4-  y  -f  *  4-  ^)3  *  0, 

where  a-fZ>  +  c  =  0;  which  surface  I  propose  [secondly]  to  consider  in  the  present  paper. 

The   surface   has  evidently  the   singular   tangent  planes  a?  =  0,  y»0,   tf  =  0,   ?y  =  0, 
each  osculating  the  surface  in  a  conic,  that  is,  meeting  it  in  the  conic  taken  thrice,  via:., 


^  _  o}  j^  a  conic  on  the  quadric  cone  cfiyz  4-  622/w  4-  c?zw  =  0, 

y  •=  o,             „              „  «  fl2#M;  4-  6to  H-  c2^w  =  0, 

z  ±=  0,             „              »  „  ^a^^  +  Zfyw  4-  c%  =  0, 

w  =  o,         „          „  „  <fy* 
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and   it   has   also   a   cuspidal   conic,  the   intersection   of  the  plane   x+y  +  z  +  w  =  Q  with 
the  quadric  surface 

it  may  be  observed  that  the  four  conies  of  osculation  are  also  sections  of  this  surface. 

The  surface  has  also  a  nodal  curve,  the  equations  of  which  might  be  obtained  by 
inversion  of  those  of  the  nodal  curve  of  the  sextic  torse  above  referred  to;  but  I 
prefer  to  obtain  them  independently,  in  a  synthetical  manner,  as  follows: 

Take  a,  /3,  7  arbitrary,  and  write 

-  A  =  (b  -  c)  a.  +  6y8  -  07,        F  =  by  -  c/3t 
—  B  =  (c  —  a)  ft  +  07  —  aoi ,         G  =  ca  —  ay, 


Q  : 

then  it  is  to  be  shown,  that  not  only  the  equation  of  the  surface  is  satisfied,  but  that 
also  each  of  the  derived  equations  is  satisfied,  by  the  values 

as  :  y  :  z  :  w  =  aAGHQ  :  bBHFQ  :  cCFGQ  :  abcFGHM; 

each  of  the  quantities  -4,  B,  C,  M,  Q  is  linearly  expressible  in  terms  of  F,  G,  H, 
which  are  themselves  connected  by  the  equation  aF+  bG  +  ciT=0;  the  foregoing  values 
of  #,  yt  z>  w  are  consequently  proportional  to  quartic  functions  of  a  single  variable 
parameter,  say  F+G',  and  there  is  thus  an  excubo-quartic  nodal  curve. 

To  establish  the  foregoing  result,  we  have 
aA  +  IE  4-  cG  =  0, 
aH+lB  +  cF  =0, 
aG  +  bF  +  cG  =  0, 
aA  +  bB  +  cC  =  0, 
aF  +  bG  +cH=0, 
G  Hh  H  =-M, 


aA  GH  H-  6  -ff-RF  +  c  FG     =     a&c  Jf  (a  +  ft  +  7>2, 
aG^jff     +IHF     +cFG 
a^ffjff  -f  &HBF+  c*CFG  =  - 
aJ5C^    +  1C  A  G  +CJ-dBJ2r 

Q  (a  +  15  +  7)3  +  FGH=  ABC, 
which  are  all  of  them  identical  equations  ;  but   as  to  some  of  them  the  verification  is 

rather  complex. 

13—2 
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Hence  we  have 


w  =  abcMFGH, 
and  thence 


=  abcMABC. 

Moreover 

anjgw  -  (a&c)2  ABC(FGH)S  QW, 
and 

WtfbWxyzw  (x  +  y  +  z  +  w)2  «  27  (o6c)«  (ABCFGHMQ)*  (*). 
Again 


=  (ofefl)'  JPff  S8f  Q  {#  (a  +  ^8  4-  r)3  +  SJOZT} 
=  abcFGHQ*  (aBGF  +  &(74  (?  +  0^55) 

-  (a6c)2  ^ffF3fQ  .  2Q  (a  +  yS  +  7)a, 
thence 

aa  (a;w  +  yg)  +  63  (yw  +  eat)  +  c2  («y  +  sw) 

=  3  (a6c)2  FGffMQ  [Q  (a  +  ^  +  7)'  +  JFftff} 

-  3  (abof  A  BGFGHMQ  (*)f 
and  the  two  equations  marked  (*)  verify  the  equation  of  the  surface. 

To  verify  the  derived  equations,  write   for  a  moment 
+  c*(0y-f  010),  so  that  the  equation  of  the  surface  is  P9  — 
and  the  derived  equation  with  respect  to  0  is 

1  dP  =  l  \  2  . 

P  d#     a?     a?  +  y  H-  ^  4-  w  ' 

or  substituting  for  P  and  x  +  y  +  z+w  their  values,  this  is 


similarly  for  y,  #,  and  w;.    In  particular,  considering  the  derived  equation  iu  respect 
to  w,  this  is 

^  =  abcABGQ  +  ZabcQFGH 


and  we  have  as  before 

ato  +  Py  +  <?*** 

=  abcQ  [a 


which  is  thus  verified;    the  verification   of   the  derived  equations  for  y,  z,  w  can  bo 
effected,  but  not  quite  so  easily. 

The  existence  of  the  excubo-quartic  nodal  curve  is  thus  established. 


399] 
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ON    THE    CUBICAL    DIVERGENT    PARABOLAS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  ix.  (1868), 

pp.  185—189.] 

NEWTON  reckons  five  forms,  viz.  these  are  the  simplex,  the  complex,  the  crunodal, 
the  acnodal,  and  the  cuspidal,  but  as  noticed  by  Murdoch,  the  simplex  has  three 
different  forms,  the  awpullate,  the  neutral,  and  the  campaniform.  We  have  thus  the 
8  forms  at  once  distinguishable  by  the  eye. 

Plticker  has  in  all  13  species,  the  division  into  species  being  established  or  completed 
geometrically  by  reference  to  the  asymptotic  cuspidal  curve  (or  asymptotic  semi-cubical 
parabola),  and  analytically  as  follows,  viz.  writing  the  equation  in  the  form 


the  different  species  are 

simplex,    y*  =  of 
«         2/2  =  #* 


g  ampullate, 

'  campaniform, 
neutral, 
campaniform, 


complex, 


acnodal,  t/a  = 
crunodal,  i/2  = 
cuspidal,  2/2  = 


' 


—  3c#  —  2c  V  (c), 
2c  V  (c)> 
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but  of  the  simplex  species,  there   are   five  which  are   to   the   eye  campaniform,  and   the 
three  complex  species  have  with  each  other  a  close  resemblance  in  form. 

I  remark  as  regards  the  simplex  forms,  that  the  tangents  at  the  two  inflexions 
meet  in  a  point  R  on  the  axis,  and  that  the  ampullate,  the  neutral,  and  campaniform 
forms  are  distinguished  from  each  other  according  to  the  position  of  jR,  viz.  for  the 
ampullate  form,  -E  lies  within  the  curve,  for  the  campaniform  form  JR  lies  without  the 
curve,  and  for  the  neutral  form,  R  is  at  infinity.  It  is  to  be  observed,  as  regards  the 
complex  forms,  that  here  R  always  lies  without  the  curve,  between  the  infinite  branch 
and  the  oval. 

The  further  division  of  the  simplex  and  complex  forms  so  as  to  obtain  the  7  +  3 
species  of  Pllicker,  may  be  effected  by  considering  in  conjunction  with  the  point  R 
a  certain  other  point  /  on  the  axis  ;  it  is  to  be  remarked  that  excluding  the 
inflexion  at  infinity  the  cubical  divergent  parabola  has  in  all  eight  inflexions,  two  real 
and  six  imaginary,  viz.  the  inflexions  lie  by  pairs  on  four  ordinates,  or  if  ,7;  be  the 
abscissa  corresponding  to  an  inflexion,  w  is  determined  by  a  quartic  equation;  this 
equation  has  always  two  real  and  two  imaginary  roots,  each  of  the  imaginary  roots 
gives  a  pair  of  imaginary  inflexions;  one  of  the  real  roots  gives  a  positive  value  for 
2/3  and  therefore  two  real  inflexions,  the  tangents  at  these  meet  in  the  above-mentioned 
point  R  on  the  axis;  the  other  real  root  gives  a  negative  value  for  ?/2  and  therefore 
two  imaginary  inflexions,  but  the  tangents  at  these  meet  in  a  real  point  on  the  axis, 
and  this  I  call  the  point  /.  It  is  clear  that  for  each  of  the  four  pairs  of  inflexions 
the  tangents  at  the  two  inflexions  meet  at  a  point  on  the  axis,  so  that  if  X  be  the 
abscissa  of  such  point,  then  X  is  determined  by  a  quartic  equation;  two  of  the  roots 
of  this  equation  are  imaginary,  the  other  two  roots  are  real,  and  correspond  to  the 
points  R  and  /  respectively. 

The  equation  of  the  curve  being  as  above 


then  the  coordinate  #  belonging  to  a  pair  of  inflexions  is  found  by  the  equation 

&  -  6c02  -f  Scfo  -  3c9  »  0, 
or  what  is  the  same  thing, 

(i,  o,  -c,  2d, 


(the  invariant  /is  —  0,  and  hence  the  discriminant,  =  —  2I7/3,  is  negative,  or  the  roots 
are  two  real,  two  imaginary,  as  already  mentioned):  the  coiTespondiug  value  of  X  is 
easily  found  to  be 

Y  _  ^  +  **c® "~  4*d 

and  we  thence  obtain 


1  ZcdX  -  (c3  +  4<P)  =  0, 
or  what  is  the  same  thing, 
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for  the  equation  in  X;  the  quadrinvariant  /  is  =0,  and  hence  the  discriminant, 
=  —  27Jr'2,  is  negative;  that  is,  the  roots  are  two  real,  two  imaginary,  as  already 
mentioned. 

Considering  the  simplex  forms,  first,  if  o  =  0,  then  for  the  curve 

ip  =  a?+2d, 
it  appears  that  R  lies  at  infinity,  /  within  the  curve  ;  and  for  the  curve 

2/2-^-2d, 
that  R  lies  without  the  curve,  I  at  infinity. 

It  further  appears  that  when  d  =  0,  or  for  the  curve, 

2/2  =  a?  4-  3c#, 
R,  I  lie  equidistant  from  the  vertex,  R  without,  /  within  the  curve. 

Hence  in  the  curve 


since,  when  d  =  0,  the  points  R,  I  are  equidistant  from  the  vertex,  and  for  c  —  0,  the 
point  R  is  at  infinity,  it  is  easy  to  infer  by  continuity  that  the  points  R,  I  lie  jR 
without,  /  within  the  curve,  J  being  nearer  to  the  vertex. 

And  similarly  in  the  curve 

2/a 

that  the  points  R,  I  lie  R  without,  I  within  the  curve,  R  being  nearer  to  the  vertex. 
Again,  in  the  curve 


since,  in  the  curve  y2  ==  #*  +  Sex  +  2d,  jB  is  without,  /  within  the  curve,  and  as  c 
becomes  =0,  jR  passes  off  to  infinity,  it  appears  that  o  having  changed  its  sign,  or 
for  the  curve  now  in  question,  R  having  passed  through  infinity,  will  be  situate  within 
the  curve  ;  that  is,  R,  I  lie  each  of  them  within  the  curve. 

And  similarly  for  the  curve 

y»  =  0»-3c0—  2d, 

it  appears  that  R,  I  lie  each  without  the  curve. 

Hence,  finally,  for  the  simplex  forms,  we  have  the  7  species  of  Pliicker,  viz. 


simplex  ampullate,  R,  I  within  the  curve  ; 

y3==^« 
simplex  campamform,  J2,  /  without  the  curve  ; 

ya  =  ^  + 
simplex  neutral,  /  within  the  curve,  R  at  infinity; 
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7/2  _  08  _  2rf, 

simplex  campaniform  quasi-neutral,  R  without  the  curve,  /  at  infinity; 


simplex  campaniform,  R  without  and  further  from,  I  within  and  nearer  to  the  curve  ; 


simplex     campaniform    equidistant,    viz.    R    and    I    are     equidistant     from    the     curve, 

R  without  and  7  within  ; 

2,2  -  &  +  Sex  -  2d, 

simplex  campaniform,  R  without  and  nearer  to,  /  within  and  further  from  the  curve. 

Passing  to  the  complex  forms,  suppose  for  a  moment  that  a  is  the  diameter  of 
the  oval  and  ft  the  distance  of  the  oval  from  the  vertex  of  the  infinite  branch  ;  the 
equation  of  the  curve  then  is  y8  =  a?  (<&•  —  a)  (a;  —  a  -  /8),  or  changing  the  origin  so  as  to 
make  the  term  in  a?  to  vanish,  this  is 


or,  what  is  the  same  thing, 


or  comparing  this  with  y*  =  ^  —  3c&*  +  2d,  d  is  =  +,  0  or  ~,  as  a  <  ft,  QL  =  ft,  a  >  &  or  flay 
as  the  oval  is  smaller,  mean,  or  larger;  viz.  the  magnitude  of  the  oval  is  estimated 
by  the  relation  which  the  diameter  thereof  bears  to  the  distance  of  the  oval  from 
the  infinite  branch.  In  the  case  d  =  0,  or  for  the  curve  ?/  =  &P  —  3ft/?  it  appears  (us 
for  the  corresponding  simplex  form  y3  =  ®*  +  3ca?)  that  the  points  jR,  /  arc  equidistant 
from  the  point  x  =  0,  which  is  in  the  present  case  the  middle  vertex,  or  vertex  of 
the  oval  which  vertex  is  nearest  to  the  infinite  branch.  AH  the  oval  diminishes,  HO 
that  the  curve  becomes  ultimately  acnodal,  I  remaining  within  the  oval  ultimately 
coincides  with  the  acnode  ;  and  as  the  oval  increases  so  that  the  curve  becomes 
ultimately  crunodal,  R  remaining  between  the  oval  and  the  infinite  branch,  ultimately 
coincides  with  the  crunode;  and  it  hence  easily  appears  by  continuity  that  for 
a  smaller  oval  /  is  nearer  to,  R  further  from  the  middle  vortex  ;  while  for  a  larger 
oval;  /  is  further  from,  R  nearer  to  the  middle  vertex.  Hence  for  the  complex  forms 
the  species  are 

y9  =  08-300  +  2(2, 

smaller  oval,  /  nearer  to,  R  further  from  the  middle  vertex; 


mean  oval,  R  and  /  equidistant  from  the  middle  vertex  ; 


larger    oval,  I  further    from,  R  nearer   to    the    middle   vertex:    and   the    division   into 
species  is  thus  completed. 

Cambridge,  June  16,  1865. 
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ON   THE   CUBIC    CURVES    INSCRIBED    IN  A    GIVEN    PENCIL   OF 

SIX   LINES. 


[From   the    Quarterly  Journal   of  Pure   and  Applied   Mathematics,  vol.  ix.  (1868), 

pp.  210—221.] 

WE  have  to  consider  a  pencil  of  six  lines,  that  is,  six  lines  meeting  in  a  point, 
and  a  cubic  curve  touching  each  of  the  six  lines.  As  a  cubic  curve  may  be  made 
to  satisfy  nine  conditions,  the  cubic  curve  will  involve  three  arbitrary  parameters;  but 
if  we  have  any  particular  curve  touching  the  six  lines,  then  transforming  the  whole 
figure  homologously,  the  centre  of  the  pencil  being  the  pole  and  any  line  whatever 
the  axis  of  homology,  the  pencil  of  lines  remains  unaltered,  and  the  new  curve  touches 
the  six  lines  of  the  pencil  ;  the  transformation  introduces  three  arbitrary  constants, 
and  the  general  solution  is  thus  given  as  such  homologous  transformation  of  a 
particular  solution.  To  show  the  same  thing  analytically,  take  (#  =  0,  y  =  0,  z  =  0)  for 
the  axes  of  coordinates,  the  lines  x  =  0,  y  —  0  being  any  two  lines  through  the  centre 
of  the  pencil,  so  that  the  equation  of  the  pencil  is  (*}[#,  2/)6  =  0,  then  if  </>(#,  y,  #)  =  0 
is  the  equation  of  a  cubic  curve  touching  the  six  lines,  the  equation  of  the  general 
curve  touching-  the  six  lines  will  be  <j>  (so,  y,  owe  +  /By  +  <yz)  =  0  ;  or  what  is  the  same 
thing,  considering  the  coordinate  z  as  implicitly  containing  three  arbitrary  constants, 
viz.  an  arbitrary  multiplier  and  the  two  arbitrary  parameters  of  the  line  z  =  0,  then 
the  equation  <£  (#,  y,  z)  =  0  may  be  taken  to  be  that  of  the  cubic  touching  the  six 
lines. 


Now    the    given    binary  sextic   (*$#,  y)Q  may  be    expressed    in   the    form 
where   P  is  a   cubic   function,  Q  a  quadric  function,  of  the  coordinates  (oc,  y)\   or,  what 
is  the  same  thing,  but  introducing  for  homogeneity  a  constant  c,  we  may  write 


(*5>,  2/)6  =  *[O>  h,  k,  b 

C.      VI.  14: 
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in  fact,  comparing  the  two  sides  of  this  equation,  we  have  each  of  the  seven  coefficients 
of  the  scxtic  equal  to  a  function  of  the  seven  quantities  a  \/  (c),  k^(c\  k\/(c\ 
1)  V  (c),  j,  I,  f\  so  that  conversely,  these  seven  quantities  are  determinate  (not  however 
rationally)  in  terms  of  the  coefficients  of  the  given  sextic.  And  when  the  sextic  is 
expressed  in  the  foregoing  form,  then  it  will  presently  be  shown  that  we  have 


(a,  h,  fc,  ftjfo  ^ 
or,  what  is  the  same  thing, 

(a,  &,  c,  /,  0,  A,  0,  j,  &$>,  y,  gf  =  0, 

as  the  equation  of  a  cubic  curve  touching  the  six  given  lines  ;  and  by  what  precedes, 
it  appears  that  this  may  be  taken  to  be  the  equation  of  the  general  cubic  curve 
which  touches  the  six  given  lines.  On  account  of  the  arbitrary  constant  c,  it  is 
sufficient  to  replace  z  by  aa  +  /3y  +  89  or,  what  is  the  same  thing,  to  consider  £  =  0  as 
the  equation  of  an  arbitrary  line,  but  without  introducing  therein  an  arbitrary  multiplier. 

To  sustain  the  foregoing  result,  consider  the  cubic 

(a>  b>  c,  /,  yy  A,  i,  j9  k,  Z$>,  y9  z)*  =  0, 


then  in  general  if  4  =(„$«,  y,  *)»,  B**(»$ai9  y,  ^)2(a,  fr  7),  C?  «(,,$;«,  ;?/,  5)  (a,  /?,  7)3, 
^  ~  G$a*  A  <y)3,  the  equation  of  the  pencil  of  tangents  drawn  from  the  point  (a,  /3,  7} 
to  the  curve  is 

A*D*  -  GABCD  +  4-d.O3  +  4jB8D  -  3^0  «=  0, 

but  writing  for  shortness 

(,^,y,ef  =  (A',  £',  C',D'yi,z)\ 
so  that 

A'  =  (a,  h,  k,  &$>,  yf, 

#=    (j,i,f*»>y?, 

c>  =        dr>  *  J«»  y)  » 

ZX-  c 

then  for  the  tangents  from  the  point  (x  =  0,  y=0),  writing  (a,  f),  Y)  =  (0,  0,  1),  wo  havo 


B  =       (ff,  C',  JT$It  zf, 

o»         (0', 


and  thence  the  equation  of  the  pencil  of  tangents  is 

J./2J>'3  -  6A'B'C'D'  +  *A'C'*  +  ^''Z)'  -  SjW  =  0. 

Hence  for  the  curve 

(a,  b,  c,  f,  0,  h,  0,  j,  k,  l\x,  y)»-0, 
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we  have  ,7  =  0,  i  =  0,  and  therefore  <7'  =  0;  the  equation  of  the  pencil  of  tangents  is 
A'*D'*  +  *B'*D'  =  0,  or  throwing  out  the  constant  factor  D',  and  then  replacing  A',  B't  D' 
by  their  values,  the  equation  of  the  pencil  of  tangents  is 


which  is  the  before-mentioned  result. 

The  coefficients  a  */  (c),  h*J(o\  k*J(c\  b^/(c)9j,  I,  f,  or  (as  we  may  call  them)  the 
coefficients  of  the  cubic  curve,  are,  it  has  been  seen,  functions  of  the  coefficients  of 
the  given  sex  tic  (*$,r,  y)'5;  hence  the  invariants  8  and  T  of  the  cubic  curve  are  also 
functions  of  the  coefficients  of  the  sextic,  and  it  is  easy  to  see  that  they  are  in  fact 
invariants  (not  however  rational  invariants)  of  the  sextic.  To  verify  this,  it  is  only 
necessary  to  show  that  the  invariants  8  and  T  are  functions  of  the  invariants  of  the 
functions  V(c)-(«,  A,  &,  &$#,  y)3  and  (j,  I,  /$>,  y)2;  for  if  this  be  so,  they  will  be 
invariants  of  the  function 

[o(rt,  h,  k,  V$u,  y)s?+4[0',  z,/$>,  yyf, 

that  is  of  the  sextic.  We  have  in  fact  the  general  theorem,  that  if  P,  Q,  .R,  ...  be 
any  quantics  in  (x,  y,  ...),  and  <f>(P,  Q,  R,  ...)  a  function  of  these  quantics,  homogeneous 
in  regard  to  (a;,  y,  ...),  then  any  function  of  the  coefficients  of  <j>,  which  is  an  invariant 
of  the  quantics  P,  Q,  JR,  ...  is  also  an  invariant  of  </>. 

Considering  for  greater  convenience  the  function 

(a,  h,  k,  &$>,  j/)8 

in  place  of  V  (c)  .  (a,  h,  k,  bQx,  yj*,  the  invariants  of  the  two  functions  (a,  h,  k,  V$JB,  yf 
and  (j,  I,  /35/e,  yf  are  as  follows  : 

D  =  a2&2  -  Qdbhk  +  4aP  +  4,bh*  -  3h*k?, 

V=          fj-l>, 

®  =          j(bh-k*)  +  l  (hk  -  aK)  +f(ak  -  A3), 

It  =  +    1  a2/8 
+    6  dbflj 
-    Qah/H 


+  12  akfl* 


+  12 


-  18  hkfjl 


14—2 


108  ON   THE    CUBIC   CURVKS   INSCRIBED   IN   A  [400 

viz.  D,  V  are  the  discriminants  of  the  two  functions  respectively,  and  <R>,  R  arc 
simultaneous  invariants  of  the  two  functions,  E  being  in  fact  the  resultant.  The 
corresponding  invariants  of  the  functions  V  (c)  .  (</,  h,  h  bjix,  yY,  and  (  j,  I,  /$#,  y)'2  are 
obviously  c2D,  V,  c@  and  cjR, 

The  values  of  S  and  J7  are  obtained  from  the  Tables  62  and  63  of  my  "Third 
Memoir  on  Quantics,"  Phil.  Trans,  vol.  CXLVI.  (18r>6),  pp.  027—  6*47,  [144],  by  merely 
writing  therein  #  =  i  =  0.  It  appears  that  they  are  in  fact  functions  of  c2D,  V,  cW 

and   CjR;    viz.  we  have 

S«  V2  +  c®, 

y  =  8  V  »  +  c  (4^  4-  1  2  V  «)  +  c-D. 

The  invariants  of  the  sextic  (*}[#,  y)°,  if  for  a  moment  the  coefficients  of  this  sextic 
are  taken  to  be  (a,  6,  c,  rf,  e,  /,  <?),  that  is,  if  the  Hextic  bo  represented  by 
(«,  6,  c,  d,  e,  /  <7$a?,  y)*  are  the  quaclrinvariant  («ttflr-  66/1+  15ce—  IGcP),  Table  No.  SI 
and  Salmon's  A.,  p.  203  (J),  the  quartin  variant,  No.  34,  and  Salmon's  B.,  p.  203,  tlio 
aextinvariont  No,  35,  and  Salmon's  C.,  p.  204,  and  the  discriminant,  which  is  a  function 
of  the  tenth  order  **aKg*+&o.  recently  calculated  for  the  general  form,  Salmon, 
pp.  205  —  207,  say  these  invariants  are  Q3,  Q4,  Q*  and  Q10.  Theso  several  invariants 
are  functions  of  the  above-mentioned  expressions  c-D,  V,  c®  and  c/i;  whence,  con- 
versely, these  quantities  arc  functions  of  the  four  invariants  Q,,,  Q4,  Q$,  Q10;  and  the 
invariants  S,  T  of  the  cubic  curve,  being  functions  of  caD,  V,  c<H)  and  c/f,  arc  also, 
as  they  should  be,  functions  of  the  invariants  Qa,  Q4,  Qd  atid  QJO  of  the  sextic  pencil 

<»$*,  ?y. 

To  effect  the  calculation  of  Qa,  Q4  and  Q(}i  I  remark  that  inasmuch  as  by  n  linear 
transformation,  the  quadric  (jt  I,  /$«J,  #)a  may  bo  niduood  to  tho  form  2fay,  and  that 
the  invariants  of  (a,  A,  k,  bQa,  yf  and  2^  are 

D  *     aa69  -  GuM/j  4-  4a/j!{  -f  46/r 

V  =  -  1», 

®  =  -  I  (ab  -  hk), 


hence,  writing  j  =  0,  /=  0,  and  writing  also  0=1,  we  may  consider  the  sexfcio 

[(a,  h,k,  W 


that  is 

(a3,  a/ 

tho    invariants    whereof   are    found    to   be    functions    of    the    last    mentioned    values    of 
D,  V,  ®,  MI   to  pass  to  the  given  nextic  (*$#,  2/)c,  put  equal  to 

c[(a,  A,  &,  6J^,  y)3?  +  4[(j,  Z,/^,  7/)a]8, 

we  have  only  to  consider  D,  V,  ©,  J?  as  having  their  before-  mentioned  general  values, 
and  to  restore  the  coefficient  G  by  the  principle  of  homogeneity* 

1  The  pages  refer  to  Salmon's  Lessons  Introductory  to  the  Modern  Higher  Algebra  (Second  Edition,  1860). 
In  the  Fourth  Edition,  1885,  the  values  are  given,  pp,  260  —  265. 
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10000  No.  34  = 


As  regards  the  discriminant  QM9  this  as  already  remarked,  has  been  calculated  for 
the  general  form,  but  for  the  present  purpose  it  is  easier,  by  dealing  directly  with  the 
form  [(a,  h,  k,  V$a>  2/)8P  +  32Z *&y*9  and  then  interpreting  D,  V,  ®,  JR  and  restoring  the 
coefficient  c  as  above,  to  obtain  the  discriminant  4o  of  the  function 

in  the  required  form,  as  a  function  of  caD,  V,  c®,  cR. 
I  find  after  some  laborious  calculations 

Q2  =  10  No.  31  =      c2  {  9  D 

40  R 
288  V® 
256  V3 
99  D2 
400  ED 
2304  V@D 
8640  ®3 

12800  JJV® 
+    82944  V2®2 
4-      4608  V3D 
20480  J?V8 
+  147456  V*® 
65536  V« 

7992  D8      ' 
72000  RO2 
145152  V@2D 
622080  ®3D 
160000 
+        691200 
+      3456000 
+      3815424  V2@2D 
+    36080640  V®4 
.+        635904  V8Q2 
+    33177600 
+      4669440 
+  217645056  V3®8 
(+    23003136  V4@D 


j  =  1000000  No.  35  =      c6  {  + 

4- 
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H- 


<*  f  +      8192000  jtf-V3 
+  110100480  J^V4© 
+  509607936  V8®3 
+    14155776  V«D 

[       62914560  £V« 
\+  452984832  V7© 
134217728  V» 


Q10  =  multiple  of  discriminant 


=      cM- 

c°  r-  8 

-  24 

+  64 

r- 16 

-96 


-  64 


to  which  may  be  joined 

Q2a=     c4  {  81 

+  c3  f  720 

+  5184  V@D 


H-c2 


1600  JJ3 

+  23040  JSV© 
+  82944  V*®3 
+  4608  V'D 

20480  JJV3 
+  147456  V4® 

65536  DB 


and 


180 

1120 

'+    2880  V@D 
L-    8640  @* 

1600  J»> 
10240  JKV© 
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'-      23200  JJ2D 

-  535680  220  VD 
+    432000  jR®3 

-  1762560  V2@2D 
+  4510080  V®4 

+      17280  V3D2 
^ 

'  -      64000  R* 

-  1382400  222V® 

-  5806080  2JV2®2 
+      30720  22V3D 
+  3317760  V3®3 

-  1105920  V4@D 

cs  f-    204800  2J2  Vs 
3932160  EV*®. 


J 


The  foregoing  values  of  8  and  T  give 

C«{  D* 

cs  (       8  JJD 

+  24 


(     18. 

+  96 

-  48  V2®4 


64 


so  that 


QIC 


and  therefore 


64  -==. 


formulae  which  are  interesting  in  the  theory. 
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We  have 


c      =     - 


4V3  - 


and  if  by  means  of  these  values  we  eliminate  c<*)  and  c-Q*  we  obtain  Q«,  QJ3  Qfl  and  Q10 
as  functions  of  St  T,  V  and  cR.  Choosing  instead  of  Q4  and  Q)S  the  combinations 
©a2  —  Q*  and  Qfl  —  8Q,:1,  and  forming  also  the  expression  for  the  combination  Q-XQa2—  Q^), 
we  have  thus  the  system  of  formulas 

a=  9 


-  432  S* 

-  72TVS 

-  72  TV3 

-  16  TcR 
+  864  V'S* 
+  144  V*S 

+  128  VScR, 


+  27  T3 

-  4212  PVflf 

+  6588 

+  252 


-  16848 
+   3456 


-  1296  TV" 

-  1824  TV'ofl 

448  T&1& 
+  544320 
-461376 
+    74304 
+    15552 

-  10368 

-  10728 

-  3264 

-  1536  VSc*R*} 


81 
f)72 
612  '1 
108 

-  3888  TS* 

-  5184 


-  2016 

-  288 
352 

64 

-  77760  V  8* 
+  153792  VW« 

-  1728  cltS* 
+    29376 

+  26996 
+  576 
+  1088 
+  512  VflWfr, 
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and,  as  mentioned  above, 


The  just-mentioned  value  of  Q10  should,  I  think,  admit  of  being  established  a  priori, 
and  if  this  be  so,  then  the  substitution  of  the  values  of  S  and  T  in  terms  of  c2D, 
V,  c@,  CjR,  would  be  the  easiest  way  of  arriving  at  the  before-mentioned  expression  of 
Q10  in  terms  of  these  same  quantities.  The  calculation  by  which  this  expression  was 
arrived  at,  is  however  not  without  interest,  and  it  will  be  as  well  to  indicate  the 
mode  in  which  it  was  effected. 

Calculation  of  Q10. 

We  have  to  find  the  discriminant  of 

c  [(a,  A,  ft,  &$>,  y)3]2  +  32Z3#y. 

Consider  for  a  moment  the  more  general  form.  P2-f4Q3,  then  to  find  the  discriminant, 
we  have  to  eliminate  between  the  equations 


= 

JL          j        T^    "VlJ          7         ~—    v, 

dy       *   dy 

these  are  satisfied  by  the  system  P  =  0,  Q2  =  0,  and  it  follows  that  if  jR  be  the  resultant 
of  the  equations  P  =  0,  Q  =  0,  then  the  discriminant  in  question  contains  the  factor 
jRa.  For  the  other  factor  we  may  reduce  the  system  to 

p£ 

doe 

dP  dQ_dPdQ 
dx  dy      dy  dx 


Now  -writing  Q  =  2lxy,  these  equations  become 


,/  dP     dp\   A 

II X  -? y  -j-   —  0, 

V    d#     *  dy) 

the  resultant  of  which  is  =  P  into  resultant  of  the  system 


cfa? 
^AP_    dP     =() 

C.  VI.  15 
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but  in  virtue  of  the  second  equation,  we  have 

dP       dP\         dP 


which  reduces  the  first  equation  to 

^  dx   dy 
or  omitting  the  factor  %y,  to 

J  T>     _7  f> 

=  0. 


Hence,  writing  P«V(c).(a,  A,  ft,  &£*,  y)',  and    therefore   -^=3  V(c).(o>  A,  *£*,  y)9, 


d#  dy 
V$&,  y 

_  _  vv  w/ .  (A,  A,  6$^,  y)2;  writing  also  ?/  =  !,  the  two  equations  become 
dy 

c  (a,  A,  &$#,  1  )2  (Ji9  k,  fc$^'?  I)2  +  SPiC3  =  0, 
(a,  h,  1c$x9  l)fl#?~-  (ft,  Ar,  &$^  I)2       —  ®> 
the  second  of  which  is  more  simply  written 

(a,  A,  —  &,  —  V$&,  I)3  =  0. 

Hence,  restoring  the  factor  l\  and  also  to   avoid  fractions  introducing    the    factor  Sat, 
the  resultant  of  the  two  equations  is 

h, 


where   H   denotes  the  product  of  the  factors  corresponding  to  the  three  roots  xl9  n*> 
of  the  equation 

(a,  h.  -k,  -V$f*>  1)3  =  0, 

or  what  is  the  same  thing, 

x*  -  kx  -  b  =  0, 


so  that  the  symmetric  functions  are  to  be  found  from 

h    ^  k  b 

Sa*  —  -,  S^2  =  --,  ^1^3--. 

The  required   discriminant  is  the  foregoing   resultant  multiplied  by  R,  or  say  by 
csjR2,  that  is  the  discriminant  Q10  is 


if  for  shortness  we  write 

n=>,  A,  *5«,  I)2.  (a,  *,  V&,  I)2, 
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and   when   the    symmetric    functions    have   been    expressed  in   terms  of    the   coefficients, 
the  result  is  to  be  expressed  as  a  function  of  D,  V,  @,  R  by  means  of  the  values 


C2D  =  a5*3  +  idb8  +  46A3  -  6adhk  -  SAW, 
V=-^ 
c®  =  -  I  (ab  -  hk), 


Thus,  for  instance,  the  first  term  of  the  result  is 
which  is 


which  is  a  term  in  the  before-mentioned  expression  for  Qu. 
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A    NOTATION    OF    THE    POINTS    AND    LINES    IN    PASCAL'S 

THEOREM. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  ix.  (1868),  pp.  268 — 274.] 

TAKING  six  points  1,  2, 3, 4,  5,  6  on  a  conic ;  let  A,  B}  C,  D,  E,  F,  G,  H,  I,  J",  7C  L,  Jl/,  N,  0 
denote  each  a  combination  of  three  lines,  thus 

12.34.56=:^  12.35.64  =  ^  12.36.45  =  7^ 

13.45.62  =  J3  13.46.25  =  0  13.42.5G-Z 

14.56.28  =  0  14.52.36=^  14.53.62  =  ^7 

15  . 62 .  34  =  D  15  .  63  .  42  =  I  15  .  64  .  23  =  N 


1  6  .  24  .  53  =  J 


16  .  25  .  34  =  0 


then  any  hexagon  formed  with  the  six  points  may  be  represented  by  a  combination  of 
some  two  of  the  letters  A,  B9  &c.,  viz.  the  three  alternate  sides  arc  the  lines  repre- 
sented by  one  letter,  and  the  other  three  alternate  sides  the  lines  represented  by  the 
other  letter:  for  example,  the  hexagon  123456  is  AE\  arid  so  for  the  other  hexagons. 
Any  duad  AE  thus  representing  a  hexagon  may  be  termed  a  hexagonal  duad ;  the 
number  of  such  dtiads  is  sixty.  Each  Pascalian  line  may  bo  denoted  by  the  symbol 
of  the  hexagon  to  which  it  belongs;  thus,  the  line  which  belongs  to  the  hexagon  AE, 
is  the  line  AE. 

I  form  the  following  combinations : 

IMO.DHJ  each  involving  all  the  duads  12,  &c.  except  those  of  123.456, 


DEG.BNO 

ELM.  BO  J 

HLN.CGI 

EFI.JKN 

AEH.CKO 

AMN.CDF 

AQJ.ELO 

ABI.DKL 

&KM.BFH 


124 . 356, 

125  ,  346, 

126  . 345, 

134 .  256, 

135 .  246, 

136 .  245, 
145  . 236, 
146 .  235, 
156  . 234, 
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and  also  the  combinations : 

AEGMI  involving  all  the  duads  12, 13,  &c., 

ABHJN 

BGFIO 

CDGJK 

DEFHL 

KLMNO 

which  I  call  respectively  the  ten-partite  and  six-partite  arrangements.  It  is  to  be 
remarked  that  (considering  IMO.DHJ  as  standing  for  the  six  duads  IM,  10,  MO 
DH,  DJ9  HJ,  and  so  for  the  others)  the  ten-partite  arrangement  contains  all  the 
sixty  hexagonal  duads :  and  in  like  manner,  (considering  AEGMI  as  standing  for 
the  ten  duads  AE,  AG,  AM,  AI,  EG,  EM,  El,  GM,  GI,  MI,  and  so  for  the  others) 
the  six-partite  arrangement  contains  all  the  sixty  hexagonal  duads. 

The  60  Pascalian  lines  intersect  by  4's  in  the  45  Pascalian  points  p,  by  3's  in 
20  points  g  and  in  60  points  h,  and  by  2's  in  90  points  m,  360  points  r,  360  points  t, 
360  points  z,  and  9  points  w. 

The  intersections  of  the  Pascalian  lines  thus  are 

45  p  counting  as  270 

20  g      „        „  60 

60  h      „        „  180 

90m  „  „  90 

360  r  „  „  360 

360*  „  „  360 

360*  „  „  360 

90  w   „    „  90 


1770  =  -|-60.59, 
and  the  intersections  on  each  Pascalian  line  are 

Bp  counting  as     9 

ig     „      „       2 

3  h  „  „  6 

3m  „  „  3 

12  r  „  „  12 

12*  „  »  12 

12*  „  „  12 

Bw  „  „  _3 

59. 
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For  the  ten -partite  arrangement,  any  double  triad  such  as  ABI  .DKL  gives  15 
intersections;  10x15  =  150;  and  any  pair  of  double  triads  such  as  ABI  .DKL  and 
AEH.GKO  gives  36  intersections;  45x36  =  1620;  and  these  are 

10  x 


45  x 


6*7 
9m 

J.O 

60  g 
90m 

150 

Qp 
4/t 
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*>o 

1770, 

For  the  six-partite  arrangement  any  pentad  such  as  ABHJN  gives  45  intersections; 
6  x  45  =  270  ;  and  any  two  pentads  such  as  ABHJN  and  AEGMI  give  100  inter- 
sections; 15  x  100  =  1500;  and  these  are 
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(15m 
45 

180A 

90  77* 

270 
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ma 

I  analyse  the  intersections  of  a  Pascalian  line,  say  AE,  by  the  remaining  59 
Pascalian  lines  as  follows: 

Observe  that  AE  belongs  to  the  triad  AEH,  the  complementary  triad  whereof  is 
CKO;  it  also  belongs  to  the  pentad  AEIMQ-.  We  thus  obtain,  corresponding  to  AE, 
the  arrangement 

H  HE 


HA 
H  E 


B  N  J 
F  L  D 


IMG 
EGO 
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viz.  HABNJ,  is  the  pentad  which  contains  HA,  the  arrangement  of  the  last  three 
letters  B,  N,  J  thereof  being  arbitrary  ;  HEFLD  is  the  pentad  that  contains  HE,  but 
the  last  three  letters  are  so  arranged  that  the  columns  HBF,  HNL,  HJD  are  each  of 
them  a  triad,  IMG-  is  then  the  residue  of  the  pentad  AEIMG,  and  EGO  is  the 
complementary  triad  to  AEH,  but  the  arrangement  of  the  letters  IMG,  and  of  the 
letters  KGO,  are  each  of  them  determinate;  viz.  these  are  such  that  we  have  BFIGO, 
NLMKO,  JDGGK,  each  of  them  a  pentad. 

And  this  being  so  we  derive  from  the  arrangement 

2g     AH,  EH\ 

3  m   KG,  KG,  GO  ; 

6  h     AI,  AM,  AG]  El,  EM,  EG] 

IB,  IF,  MN,  ML,  GJ,  GD;   HB,  HF,  HN,  EL,  HJ,  HD; 

AB,  AN,  AJ]  EF,  EL,  EL;   BF,  NL,  JD; 

GB,  GF,  GJ,  CD]   OB,  OF,  ON,  OL;   KN,  KL,  KJ,  KD] 

FL,  FD,  LD]  BN,  BJ,  NJ]   1C,  10]  MK>  MO]    GK,  GO; 
Sw    IM,  IG-,  MG] 
59" 

viz.  the  line  AE  in  question  meets  A  H,  EH  each  of  them  in  a  point  g\  KG,  KO,  CO 
each  in  a  point  m;  and  so  on.  By  constructing  in  the  same  way  an  arrangement  for 
each  of  the  lines  AH,  &c.,  we  find  the  nature  of  the  point  of  intersection  of  any 
two  of  the  lines  AB,  AE,  AH,  &c.  ;  and  we  may  then  present  the  results  in  a  table 
(see  Plate),  which  shows  at  a  glance  what  is  the  point  of  intersection  (whether  a 
point  g,  m,  h,  z,  p,  r,  t,  or  w)  of  any  two  of  the  Pascalian  lines. 

I   further  remark  that  representing  the  45  Pascalian  points  as  follows  : 


9p 
I2r 
12  1 


12  .  34  =  a 

13.24  =  # 

14.23=m 

15.23  =  5 
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14.25  =  71 
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16.  25  =  a 

12  .  45  =  d 

13  .  45  =  j 

14.35=p 

15  .  34  =  v 

16.34  =  yS 

12  .  46  =  0 

13.46  =  & 

14.36  =  2 

15.36=w 

16  .  35  =  ry 

12  .  56  =/ 

13  .  56  =  I 

14.56  =  r 

15.46  =  ^ 

16   45  =  S 

23  .  45  =  e 

25.34  =  X 

34  .  56  =  p 

23  .  46  =  £ 

25.36=> 

35.46  =  <r 

23  .  56  =  y 

25  .  46  =  v 

36  .  45  =  r 

24  .  35  =  0 

26  .  34  =  £ 

24.36  =  * 

26  .  35  =  o) 

24  .  56  =  ic 

26  .  45  =  TT 
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the  sixty  hexagons  and  their  Pascalian  lines  then  are 
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Each   Pascalian  point  belongs  to   four   different  hexagons;    viz.   a  to   the  hexagons 
KD,  KO,  FD,  FO;  and  so  for  the  other  points,  thus: 


a  (K,F)(D,  0)  »  (J>, 

b  (A,K)(M,J)  y  (0,N)(J,(J) 

c  (A,F)(H,  7)  *  (-B.  0)(I,L) 

d  (A,F)(B,E)  «  (E,J)(G,If) 

e  (A,K)(G,N)  ft  (A,D)(E,J) 

f  (G,  L)(K,  F)  7  W  0)(F,M) 

g  (B,Q)(I,J)  8  (B,K)(J,0) 

h  (B,L)(H,  0)  ^  (Jt,K)(C,N) 

i  (D,M)(G,  L)  ?  (<3,E)(F,  G) 

j  (E,K)(G,L)  n  (A,L)(E,N) 

k  (B,L)(F,  N)  0  (F,M)(I,L) 

I  (A,  G)(B,  0)  *  (H,  K)(J,  L) 

m  (E,N)(H,  M)  «  (A,  0)(I ,  J) 

n  (0,M)(G,   0)  X  (A,  D)(G,  H) 

o  (B,D)(C,  H)  it  (G,  0)(I,  K) 

p  (G,H)(F,  J)  v  (F,  N)(II,  0) 

q  (0,M}(I,  K)  ^  (A,  0)(B,M) 

r  (A,L)(H,  M)  <*  (B,  D)(F,  J) 

s  (G,  J0)(Z>,  I  )  v  (D,  M)(E,  K) 

t  (J,L)(D,  N)  P  (G,L}(D,  0) 

u  (B,M)(I,N)  a-  (Q,N)(J,M) 

v  (A,  0  )  (N,  I )  r  (B,  E)(H,  J) 

w  (D,JST)(S,  K) 

I  have  constructed  on  a  very  large  scale  a  figure  of  the  sixty  Pascalian  lines,  and 

the  forty-five  Pascalian  points,  marking  them  according  to  the  foregoing  notation;  but 

the  figure  is  from  its  complexity,  and  the  inconvenient  way  in  which  the  points  are 
either  crowded  together  or  fly  off  to  a  great  distance,  almost  unintelligible. 
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402. 

ON    A    SINGULAEITY    OF    SURFACES. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  ix.  (1868), 

pp.  332—338.] 

A  SURFACE  having  a  nodal  line  has  in  general  on  this  nodal  line  points  where 
the  two  tangent  planes  coincide,  or  as  I  propose  to  term  them  "pinch-points."  Thus, 
if  the  nodal  line  be  the  curve  of  complete  intersection  of  &ny  two  surfaces  P  =  0, 
Q  =  0,  then  the  equation  of  the  general  surface  having  this  curve  for  a  nodal  line  is 
(a,  6,  <?}£P,  Q)2  —  0  (where  a,  6,  c  are  any  functions  of  the  coordinates),  and  the  pinch- 
points  are  given  as  the  intersections  of  the  nodal  line  P  =  0,  Q  =  0  with  the  surface 
ac  —  &2  =  0.  Consider  the  case  where  the  nodal  curve  is  a  curve  of  partial  intersection 


represented  by  the   equations 


P,    Q, 


=  0,  or  say  by  the  equations  p  =  0,  3=0,, 


',    Q', 

r  =  0   (viz.  p,  q,  r  denote   the   functions   QK  -Q'R,  RP'-R'P,  PQ'-P'Q  respectively), 
and  consequently  we  have  identically 

(P,  Q 


or  what  is  the  same  thing,  (X,  /*)  being  arbitrary, 

(XP  +  pP',  \Q  +  AcQ^,  \E  +  pBnfcP,  q,  r)  =  0. 

The  general  surface  having  the  curve  in   question  for  its  nodal  line  is  represented  by 
the  equation 


(a,  6,  c,  /,  gr,  &$>,  q,  rf  =  0, 

(where  (a,  6,  <?,  /,  #,  fe)  are  any  functions  of  the  coordinates),  and  it  is  easy  to  see  that 
the  condition  for  a  pinch-pom  b  is  the  same  as  that  which  (considering  p,  q,  r  as- 
coordinates  and  all  the  other  quantities  as  constants),  'expresses  that  the  line 


16—2 
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touches  the  conic 

(^  *>,  c,f,  g,  h)(p,  q,  r)2=0, 

viz.  A,  B,  (7,  F,  G,  H  being  the  inverse  coefficients,  A  =  be  -/2,  &c.,  this  condition  is 
(A,  B,  C,  F,  0. 


or  what  is  the  same  thing,   the    pinch-points    are    given    as    the   common   intersections 
of  the  nodal  line  p  =  0,  q  =  0,  r  =  0  with  each  of  the  three  surfaces 

(A,B,  G,  F,  Q,  7f)(P,  Q,  Rf  »0, 

(A,  B,  C,  F,  G,  H)(P9  Q,  R)  (F,  Q',  #)  =0, 
(A,  B,  (7,  JP,  G,  H)  (P',  Q', 


these  last  three  equations  in  fact,  adding  only  a  single  relation  to  the  relations 
expressed  by  the  equations 

p^0t  2sao,  r=0. 

If  the  functions  P,  Q,  jR,  P',  Q',  Rf  are  linear  functions  of  the  coordinates,  then 
the  curve  (p  =  0,  #  =  0,  r  =  0)  is  a  cubic  curve  in  space,  or  skew  cubic ;  and  if 
moreover  (a,  6,  c,  ft  g,  A)  are  constants,  then  the  equation 

(a,  6,  c,  /,  #,  Ji&p,  q,  r)* «  0, 

belongs  to  a  quartic  surface  having  the  skew  cubic  for  a  nodal  line:  this  surface  is 
(it  may  be  observed)  a  ruled  surface,  or  scroll.  With  a  view  to  ulterior  investigations, 
I  propose  to  study  the  theory  of  the  pinch-points  in  regard  to  this  particular  surface ; 
and  to  simplify  as  much  as  possible,  I  fix  the  coordinates  as  follows: 

Considering  the  skew  cubic  as  given,  let  any  point  0  on  the  cubic  be  taken  for 
the  origin;  let  #-0  be  the  equation  of  the  osculating  plane  at  0;  ?/  =  0  that  of 
any  other  plane  through  the  tangent  line  at  0 ;  z  =  0,  that  of  any  other  plane  through 
0,  not  passing  through  the  tangent  line;  and  w  =  Q  that  of  a  fourth  plane;  then 
the  equation  of  the  cubic  will  be 

»,    y}     z     =0, 
y.    z>     w 

or  what  is  the  same  thing,  the  values  of  p,  q,  r  are  yw  —  &*,  zy  —  xw>  and  a&  —  y'J 
respectively.  And  conversely,  the  cubic  being  thus  represented,  the  point  (#»(),  y  =  0, 
5  =  0)  may  be  considered  as  standing  for  any  point  whatever  on  the  skew  cubic;  the 
osculating  plane  at  this  point  being  #  =  0,  and  the  tangent  line  being  #  =  0,  y « 0. 
For  the  purpose  of  the  present  investigations,  we  may  without  loss  of  generality  write 
w  =  1 ;  and  for  convenience  I  shall  do  this ;  the  values  of  p,  q,  r  thus  become  y  —  z*, 
yz  —  #,  xz  —  y2,  and  the  equation  of  the  surface  is 

(a,  6,  c,  /  g,  h$y  -  z\  yz  -  w,  scz  -  y*)* «  0. 
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At  a  pinch-point,  we  have 

(A,B,  C,F,  (?,  H)(x,y,  zf  =  0, 

(A,  B,  C,  F,  G,  H)(a>,  y,  z)  (y,  z,  1)  =  0, 
(A,B,  C,F,  G,H)  (y,  z3  1)2  =  0, 

and  hence  the  origin  will  be  a  pinch-point  if  (7=0,  that  is,  if  a&-A2  =  0.  This  however 
appears  more  readily  by  remarking,  that  the  equation  of  the  pair  of  tangent  planes 
at  the  origin  is 

(a,  6,  c,/,  g,  K$y,  -at,  0)2  =  0, 
or  what  is  the  same  thing, 

(a,  h,  &$y,  -#)*  =  (); 

the  two  tangent  planes  therefore  coincide,  or  there  is  a  pinch-point,  if  only  ab  —  h?  =  0. 

By  what  precedes,  it  appears  that  if  we  wish  to  study  the  form  of  the  quartic 
surface,  1°,  in  the  neighbourhood  of  an  arbitrary  point  on  the  nodal  line;  2°,  in  the 
neighbourhood  of  a  pinch-point  ;  it  is  sufficient  in  the  first  case  to  consider  the  general 
surface 

(a,  6,  c,  /  g,  A$>  -  z*t  yz  -x,  xz-  7/2)2  =  0, 


in  the  neighbourhood  of  the  origin;  and  in  the  second  case,  to  study  the  special 
surface  for  which  ab—  A3  =  0,  or  writing  for  convenience  a  =  l,  and  therefore  6  =  A2,  the 
surface 

(1,  h\  c,f,  g,  h\y-z\  yz-oc,  xz- 

in  the  neighbourhood  of  the  origin. 
Consider  first  the  surface 

(a,  6,  c,  /,  g, 

A  plane  through  the  origin  is  either  a  plane  not  passing  through  the  tangent  line 
(M  -=-  0,  y  =  0),  and  the  equation  z  =  0  will  serve  to  represent  any  such  plane  ;  or  if  it 
pass  through  the  tangent  line,  then  it  is  either  a  non-special  plane,  which  may  be 
represented  by  the  equation  y  =  0;  or  it  is  a  special  plane:  viz.  either  the  osculating 
plane  #  =  0  of  the  nodal  line,  or  else  one  or  the  other  of  the  two  tangent  planes 
(a,  A,  6$y,  —  #)2  =  0  of  the  surface.  I  consider  therefore  the  sections  of  the  surface 
by  these  planes  s  =  0,  y=0,  #  =  0,  (a,  A,  6$y,  -#)2  =  0  respectively. 

Section  by  the  non-special  plane  £  =  0* 
The  equation  is 


which  represents  a  curve  having  at  the  origin  an  ordinary  node,  the  equations  of  the 
two  tangents  being  (a,  A,  6$y>  —  #)2  =  0,  viz.  these  are  the  intersections  of  the  two 
tangent  planes  by  the  plane  #  =  0. 
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Section  by  the  non-special  plane  through  the  tangent  line,  viz.  the  plane  ?/  =  0. 

The  equation  is 

0,  &,  c,/,  flf,  A$-s2,  -0,  ^)2=0, 

or  what  is  the  same  thing, 


0, 

Writing  as  usual  #  =  J^  +  &c.  we  have 


and  since  ctb~-h*  is  by  hypothesis  not  =0,  -4  has  two  unequal  values;  we  have  at 
the  origin  two  branches  #  =  A^  +  -B^1  4-  &c.,  a?  =  -42c'J  +  R»z*  4-  &c,,  having  the  common 
tangent  a?  =  0  (viz.  this  is  the  tangent  #  =  0,  y  =  0  of  the  nodal  curve),  and  with  a 
two-pointic  intersection  of  the  two  branches,  that  is,  the  point  at.  the  origin  is  an 
ordinary  tacnode. 

Section  by  the  osculating  plane  #=0. 
The  equation  is 


O,  6,  c,  f>  g, 

We  may  write  y  =  £'J-f  -A^-f&e.,  we  at  once  find  /^  —  3,  and  then 
(a,  6,  c,  /  g, 


that  is 

(a,  A, 

^l  haa  two  unequal  values,  and  the  branches  through  thu  origin  are 


viz.  the    branches   have   the    common    tangent   lino    ?/  —  0   (the    tangent  //;  =  0,  ?/  =  0  of 
the  nodal  curve),  but  in  the  present  case  a  threo-pointic  intersection, 


Section  by  one  of  the  tangent  planes  (a,  A,  6^j/,  —  x)*  =  0. 

Writing  y*=~-m®,  and  therefore  (a,  A,  6][m,  —  l)a  =  0,  the  equation  in 
(a,  6,  c,  /,  #,  AJ—  nix  —  .gr2,  —  ^;  —  mzx,  w#  —  mV)3  =  0, 

which  represents  of  course  the  projection  of  the  section  on  the  plane  #  =  0,  &  =  0,  but 
which  (since  there  is  no  alteration  in  the  singularities)  may  be  considered  as 
representing  the  section  itself,  Developing,  the  coefficient  of  a?  in  CM/&U  -f  2Aw  +  &,  which 
is  =0,  and  the  equation  becomes 

2w*(0w+/)  a?  -f  cm4  0* 


^a  4-  (6  +  2#)w*~ 

4-          2  (Am  —  #)  a?^a 

4-  a  z*  =  0, 

so  that   the  curve  has  at  the   origin  a  triple  point,  the  tangent  to  one  branch  being 
the  line  so  —  0  (the  tangent  so  =  0,  y  ~  0  of  the  nodal  curve). 
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Consider  next  the  surface 

(1,  /i2,  c,/,  g,  K&y-z?,  y*-x,  ^-2/3)2  =  0, 
being  as  already  remarked,  the  general  surface  referred  to  a  pinch-point  as  origin. 

Section  by  the  non-special  plane  z  =  0. 
The  equation  is 


where,  attending   only   to  the  terms   of    the  lowest  order,  we  find  (1,  h, 
that  is  (y  —  /ws)2  =  0,  showing  that  the  origin  is  a  cusp. 

Section  by  the  non-special  plane  through  the  tangent  line,  viz.  the  plane  2/  =  0. 

The  equation  is 

(1,  A»,  c,/,  g,  A£-*2,  -a;,  ^)2  =  0, 

or  what  is  the  same  thing, 

hW  +  2hxz*  -  2/fc8*  +  c^2^2  -  2^^  +  «*  =  0, 

that  is  • 

(has  +  22)2  -  2/0*0  +  cote"  -  2go&  =  0, 


writing    fecs=—  ^4-  J.fl^*,  we    find    at    once   /*  ••=•§,  and    then    J.2  =  -^--£,   so    that    the 

branches  are  hsc=z  —  z*  ±  Ao$\    whence  we    have  at   the    origin    a    cusp    of   the  second 
order  or  node  cusp. 

Section  by  the  osculating  plane  co  =  0. 

The  equation  is 

(1,  A1,  c,/,  ff,  K$y-*>  y*,  -2/3)2-0; 

writing  2/  =  ^2  —  A^-f  -4^,  we  easily  find  /*  =  £,  and  then 

(1,  h\  c,f,  fff  K^-te  +  A*,  z*-h*9  -sOa  =  0, 

where    the    terms    in    &>    and    ^+*    disappear    of   themselves,    the    terms    in    z1    give 
A*  4-  2#A  =  0,  and  the  branches  are 


viz.  there  is  a  cusp  of  a  superior  order. 
Section  by  the  tangent  plane  y  =  hx. 
The  equation  is 

(1,  A2,  c,  /,  g,  h^Jios  —  z*,  —a  +  hzoc,  xz—  to2)2  =  0, 
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representing  the  projection  on  the  plane  of  z®.     Developing,  the  equation  is 
2  (/  _  gh)  of  (fax  -z) 


[402 


-2  (/// 


2/A  +  c) 


0, 


and  there  is  at  the  origin  a  triple  point  (=  cusp  -f  2  nodes)  arising  from  the  passage1 
of  an  ordinary  branch  through  a  cusp;  the  tangent  at  the  cusp  being  it  will  be 
noticed  the  line  #  =  0,  that  is  the  tangent  #  =  0,  v/  =  0  to  the  nodal  curve  at  the 
pinch-point. 

The  results  of  the  investigation  may  be  presented  in  a  tabular  form  as  follows  : 

Nature  of  Section. 


Plane  of  Section. 

Non-special. 

Ditto,   through  tangent  line 
of  nodal  curve. 

Osculatingplane  of  nodal  curve. 

Either  of   the    two  tangent 
planes. 

The  single  tangent  plane. 


Origin,  an  ordinary  point. 


Node. 

Tacnode  =  2  nodes. 


y 

Triple  point,  one  branch  touch- 
ing the  tangent  of  nodal  line. 


Origin,  a  Pinch-point. 


Cusp. 

Node-cusp,  =  node  +  cusp. 


Triple  point,  «  cunp  +  2  nodes ; 
the  cuspidal  branch  touching 
the  tangent  of  the  nodal  line. 


I  have  not  considered  the  special  cases  where  one  of  the  two  tangent  planes,  or  (as 
the  case  may  be)  the  single  tangent  plane  of  the  surface  coincides  with  the  osculating 
plane  of  the  nodal  curve. 
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403. 

ON    PASCAL'S    THEOREM. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  ix.  (1868), 

pp.  348—353.] 

I  CONSIDER  the  following  question  :  to  find  a  point  such  that  its  polar  plane  in 
regard  to  a  given  system  of  three  planes  is  the  same  as  its  polar  plane  in  regard  to 
another  given  system  of  three  planes. 

The  equations  of  any  six  planes  whatever  may  be  taken  to  be  -5T  =  0,  Y=  0,  Z=0y 
£7=0,  F=0,  F=0,  where 

X+   Y+  Z+   U+    V+    F=0, 


and  so  also  any  quantities  X,  Y,  Z,  V,  V,  W  satisfying  these  relations  may  be  regarded 

as  the  coordinates  of  a  point  in  space  ;   we  pass  to   the  ordinary  system  of  quadriplanar 

coordinates    by    merely    substituting    for     V,    W    their  values    as    linear    functions    of 
X,  F,  Z,  U. 

This  being  so,  the  equations  of  the  given  systems  of  three  planes  may  be  taken 
to  be 


and  if  we  take  for  the  coordinates  of  the  required  point  (#,  y,  z,  u,  v,  w)}  where 

#+  y+  z+  u-\-  v+  w  =  0, 
ax+by  +  cz  +fu,  +  gv  +  hw  =  0, 

then  the  equations  of  the  two  polar  planes  are 

^+z+^=0)  ?+r+^=o, 

x      y      z  u      v      w 

o.  vi. 
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respectively,  and  we  have  to  find  (x,  y,  z,  u,  v9  w),  such  that  these  two  equations 
may  represent  the  same  plane,  or  that  the  two  equations  may  in  virtue  of  the  linear 
relations  between  (X,  F,  2,  U,  F,  W)  be  the  same  equation. 

The  ordinary  process  by  indeterminate  multipliers  gives 

-  +  X  +  p>&  =  0, 

iC 

- 
J 

- 

z 


- 

w 

and  we   have  the    before-mentioned   linear  relations   between  (as,  y,  z,   u,  v,   w);    those 
last  are  satisfied  by  the  values 

. 
(*,  y,  z,  u,  v,  «,) 

if  only 


in  fact,  0  satisfying  this  equation,  the  relation 


is  obviously  satisfied;  and  observing  that  we  have 

a        ,   ,      0  *  _  -^  _     i 

^^^T^"  l+a"^!'  •"Jrtt"7±5  -- 
we  have 

cw?  +  6y  4-  02:  +/tt  +  flw  +  to 


so  that  the  relation  a0  +  fy  +  C2r+(/fc+gw  +  /u0s!80  is  also  satisfied  Substituting  the 
foregoing  values  of  (#,  jf,  0,  ^,  v,  ^)  the  six  equations  containing  k,  X,  ^,  will  be  all 
of  them  satisfied  if  only 
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The  coordinates  of  the  required  point  thus  are 

l  1  1 


where 

_1       ,       1  1  ___  L  * 

a-e^b-6^c-0     f-0    ~~i^~6 

and,   the   equation  in    0  being  of  the   fourth  order,  there  are   thus  four  points,  say  the- 
points  Oi,  02,  03,  04,  which  have  each  of  them  the  property  in  question. 

It  will  be  convenient  to  designate  the  planes  Z=0,  7=0,  #=0,  U=0,  F=0, 
T7  =  0  as  the  planes  a,  5,  c,  /,  #,  A  respectively;  the  line  of  intersection  of  the  planes 
-5T  =  0,  7=0  will  then  be  the  line  ab,  and  the  point  of  intersection  of  the  planes 
X  =  0,  7=0,  Z=0  the  point  abc;  and  so  in  other  cases. 

I  say  that  from  any  one  of  the  points  0  it  is  possible  to  draw 

a  line  meeting  the  lines  af  .  bg  .  ch  (1), 

ag.bh.of  (2), 
ah  .bf  .eg                           '       (3), 

af.bh.cg  (4), 

ag.bf.ch  (5), 

ah.bg  .cf  (6), 

and    consequently,   that    the   four   points    0    are   the    four   common    points    of   the    six 
hyperboloids  passing  through  these  triads  of  lines  respectively. 

In  fact,  considering  6  as  determined  by  the  foregoing  quartic  equation,  and  writing 
for  shortness 


4,  (f-ff)U=F, 
(b-6)Y  =  B,  (g-ff)V  =&, 
(c-d)Z  =C,  (h-ff)W=H, 


so  that 


the  equations  A+F=Q,  B+&  =  0,  (7-f-jBT=0,  are  equivalent  to  two  equations  only,  and 
it  is  at  once  seen,  that  these  are  in  fact  the  equations  of  a  line  through  the  point 
0  meeting  the  three  lines  af,  bg,  ch  respectively. 

The  equation  A  +  F=Q,  is  in  fact  satisfied  by  the  values  X  :  U=    _^:  —T^a* 

and  by  J5T  =  0,  17=0;  it  is  consequently  the  equation  of  the  plane  through  0  and 
the  line  af\  similarly,  J3  +  <?  =  0  is  the  equation  of  the  plane  through  0  and  the  line 

17—2 
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&#;  and  C  +  Hs=Q  is  the  equation  of  the  piano  through  0  and  the  line  ch',  and  the 
three  equations  being  equivalent  to  two  equations  only,  the  planes  have  a  common 
line  which  is  the  line  in  question. 

The  equations  of  the  six  linos  thus  are : 


(1) 

A  +  F=0, 

B+G  =0, 

(2) 

A  +  G=0, 

£  +  #=0, 

(3) 

A  +  H=0, 

5  +  ^=0, 

(4) 

A+F  =  0, 

5  +  5  =  0, 

(5) 

A  +  G  =  0, 

TJ     [      TTI         ,    /\ 

(6) 

A  +  H  =  0, 

i?  +  (?=0, 

O+ff-0, 


It  is  further  to  be  noticed,  that  if  in  any  one  of  these  systems,  for  instance  in  the 
system  ^1  +  ^=0,  jB  +  (?  =  0,  (74-^  =  0,  we  consider  0  as  an  arbitrary  quantity,  then 
the  equations  are  those  of  any  line  whatever  cutting  the  lines  af>  bg,  o/t;  and  hence 
eliminating  5,  we  have  the  equation  of  the  hyperboloid  through  the  three  lines 
af,  bg,  ch ;  the  equations  of  the  six  hyperboloids  arc  thus  found  to  be 


,         aai+fu 

(2)        £?  +  ^      =     M_+ 
(3) 


2f  +  W 

cw?  H-  A^  iy  +J^*       _      C2  +  gv 


ax  +fu       _      %  "H  ^      _ 
cwv  -{-  /7V  6?y  +/^        _     GZ  -F  Aw 

_      c^  4- /M 


respectively;    the   equations  in  the  same    line  being  of   course  equivalent    to  a  single 
equation. 

For  each  one  of  the  six  lines  we  have 

(A,B,  C)  =  (-F,  ~(7,  -H) 

in  some  order  or  other,  and  it  is  thus  seen  that  the  six  lines  lie  on  a  cone  of  the 
second  order,  the  equation  whereof  is 
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Consider  now  the  six  planes  a,  b,  c,  /,  g,  h,  and  taking  in  the  first  instance  an 
arbitrary  point  of  projection,  and  a  plane  of  projection  which  is  also  arbitrary — the 
line  of  intersection  ab  of  the  planes  a  and  b  will  be  projected  into  a  line  ab,  and 
the  point  of  intersection  of  the  planes  a,  b,  c  into  a  point  abc;  and  so  in  other  cases. 
We  have  thus  a  plane  figure,  consisting  of  the  fifteen  lines  ab,  ac,  ...gh,  and  of  the 
twenty  points  abc,  abf,  ...fgh;  and  which  is  such,  that  on  each  of  the  lines  there  lie 
four  of  the  points,  and  through  each  of  the  points  there  pass  three  of  the  lines,  viz. 
the  points  abc,  abf,  abg,  abh  lie  on  the  line  ab;  and  the  lines  bo,  ca,  ab  meet  in  the 
point  abc,  and  so  in  other  cases.  If  now  the  point  of  projection  instead  of  being 
arbitrary,  be  one  of  the  above-mentioned  four  points  0,  then  the  projections  of  the 
lines  af,  bg,  ch  meet  in  a  point,  and  the  like  for  each  of  the  six  triads  of  lines; 
that  is  in  the  plane  figure  we  have  six  points  1,  2,  3,  4,  5,  6,  each  of  them  the 
intersection  of  three  lines  as  shown  in  the  diagram, 

1  =af.  bg  .ch, 

2  =  ag.  bh .  cf, 

3  =  ah .  bf  .  eg, 
4<  =  af.bh.  eg, 

5  =  ag .  bf .  ch, 

6  =  ah .  bg  .  cf, 

iind  these  six  points  lie  in  a  conic.  It  is  clear  that  the  lines  af,  ag,  ah;  bf,  bg,  bh; 
cf,  eg,  ch  are  the  lines  14,  25,  36;  35,  16,  24;  26,  34,  15  respectively. 

Conversely,  starting  from  the  points  1,  2,  3,  4,  5,  6  on  a  conic,  and  denoting  the 
lines  14,  25,  36 ;  35,  16,  24 ;  26,  34,  15  (being,  it  may  be  noticed,  the  sides  and 
diagonals  of  the  hexagon  162435)  in  the  manner  just  referred  to,  then  it  is  possible 
to  complete  the  figure  of  the  fifteen  lines  ab,  ac,...gh  and  of  the  twenty  points 
abc,  abf,...fgh,  such  that  each  line  contains  upon  it  four  points,  and  that  through  each 
point  there  pass  three  lines,  in  the  manner  already  mentioned. 

Of  the  fifteen  lines,  nine,  viz.  the  lines  af,  ag,  ah ;  bf,  bg,  bh ;  cf,  eg,  ch  are,  as  has 
been  seen,  lines  through  two  of  the  six  points  1,  2,  3,  4,  5,  6 ;  the  remaining  lines  are 
be,  ca,  ab ;  gh,  hf,  fg.  These  are  Pascalian  lines, 

be  of  the  hexagon  162435, 
ca  „  152634, 

ab  „  142536, 

gh  „  152436, 

hf  „  142635, 

bg  „  162534, 
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which  appears  thus,  viz. 

line  bo  contains  points  bcf  ,  beg  ,  belt  , 
=  &/.<?/,  bg.cg,  bh.ch, 
=  35. 2G,  16.34,  24.15; 

that  is,  be  is  the  Pascalian  line  of  the  hexagon  162435;  and  the   like  for  the  rest   of 
the  six  lines. 

The  twenty  points  abc,  abf,...fgh  are  as  follows,  viz,  omitting  the  two  points 
abc,  fgh,  the  remaining  eighteen  points  are  the  Pascalian  points  (the  intersections  of 
pairs  of  lines  each  through  two  of  the  points  1,  2,  3,  4,  5,  6)  which  lie  on  the 
Pascalian  lines  &c,  ca,  ab,  gh,  ///*,  fg  respectively ;  the  point  abc  is  the  intersection  of 
the  Pascalian  lines  be,  ca,  ab,  and  the  point  fgh  is  the  intersection  of  the  Pascalian 
lines  gh,  hf,  fg,  the  points  in  question  being  two  of  the  points  P  (Steiner's  twenty 
points,  each  the  intersection  of  three  Pascalian  lines). 

We  thus  see  that  we  have  two  triads  of  hexagons  such  that  the  Pascalian  lines 
of  each  triad  meet  in  a  point,  and  that  the  two  points  so  obtained,  together  with  the 
eighteen  points  on  the  six  Pascalian  lines,  form  a  system  of  twenty  points  lying  four 
together  on  fifteen  lines,  and  which  points  and  lines  are  the  projections  of  the  points 
and  lines  of  intersection  of  six  planes ;  or,  say  simply  that  the  figure  is  the  projection 
of  the  figure  of  six  planes. 

It  is  to  be  added,  that  if  the  planes  are  a,  by  c,  /,  <7,  A,  them  the  point  of 
projection  is  any  one  of  the  four  points  which  have  the  same  polar  plane  in  regard 
to  the  system  of  the  planes  a,  &,  c,  and  in  regard  to  the  system  of  the  planes  /,  gt  //. 
The  consideration  of  the  solid  figure  affords  a  demonstration  of  the  existence  as  well 
of  the  six  Pascalian  lines  us  of  the  two  points  each  the  intersection  of  three  of 
these  lines. 


404]  1S5 


404 


REPKODUCTION    OF    EULER'S    MEMOIR    OF    1758    ON    THE 
ROTATION    OF    A    SOLID    BODY. 

[From  the   Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  ix.  (1868), 

pp.  361—373.] 

EULER'S  Memoir  "Du  mouvement  de  rotation  des  corps  solides  autour  d'un  axe 
variable/'  Mim.  de  Berlin,  1758,  pp.  154  —  193  (printed  in  1765),  seems  to  have  been 
written  subsequently  to  the  memoir  with  a  similar  title  in  the  Berlin  Memoirs  for 
1760,  and  to  the  "Theoria  Motus  Corporum  Solidorum  &c.,"  Rostock,  1765,  and  there 
are  contained  in  the  first-mentioned  memoir  some  very  interesting  results  which  appear 
to  have  escaped  the  notice  of  later  writers  on  the  subject;  viz.  Euler  succeeds  in 
integrating  the  equations  of  motion  without  the  assistance  furnished  by  the  consideration 
of  the  invariable  plane.  In  reproducing  these  results  I  make  the  following  alterations 
in  Euler's  notation,  viz.  instead  of  so,  y,  z  I  write  p,  q,  <r\  instead  of  Ma*,  Mb2,  Me* 
(where  M  is  the  mass)  I  write  A,  £,  C,  these  quantities  denoting  the  principal 
moments,  and  in  some  equations  where  the  omission  or  insertion  of  the  factor  M  .is 
really  immaterial  I  write  A,  B,  C  in  the  place  of  a2,  62,  c2  ;  moreover  instead  of  Euler's 

A,  B,  C   (which   denote  respectively  —  —  ,    —  ^~  ,    —  -=—  )   I  write  L,  M,  JV;  but  in 
\  a  o  c>     } 

other  respects  Euler's  notation  is  preserved.     The  equations  of  motion  are 


(C-B)qrdt  =  Q, 
+ 
Odr 


so  that  putting  for  shortness 

r     B-C      „,    C-A      «    A-B 
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and  introducing  the  auxiliary  quantity  u  such  that  du  =  pqrdt,  we  have 


g2  =  33  • 
r2  =  (£ 

where  21,  33,  &  are  constants  of  integration,  and  thence 

du 


j. 


V  1(81  +  2Zu)  (33  4-  2 

where  the  integral  may  without  loss  of  generality  be  taken  from  w  =  0;  w,  and 
consequently  p,  qt  r,  are  thus  given  functions  of  t\  and  it  is  moreover  clear  that 
31,  35,  (£  are  the  initial  values  of  pa,  <f,  r8.  We  have  also  if  co  be  the  angular 
velocity  round  the  instantaneous  axis 


Euler  then  assumes  that  the  position  in  space  of  the  principal  axes  IH  geometrically 
determined  as  follows,  viz.  (treating  the  axes  as  points  on  a  sphere)  it  is  assumed 
that  the  distances  from  a  fixed  point  P  of  the  sphere  are  respectively  I,  111,  n,  and  that 


H 


A  K  C 

the  inclinations   of  these  distances  to  a  fixed  arc  PQ  are  respectively  X,  //,,  v.    We  have 
then  the  geometrical  relations 

cos2 1 4-  cos3  in  4-  cos2  n  =  1 ; 

-    >          ,  cos  £  x         x        cos  m  cos  ?i 

sin  (u,  —  v  )  =  -= . —  ,     cos  (u,  —  v )  =  —   .  -~— - — 

Nr^  sm  w  sua  ft  v  sin  m  sin  n 

.    ,        ^  x        cos  m  .       _  v        cos  ?i  cos  Z 

Sm  (V  —  X)  =*-; ; — 7     ,       COS  (V  —  X)  = .- .-  7      , 

x          '     smnsml  '         sm  ?i sin 6 

.    ,_        v          cos  n  ,          .         cos  I  cos  w^ 

sin  (X  —  a)  =  -s — r-^ >     oos  (X  —  /*)  =     ——-—.. —  • 

v       ^     sin  i  sin  m  v       r/        sin  { sin  m  * 

whence  also 

—  cos  X  cos  n  —  sin  X  cos  I  cos  M 
sin  a  = : — r^ , 

sin  I  sin  m 

sin  X  cos  n  —  cos  X  cos  I  cos  ??& 
sin  if  sin  m  ' 

cos  X  cos  m  +  sin  X  cos  I  cos  ?& 
sin  I  sin  ft  ' 

—  sin  X  cos  m  —  cos  X  cos  I  cos  n 

sin  I  sin  n  * 


COS!/  =5 
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The   geometrical   equations   connecting   the   resolved   angular   velocities  p,  q,   r  with 
the  differentials  of  I,  m,  n,  \  JJL,  v  are 

dl  sin  I  =  dt(q  cos  n  —  r  cos  m\  d\  sin2  Z  =  —  dt  (q  cos  m  -f-  r  cos  n  ), 
dm  sin  m  =  efe  (r  cos  Z  —  $>  cos  n  ),  d/A  sin2  ??i  =  —  dt  (r  cos  n  +  p  cos  Z  ), 
dn  sin  w  =  d£  (p  cosm  —  q  cos  Z  ),  dv  sin2  -n.  =  —  dt  (p  cos  Z  +  #  cos  m). 

Multiplying  the   equations  of  motion  respectively  by  cosZ,  cosw,  cos??,,  and   adding, 
we  obtain  an  equation  which  is  reducible  to  the  form 

d  (Ap  cos  Z  +  Bq  cos  m  +  Cr  cos  n)  =  0, 
whence  integrating 

Ap  cos  Z  +  Bq  cos  m  -f  CV"  cos  w.  =  2), 

2)   being  a   constant  of  integration.     One  other  integral   equation   is   necessary  for  the 
determination  of  the  angles  Z,  m,  n.     The  expressions  for  cZZ,  dm,  dn  give  at  once 

p  dl  sin  Z  +  q  dm  sinm  +  r  dn  sin  n  ~  0. 
Instead  of  the  arcs  Z,  w,  n,  Euler  introduces  a  new  variable  v9  such  that 

v  =  p  cos  Z  -f  q  cos  m  +  r  cos  n  ; 
by  means  of  the  last  preceding  equation,  we  find 

dv  =  dp  cos  Z  +  <£#  cos  m  +  dr  cos  w, 
and  then,  substituting  for  dp,  cZ#,  dr,  their  values, 


/ 

;= 
\ 


Z  cos  Z     Jfcf  cos  w     -Z^cos  ri\  , 
H  --  H  --  )  du, 


p  q  r      J 

from  which  the  relation  between  v  and  u  is  to  be  determined.     We  have 

cos3  Z  -I-       cos2  m  -f     cos2  n  —  1, 
Ap  cos  Z  +  £q  cos  m  +  Or  cos  n  =  iD, 
p  cos  Z  +    ^  cos  m  +    r  cos  w  =  #, 
which    give    cosZ,   cosw,    cosw   in    terms    of  u,   v\    the   resulting    formulae    contain    the 

radical  .    _  .._.._...  , 

9»  +  -B»ga+0V)J' 

which  for  shortness  is  represented  by  V{(")}-     We  then  have 

>  +  ^Cyt;  (Jtfr2  -  Jg2)  +  X^gr  V{(-)} 


cos  I   = 

'  ~  NCp*)  -h  gJ.gy  (Jpa  ~  Lr*)  +  ATgrp  V{(- 


cos  m 


O.  VI. 


cos  7i  =  - 

18 
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and  substituting  these  values  in  the  differential  equation 

dv  _  L  cos  I     M  cQsm     N  cos  n 
du~      p  q  r       ' 

the  equation  to  he  integrated  becomes 

~  (&A*f**  +  M*&rY  +  #9CW)  =  I#M)  (4p9  4-  -&/  H-  O'2)  -  Jt  JtUTw  (4y  +  JBy  +  CV) 
ctw 

+   1   (D!A<fr- 

pqr  ^        * 

Now  substituting  for  p,  q,  r  their  values,  we  have 

JW-TO  -  2£lf  JT«  (SU»  +  335" 

+(£(7), 


Or*  =  SU 


and  writing  for  shortness 

81+  33+  <S-JS, 

2U+         33.B+         (£6'  =  ^, 
2U»+       93£2+        60*=  (7, 

if  A  ase  +  jf  a£esi  +  JPOSWS  -  JST, 

ia^2SS  +  JI»5HSSl  +  2IT»0*81S3  =  K, 
where  K  =  EQ-  —  FZ,  substituting  these  values  and  observing  that 


the  radical  of  'the  formula  becomes 

V{(-)}  =  V  (Jf-  ZLMNQu  +  22)2iJlf2VM  -  2)^+22)^  -  Chf), 
and  the  differential  equation  becomes 


-  LMNGh  +  -(H-  ZLMNFu)  V{(--) 

which  can  be  reduced  to  the  form 

JKdv  -  LMNF$>du  -  ILMNGudv  +  LMNGvdu  Hdu  -  SLMNFudu 
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Euler  remarks  that  as  the  right-hand  side  of  the  equation  contains  only  the 
variable  u3  the  solution  will  be  effected  if  we  can  find  a  function  of  u,  a  multiplier 
of  the  left-hand  side;  he  had  elsewhere  explained  the  method  of  finding  such 
multipliers,  and  applying  it  to  the  equation  in  hand,  the  multiplier  of  the  left-hand 

side,   and   therefore   of    the   equation    itself,   is   found    to   be    ~  -  *    ,r/>    ,   or   what   is 

K  — 


the  same  thing   ^  —  xr^^    . 
5  K-ZLMNGu 

Multiplying  by  this   quantity,  the   right-hand  side  may  for  shortness  be  represented 
by  dU,  so  that 


_  __ 

(K  -  ZLMNGu)  V  {(2Lu  +  21)  (2Mu  +  35)  (2Nu  +  (£)}  ' 

and   U  may  be  considered  as  a  given  function  of  u,  or  what  is  the  same  thing  of  t. 

As   regards   the  left-hand  side,  attending  to  the   equation  K^EG-F2,  the  radical 
multiplied  into  V(<?)  may  be  presented  under  the  form 


'-2>2)(J5T-  ZLMN&u)  -  (Qv-\ 
and  consequently  the  left-hand  side  becomes 

(K  -  ZLMNGu)  Gdv  +  LMNG  (Gv  -  3) F)  du 
(K  -  LMNGu)  V{(£  -  2)2)  ( K  -  ZLMNGu)  -(Gv- 

which    putting    for    the    moment    K-ZLMNGu=p\    Gv-QF^q,   (?-2)2=/2,  becomes 
if  fr* ^TT\  >  *^e   in'*iegral   °f  which   is  sin"1  ~- ;   hence  restoring,  the  values  of  p,  q,  f, 


r 

the  integral  is 


sm 


^  (fit .  2)2)  ^  (jp  .  2LMNGu)  * 
Hence  considering  the  constant  of  integration  as  included  in  Z7,  or  writing 

r (H-ZLMNFu)*J(G)du 

U  "  ^  +  J  (JT  -  ZLMNGu)  V  {(2Xzi  +  21)  (2Af 

we  have  for  the  required  integral  of  the  differential  equation 

.  _x Gv-QF 

sm    ^  (flt  _  3)2)  ^  (( jf  -  ZLMNGu)} 

whence  also 


I  —  2)2)  V  {(^  -  "  r  7l/rAr^- A1     sin 

and 

.  .  :-*LMNQ») -(&>-<„.  „.  = 
V  ((?  -  2)*)  V  {(Jf  -  2iM NGu)} 

18—2 
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so  that  the  value  of  the  original  radical  is 

/YM      V(g-£WKg~2£JfmQ} 
V  !(••)}  =  -  cos  U. 


Substituting  in  the  expressions   for   the   cosines   of  the   arcs  I,  m,  n,  these  values   of  v 
and  the  radical  ;   the  formulae  after  some  reductions  become 

gX4j>     JKfr  (M£  -  N®)  V  (0  -  5)°)  . 
cos  *  =  --  +  -  '  -  8U1 


.  -    „.  _  cos 

cos  m  -  --  +  —  -—  Sm  ^  +  V  (0)  V  </f  -  S7J/          C°S 


-  JfM)  V  (g  -  5>»)    .    rr  L  AQ 

cos  n  —  -  +  -  -  sm  U  +  V 


where  for  shortness  p,  9,  r  are  retained  in  place  of  their  values  V  (2£tt  +  21),  V  (2Jf  «  +  33), 


The    values    of   Z,  m,  n    being    known,  that    of   \    could    be    dctcrrainod    by    the 
differential  equation 

JN  _     dt(qcos7ii  +  2cosn) 

CvA*   -   ~"  '  •""""»"  '7  > 

sin3  6 

and  then  the  values  of  p,  v  would  be  determined  without  any  further  integration  ; 
but  it  is  better  to  consider,  in  the  place  of  any  one  of  the  principal  axes  in  particular, 
the  instantaneous  axis,  which  is  a  line  inclined  to  these  at  angles  a,  /3,  7,  the  cosines  of 

which  are  —  ,   —  ,   -    (if    as  before   c»a  =  »a  +  <7a-f  r3).    Considering  the  instantaneous  axis 

0)        6)        0) 

as  a  point  of  the  sphere,  let  j  denote  the  distance  OP  from  the  fixed  point  P,  and 
<£  the  inclination  OPQ  of  this  distance  to  the  fixed  arc  PQ.  We  have 

cos  j  «  cos  a  cos  1  4-  cos  /S  cos  m  +  cos  7  cos  n, 
sin  j  cos  <jb  =  cos  a  sin  I  cos  X  -f  cos  /3  sin  m  cos  p  -h  cos  7  sin  n  cos  v, 
sin  j  sin  <jb  =  cos  a  sin  I  sin  X  4-  cos  $  sin  m  sin  /A  +  cos  7  sin  w  sin  v, 
^       .  .      cos  a  —  cos  i  cos  9  .    ^       .  s      cos  7  cos  w  —  cos  B  cos  w 

COS(X-d))  =  -  =  -  r-:  -  :  -  »     ,  81IL  (X  -~  £)  «    ----  -  -  r—  r-r:  -  ^-  -    , 

x        ^'  N          7 


,    .  N  cos  5  —  cos  m  cos  ?      ,   .  ,  cos  a  cos  ^  —  cos  7  cos  I 

COS  (p,  -  0)  =     -~  -  =  -  7—  ^  ,  COS  (fl  -  A)  =  -  :  -  :  -  r*  - 

^     ^7  sinwsmj? 


,    ,  ,  cos  7  —  cos  n  cos  ?      ,   .  ,  cos  /S  cos  Z  —  cos  a  cos  m 

COS  (l/  -  <f>)  =5=  -  ^  -  ?--=  -  J-  ,          COS  (v  -  A)  =  -  Z  -  -  -  —  - 

x       ^  sinn  sin  j  ^       T 
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so  that  X,  /*,,  v  are  determined  in  terms  of  j  and  $.    These  expressions  give 


cos  m  (rdp  ~~dr)  +  cos  n 


which  is  reducible  to  Euler's  equation 

d6     >, 
9 


E-ZLMNu-tf  ' 

and  thence,  substituting  for  cos  Z,  cos  ??i,  cos  n  their  values,  and  observing  that 

A&  (WS,  -  -Z\rS3)  +    Bq*  (m  -  iS)  +     Or*  (i33  -  Jf  21)  =  -  (E  -  ZLMNFu), 
BCp*  (M&  - 
LA    (M& 
the  equation  becomes 


-  - 

*  V  (0)  V  (#  -  ZLMNOu)         ' 

where  it  is  to  be  remarked  that 


-  ZLMNGu)  -(&-<&*)(%-  ZLMNGu)  sin2  U 

-  22)^  V  (ff  -  3>a)  V  {(J5T-  ZLMNGu)}  sin  Z7. 
Now 


K-ZLMNGu        ' 
the  differential  d<^)  can  be  expressed  as  a  fraction,  the  numerator  whereof  is 

sin  U 


LMNFGdu  */{&(&-&)}       n 
+       V  (K  -ZLMNGu)       c       ' 

and  the  denominator 

(G  -  &)  F*  +  G  (K  -  ZLMNGu)  -Z^>F>J(G-'^3)(K-  ZLMNGu)  sin  U 

-(G-  5>3)  (K-  ZLMNGu)  sina  U. 
To  simplify,  write 

V  (K-  ZLMNGu)  =  s,    V  (0  - 
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the  numerator  is 


and  the  denominator 

tfjF*  +  Q#  _  2<£FIis  sin  U-  IW  sin2  U, 

which,  observing  that  h*  =  #  -  5)fl,  is  equal  to 
(.?%  -  3)*  sin  Uy  +  ff*9  cos2  Z7, 


and  we  have 

?  sin  Udlh-  Fhds  cos  U 
^  Wcos9  U 


the  integral  of  which  is 

,         J%~S)$sm  £7" 


where    g    is    the    constant    of    integration,    or    substituting   for    7&,   s    their    values,    tlu» 
equation  is 

*    /JL  ,  B\  ^  V  (ff  -  ®9)  -  ®  sin 

tan  (0  +  5)=  -  cosi7V{(?(^ 
It  may  be  added  that 

o)  cos  j  =  v  =  ^  [3)  J?  +  V  {(G  -  £>')  (AT  -  ZLMNGu)}  sin  IT], 

and  therefore 

Kg-®8)  .CM"  ZLMNGu)}  sinU 

~~~~ 


Euler  remarks  that  the  complexity  of  the  solution  owing  to  the  circumstance  that 
the  fixed  point  P  is  left  arbitrary;  and  that  the  formula  may  be  simplified  by  taking 
this  point  so  that  G  —  5)3=0,  and  he  gives  the  far  more  simple  formulae  corresponding 
to  this  assumption  ;  this  is  in  fact  taking  the  point  P  in  the  direction  of  the  normal 
to  the  invariable  plane,  and  the  resulting  formulae  are  identical  with  the  ordinary 
formulae  for  the  solution  of  the  problem.  The  term  invariable  plane  is  not  uaed  by 
Euler,  and  seems  to  have  first  occurred  in  Lagrange's  "Essai  sur  le  problkme  do  trois 
corps,"  Prix  de  I'Acad.  de  Berlin,  t.  IX.,  1772, 

To  prove  the  before-mentioned  equation  for  d<£;   starting  from  the  equations 

v 
cos  j  =  cos  a  cos  I  +  cos  13  cos  m  +  cos  7  cos  n  =  —  , 

sin^'  cos  0  =  cos  a  sin  Z  cos  X  +  cos  ft  sin  m  cos  ^  +  cos  7  sin  n  cos  ^ 

sinj  sin  <j>  =  cos  a  sin  I  cos  X  4-  cos  ft  sin  m  sin  ^  +  sin  7  sin  n  sin  P, 
we  have 

cos  j  dj  cos  $  -  sinj  sin  $  d<£ 

=  —  sin  a  cf  a  sin  J  cos  X  —  &c.  4-  cos  a  cos  X  cos  I  dl  +  &c.  —  cos  a  sin  Z  sin  X  d\  +  &c., 
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the  second  term  is 

—  cos  X  cot  I  (q  cos  n  —  r  cos  m) 

4-  —  cos  fjb  cot  m  (r  cos  Z  —  p  cos  ft ) 


T 


4-  —  cos  v  cot  ft  (p  cos  m  —  g  cos  ?  ), 

and  the  third  term  is 

w 
+  —  sin  X  cosec  Z  (3  cos  m  +  r  cos  ft  ) 


Ct) 


4-  -  sin  /A  cosec  771  (r  cos  ft  4-.p  cos  I) 

T 

4-  -  sin  z/  cosec  ft  (  p  cos  Z  +  q  cos  m). 

0)  J  •*•  ' 

Hence  the  second  and  third  terms  together  are 

pa  f      %  cos  I  cos  ft  cos  m  cos  ft       .       cos  m  ,    .        cos  I  \      „ 

=  -ri    cos  X  -  r—  =  --  cos  LL  —  :  --  h  sm  X  —.  —  =-  +  sin  p  -  -    +  <sc., 

^  ' 


, 

cos  LL  —  :  --  h  sm  X  —.  —  =-  +  sin  p  -  - 
o>  sin  ^     smm  sin?  'smm/ 

—  -£2  J"  cos  X  sin  n  cos  (v  —  X)  +  sin  X  sin  n  sin  (v  —  X)|      « 
"~  o>  (4-  cos  yt6  sin  ft  cos  (^  —  z>)  4-  sin  //,  sin  ft  sin  (^  —  v)J          "' 

pa   .        f—  cos  X  cos  (z>  —  X)  4-  sin  X  sin  (v  —  X))      p 
=•"  sm  %  4  ,         :  .    /         (  >•  +  &c., 

o>  (4-  cos  yL6  cos  (//,  —  v)  4-  sm  p,  sm  (/i/  —  v)) 

Hf—  cos  (X  4-  (z>  —  X)})       0 
-      sin  w,  •{  ;         ;H  +  &c., 

o>  1+  cos  {/*-(/*—  z/)}  j  •    -  - 

=  —  sin  ft  (—  cos  v  4-  cos  v)  -f  &c.,  =  0  ; 


we  have  therefore 

cosj  dj  cos  $  —  sin  j  sin  <f>  d<j> 


=  —  sin  a  da  sin  Z  cos  X  —  sin  ft  dp  sin  7&  cos  JL&  —  sin  7  ^7  sin  ft  cos  z>, 

=  d  &  .  sin  Z  cos  X  +  d  %  .  sin  m  cos  /^  4-  d  -  .  sin  n  sin  v 
a)  a>  G) 

=  +  —    (sin  Z  cos  X  cZp  4-  sin  m  cos  ^  cZg  4-  sin  ft  cos  z/  cZr) 


Ct) 


?  (sin  Z  cos  Xp  +  sin  m  cos  p.  q  +  sin  ft  cos  vr) 


=  —  cot  j  co&<f>d sin  j  sin  <f>  d<f>. 
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Hence  therefore 

v 
sin  j  sin  <j)d<j>  =  —  cot  j  cos  <f>d  - 


--  (sin  I  cos  X  dp  +  sin  m  cos  //,  eft?  +  sin  n  cos 


4  -^-  (sin  Z  cos  X  p  +  sin  m  cos  /i  g  4  sin  ?icos  vr) 


=  —  cotj  cos  <j>  -  (cos  I  dp  4-  cos  w  dg  4-  cos  n  dr) 


4-  cot  j  cos  ^  —^  (p  cos  I  4  #  cos  m  4  P  cos  w) 

—    (sin  I  cos  X  dp  4-  sin  m  cos  ^  dq  4-  sin  M  cos  v  dr) 


4  —  -  (sin  I  cos  X  .  jp  4-  sin  m  cos  /it  .  q  4-  sin  ?z-  cos  z/  .  r) 


—     -    {(-,  cotj  cos  $  cos  I  -  sin  I  cos  X)  dp  4  &c.} 

4  -^  {(    cot  j  cos  <£  cos  1 4  sin  I  cos  X)  jp   4  &c.}- 

But  we  have 

f\  —  ^  —  cos  tt  "" cos  ^  cos  j 


cos  a  ,  7     .  . 

—  _B  —  _  —  ^  _  cot  i  cot  7, 

sin  I  smj  ^ 

•  /^       .  \     cos  7  cos  m  —  cos  8  cos  w 

Sm  (X  —   <A)  ==    -  i  -  ;  -  =—  ;  -  ^  ---    , 

v       r/  sin  I  sin  j 

and  thence 

r/        ,,      0     cos  <f>  (cos  a  —  cos  Z  cos  ?)  —  sin  <b  (cos  7  cos  m  —  cos  8  cos  ?i) 

-  -^  -  -  S  - 


whence  also 

cot  jf  cos  <^  cos  2  4  sin  2  cos  X 


=  -;  —  .  {cos  ^>  cos  Z  4  cos  ^>  (cos  a  —  cos  2  cos  j)  —  sin  <p  (cos  7  cos  m  —  cos  $  cos  n)}, 
=  -7  —  r  {cos  a  cos  <£  —  sin  <f>  (cos  7  cos  m  —  cos  $  cos  71)}, 
a  —  .  —  .  [p  cos  <^  —  sin  ^>  (r  cos  m  —  g  cos  n)}. 


404]  ON    THE    ROTATION    OF    A    SOLID    BODY.  145 

Hence  the  expression  for  sinj  sin  <£  d<j>  is 


os  <p  —  sin  <p  (r  cos  ni  —  q  cos  n 

W/U?  p  /•  •         j     / 

co3  sin  y  Ll^  COS  9  -  Sln  9  0"  cos  m  -  ^  cos  w)} 

1       r     ,  .       . 

— — • — -  L^  °ta>  cos  <p  —  sin  </>  {(r  cos  m  —  q  cos  72 

^y     •>     JL 

+  ~^~;-  "  •  w  cos  <p  =  sin  ?"  sin  d>  cZd>, 

or  finally 

sin  j  sin  ^  d0  =  —  -y?  [(r  cos  77*  -  q  cos  n)  d|p  +  &c.], 
that  is 

(r  cos  m  —  q  cos 

( X)  COS   %  —  T  COS 

_  +  (q  cos  ^  — ^}  cos  w)  c?r 
which  is  the  required  expression  for  d<j>. 

Recapitulating,  A,  B,  C,  p}  q,  r  denote  as  usual, 

L  =  ~°    M  =  °-~—    N  =  A~B    du- 


r  »  V  (S  + 

21   +   35  +  K   =,&, 


-  J5T, 

i2-4233S  +  If  '#<£«  +  ^2(7321S3  -  Jf  ; 
so  that 


(K  -  ZLMNGu)  V  {(21  +  2Lu)  (33  +  2M 
C.  VI.  19 
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.      <S)Ap     BOpim-  &S)  V(<?-3>3)  .    _        LAqr^l  (ff-3>)  TT 

cos  l  -  -  -  +  sm  u+  cos  u* 


V  [(G  -  2)°)  (JT  -  ZLMNGu,)}  sin 


GJ(E-  ZLMNu) 
v  =sp  cosl  +  qoosni  +  r  cos  n. 

=     [3XF+  V  {(<?  -  S)8)  (K  -  ZLMNGu)}  sin  17], 


"       ~     sn 


[The  angles  which  determine  the  position  of  the  body  are  thus  expressed  iu 
terms  of  u,  which  is  given  as  a  function  of  t  by  the  foregoing  equation  dn  =  pqrdt, 
where  p,  q,  r  denote  given  functions  of  •«.] 
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405. 

AN    EIGHTH'  MEMOIR    ON    QUANTICS. 


[From  the  Philosophical   Transactions  of  the  Royal  Society  of  London,  vol.    CLVIL 
(for  the  year  1867),     Received  January  8, — Read  January  17,  1867.] 

THJE  present  Memoir  relates  mainly  to  the  binary  quintic,  continuing  the  investi- 
gations in  relation  to  this  form  contained  in  my  Second,  Third,  and  Fifth  Memoirs  on 
Quantics,  [141],  [144],  [156];  the  investigations  which  it  contains  in  relation  to  a 
quantic  of  any  order  are  given  with  a  view  to  their  application  to  the  quintic.  All 
the  invariants  of  a  binary  quintic  (viz.  those  of  the  degrees  4,  8,  12,  and  18)  are 
given  in  the  Memoirs  above  referred  to,  and  also  the  covariants  up  to  the  degree  5 ; 
it  was  interesting  to  proceed  one  step  further,  viz.  to  the  covariants  of  the  degree  6  ; 
in  fact,  while  for  the  degree  5  we  obtain  3  covariants  and  a  single  syzygy,  for  the 
degree  6  we  obtain  only  2  covariants,  but  as  many  as  7  syzygies;  one  of  these  is, 
however,  the  syzygy  of  the  degree  5  multiplied  into  the  quintic  itself,  so  that, 
excluding  this  derived  syzygy,  there  remain  (7  —  1  =)  6  syzygies  of  the  degree  6.  The 
determination  of  the  two  covariants  (Tables  83  and  84  post)  and  of  the  syzygies  of 
the  degree  6,  occupies  the  commencement  of  the  present  Memoir.  [These  covariants 
83,  84  are  the  covariants  M  and  N  of  the  paper  143,  "  Tables  of  the  covariants  M  to 
W  of  the  binary  quintic  ",  and  they  are  accordingly  not  here  reproduced.] 

The  remainder  of  the  Memoir  is  in  a  great  measure  a  reproduction  (with  various 
additions  and  developments)  of  researches  contained  in  Professor  Sylvester's  Trilogy,  and 
in  a  recent  memoir  by  M.  Hermite(1).  In  particular,  I  establish  in  a  more  general 
form  (defining  for  that  purpose  the  functions  which  I  call  "  Auxiliars ")  the  theory 
which  is  the  basis  of  Professor  Sylvester's  criteria  for  the  reality  of  the  roots  of  a 
quintic  equation,  or,  say,  the  theory  of  the  determination  of  the  character  of  an  equation 
of  any  order.  By  way  of  illustration,  I  first  apply  this  to  the  quartic  equation;  and 

1  Sylvester  "On  the  Real  and  Imaginary  Boots  of  Algebraical  Equations;  a  Trilogy,"  Phil.  Trans.  yoL  CLIV. 
(1864),  pp.  579—666.  Hermite,  "Sur  liquation  du  5e  degr6,"  Comptes  Rendw,  t.  LXI.  (1866),  and  in  a  separate 
form,  Paris,  1866. 
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I  then  apply  it  to  the  quintic  equation,  following  Professor  Sylvester's  track,  but  so 
as  to  dispense  altogether  with  his  amphigcnous  surface,  and  making  the  investigation  to 
depend  solely  on  the  discussion  of  the  bicorn  curve,  which  is  a  principal  section  of 
this  surface.  I  explain  the  new  form  which  M.  Hermite  has  given  to  the  Tuchirn- 
hausen  transformation,  leading  to  a  transformed  equation  the  coefficients  whereof  arc 
all  invariants;  and,  in  the  case  of  the  quintic,  I  identify  with  my  Tables  his  cubi- 
covariants  fa  (a?,  y)  and  <£2  (#,  y).  And  in  the  two  new  Tables,  85  and  86,  I  give  the 
leading  coefficients  of  the  other  two  cubicovariants  <&»(#,  y)  and  04(<c,  y),  [these  are 
now  also  identified  with  my  Tables].  In  the  transformed  equation  the  second  term  (or 
that  in  $f)  vanishes,  and  the  coefficient  21  of  sP  is  obtained  as  a  quadric  function  of 
four  indeterminates.  The  discussion  of  this  form  led  to  criteria  for  the  character  of  a 
quintic  equation,  expressed  like  those  of  Professor  Sylvester  in  terms  of  invariants, 
but  of  a  different  and  less  simple  form  ;  two  such  sets  of  criteria  arc  obtained,  and 
the  identification  of  these,  and  of  a  third  set  resulting  from  a  separate  investigation, 
with  the  criteria  of  Professor  Sylvester,  is  a  point  made  out  in  the  present  memoir. 
The  theory  is  also  given  of  the  canonical  form  which  is  the  mechanism  by  which 
M.  Hermite's  investigations  were  carried  on.  The  Memoir  contains  other  investigations 
and  formulae  in  relation  to  the  binary  quintic;  and  as  part  of  the  foregoing  theory  of 
the  determination  of  the  character  of  an  equation,  I  was  led  to  consider  the  question 
of  the  imaginary  linear  transformations  which  give  rise  to  a  real  equation  :  this  is 
discussed  in  the  concluding  articles  of  the  memoir,  arid  in  an  Annex  I  have  given  a 
somewhat  singular  analytical  theorem  arising  thereout. 

The  paragraphs  and  Tables  are  numbered  consecutively  with  those  of  my  former 
Memoirs  on  Quantics.  I  notice  that  in  the  Second  Memoir,  p.  126,  we  should  have 
No.  26  =  (No.  19)2-128  (No*  25),  viz.  the  coefficient  of  the  last  term  is  128  instead 
of  1152.  [This  correction  is  made  in  the  present  reprint,  141,  where  the  equation 
is  given  in  the  form  Q'  =  ff2-  128Q.] 

Article  Nos.  251  to  254.  —  The  Binary  Quintio,  Covariants  and  Syzygies  of  the  degree  6. 

251.  The  number  of  asyzygetic  covariants  of  any  degree  is  obtained  an  in  my 
Second  Memoir  on  Quantics,  Philosophical  Transactions,  vol.  CXLVL  (1856),  pp.  101  —  126, 
[141],  viz.  by  developing  the  function 

1 


as  shown  p.   114,  and  then   subtracting  from    each  coefficient   that    which   immediately 
precedes  it;  or,  what  is  the  same  thing,  by  developing  the  function 


_ 
(1  -*)(!-  soz)  (1  -  &s)  (1  -  «te)  (I  -  at*)  (1  -  ate)  ' 

which  would  lead  directly  to  the  second  of  the  two  Tables  which  are  there  given; 
the  Table  is  there  calculated  only  up  to  &>  but  I  have  since  continued  it  up  to  z1*, 
so  as  to  show  the  number  of  the  asyzygetic  covariants  of  every  order  in  the  variables 
up  to  the  degree  18  in  the  coefficients,  being  the  degree  of  the  skew  invariant,  the 
highest  of  the  irreducible  invariants  of  the  quintic.  The  Table  is,  for  greater 
convenience,  arranged  in  a  different  form,  as  follows  : 
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Table  No.  81. 


Table  for  the  number  of  the  Asyzygetic  Covariants  of  any  order,  to  the  degree  18. 
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[In  regard  to  this  table  No.  81  it  is  hardly  necessary  to  notice  that  for  any 
column  with  an  even  heading  the  numbers  of  the  column  correspond  to  the  even 
outside  numbers,  while  for  any  column  with  an  odd  heading  the  numbers  of  the 
column  correspond  to  the  odd  outside  numbers.  The  table  is  in  fact  a  table  of  the 
differences  of  the  numbers  of  the  a/stable,  142 ;  thus  in  this  table  writing  down 
cols.  5  and  6  and  in  each  of  them  forming  the  differences  by  subtracting  from  each 
number  the  number  immediately  below  it,  we  have  cols.  5  and  0  of  the  table  No.  81,  viz.: 

11235791114161819     20       col.  5,  13—12  of  a/table. 


1011222232211       col.  5  of  table  No.  81. 

1     1     2     3     5     7     10     12     16     19     23     25     29     30     32     32       col  6,  15  of  «/-tablc. 
1011223243424120      col.   6  of  table  No.  81.] 

252.    The  interpretation  up  to  the  degree  6  is  as  follows: 

[In  the  following  Table  No.  82  as  originally  printed,  the  heading  of  the  fourth 
column  was  "Constitution.  Nos.  in  (  )  refer  to  Tables  in  former  Memoirs  except  (83) 
and  (84)  which  are  given  post"  and  the  covariants  were  referred  to  by  their  Nos. 
accordingly.] 
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Degree. 

Order. 

No. 

Constitution.     Notation  is  the  alphabetic  notation  of   143, 
A   the  quintic  itself,  J5,  C  quadrieovariants,  <fec. 

JV=newoovt. 

0 
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1 

viz.  the  absolute  constant  unity. 
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253.  For  the   explanation  of  this  I  remark  that  the  Table  No.   81   shows  that  we 
have    for    the    degree    0    and    order    0    one    covariant ;     this    is    the    absolute    constant 
unity ;    for  the   degree   1   and  order   5,  1    covariant,  this  is    the    quintic  itself,   A ;    for 
degree   2   and   order   10,  1   covariant;    this  is  the  square  of  the   quintic,  A*\   for  same 
degree   and   order  6,   1   covariant,  which   had  accordingly   to   be   calculated,  viz.   this   is 
the  covariant   <7;   and   similarly   whenever  the   Table  No.   81   indicates   the   existence   of 
a    covariant    of   any  degree    and    order,  and    there    does    not    exist    a    product    of   the 
covariants  previously  calculated,  having  the  proper  degree  and   order,  then   in  each  such 
case  (shown   in   the   last   preceding   Table   by  the  letter  N)  a   new   covariant  had  to  be 
calculated     On   coming  to  degree   5,  order  11,  it  appears   that  the  number  of  asyzygetic 
invariants  is   only  =  2,  whereas  there  exist  of  the   right   degree   and   order  the  3  com- 
binations   A  I,    BF,    GE'y    there    is    here    a    syzygy,    or    linear    relation,    between    the 
combinations    in    question;    which   syzygy   had   to   be    calculated,   and    was    found   to   be 
as  shown,  AZ+BF—GIS^Q,  a  result  given  in   the   Second   Memoir,  p.  126.     Any  such 
case   is   indicated   by  the   letter  &     At   the   place   degree    6,  order  16,  we  find  a  syzygy 
between    the    combinations    A2I,  A*BF,  AGE]    as    each    term    contains    the    factor    A, 
this    is    only  the    last-mentioned    syzygy   multiplied    by  A,    not    a    new   syzygy,   and    I 
have  written  S'  instead  of  8.    The  places  degree   6,   orders  18,  14,  12,  10,  8,  6  indi- 
cate each  of  them  a  syzygy,  which  syzygies,  as  being  of  the   degree   6,  were  not   given 
in   the    Second    Memoir,   and  they   were   first    calculated    for  the   present   Memoir.     It    is 
to   be   noticed   that   in    some   cases    the    combinations   which    might    have    entered    into 
the  syzygy  do   not  all    of  them  do   so ;  thus   degree  6,  order   14,  the  syzygy  is  between 
the  four   combinations  ACD,  EF,  BC*y  A*H,  and  does  not  contain  the  remaining  com- 
bination  -42jB.     The  places   degree  6,  orders  4,  2,  indicate  each  of  them  a  now  covariant, 
and  these,  as  being   of  the  degree  6,  were   not  given   in   the   Second   Memoir,  but   had 
to  be  calculated  for  the  present  Memoir, 

254.  I  notice  the  following  results: 

Quadrinvt.  6#    =  3(?, 

Cubinvt.  6H        =  -  G3  +  54GQ, 

Disci  (<*B  +  @M )  =  (-#,  Q,  ~3i7£a,  /3)2, 

Jac.  (#,  H)         =6Jf, 

Hess.  3D  =  JV, 

the  last  two  of  which  indicate  the  formation  of  the  covariants  given  in  the  new 
Tables  Jf  — No.  83  and  JV-No.  84:  viz.  if  to  avoid  fractions  we  take  3  times  the 
covariant  D,  being  a  cubic  (a,  ...)3(X  y?>  then  the  Hessian  thereof  is  a  covariant 
(a,  ...)6(#»  y)2,  which  is  given  in  Table,  M  No,  83;  and  in  like  manner  if  we  form 
the  Jacobian  of  the  Tables  JS  and  H  which  are  respectively  of  the  forms  (a, .  ,)9  (so,  y)2, 
and  (a, .  ,)e  (a?,  j/)4,  this  is  a  covariant  (a, .  .)8  (#>  2/)4>  and  dividing  it  by  6  to  obtain  the 
coefficients  in  their  lowest  terms,  we  have  the  new  Table,  N  No,  84.  I  havo  in 
these,  for  greater  distinctness,  written  the  numerical  coefficients  after  instead  of  before, 
the  literal  terms  to  which  they  belong. 
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The  two  new  Tables  are  : 

Table  No.  83.     M=  (*$#,  y)*.     See  143. 
Table  No.  84.     #  =  (*}j>,  y)4.     See  143. 

Article  No.  255.  —  Formulas  for  the  canonical  form  act?  +  by5  +  oz5  =  0,  wAer*  #-Hy  +  #  =  0. 
255.     The  quintic  («-,  b,  c,  d,  e,  /$#,  y)*  may  be  expressed  in  the  form 

ru*  4-  sfl5  +  to5, 

where  H,  -y,  w  are  linear  functions  of  (#,  y)  such  that  ^  -h  v  +  w  =  0.  Or,  what  is  the 
same  thing,  the  quintic  may  be  represented  in  the  canonical  form 

cw?5  H-  by*  +  C2?, 

where  so  +  y  +  z  =  0  ;  this  is  =  (a  —  c,  —  c,  —  c,  —  c,  —  c,  b  —  c]J#,  y)s;  and  the  different 
covariants  and  invariants  of  the  quintic  may  hence  be  expressed  in  terms  of  these 
coefficients  (a,  &,  c). 

For  the  invariants  we  have 

0  =  J  =  b*c*  +  caa2  -h  a263  -  2abc  (a  +  &  +  c), 


U  =  L 

W  =  /  =  4aB65c5  (6  -  c)  (c  -  a)  (a  -  6). 


[Observe  that  throughout  the  present  Memoir,  the  invariants,  instead  of  being  called 
G,  Q>  -  Z7,  W  are  called  /,  J,  K,  L,  viz.  the  /,  J,  K,  L  in  all  that  follows  denote 
the  invariants,  and  not  the  covariants  denoted  by  these  letters  in  142,  143.  Moreover 
D  is  used  to  denote  the  invariant  Q',  which  is  in  fact  the  discriminant  of  the  quintic.] 

Hence,  writing  for  a  moment 

a  +  b   +c    —  p,  and  therefore  J  =  <£  — 
bc  +  ca  +  ab  =  q  K  =  rfy 

a&c  =r  L  =r4, 

we  have 

(a  .  &)2  (6  -  c)2  (c  -  a)2  =  jpY  -  4g8  - 

and  thence 

P  =  16r10  (pY  -  4J8  - 

and 

J  (  tf2  -  JX)2  +  8JSTsi  -  72  JXi2  -  432i 

=     rio  |(22  _ 
=    87-10  {(g2  - 

C.    VI. 


* 
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that  is, 


which  is  the  simptast  mode  of  obtaining  the  expression  for  the  square  of  the  18-thic 
or  skew  invariant  /  in  terms  of  the  invariants  /,  K,  L  of  the  degrees  4,  8,  12 
respectively. 

If  instead   of  the  invariant  K   of  the  degree  cS  we  consider  the  invariant   D  [=  Q' 
as  before-mentioned]  of  the  same  degree,  this  is 


(a  +  6  +  c)}8  -  128ci2&2c-  (60  +  ca  +  «,&), 
-  128#?*a  4-  IBpV, 
J9  =  Norm  ((6c>*  4-  (oa)*  +  (at)'1)  ; 
and  we  have  also  the  following  covariants  : 
B  =  (—  ac,  ab  —  <ic  —  ic,  — 


(7  =  (—  ac,  -  3ac,  -  Sac,  a6  -  ac  -  6c,  -  36c,  -  36c,  — 


-     a-c3-!- 


+  (         -  lOac2  -f  lO&c-          -  2a6c)  «y 
106cs          +  2a6c)  «y 


-I-  (-  a6a  -     ac3  +     6c3  4-  68c  +  2a&c)  if 

=  (6  -  c)  aW  +  (o  -  a)  &y  +  (a  »  6)  o2^5 

-  a&c  (y  -jer)  (^-a)  (as-  y)  (yz+sw  +  ay). 

Article  No.  256.  —  Expression  of  the  IS-thio  Invariant  in  terms  of  the  roots. 

256.  It  was  remarked  by  Dr  Salmon,  that  for  a  quintic  (a,  &,  c,  d,  e,  fTfas,  y)5 
which  is  linearly  transformable  into  the  form  (a,  0,  c,  0,  e,  0$>,  ?/)°,  the  invariant  J 
is  =  0.  Now  putting  for  convenience  y  =  1,  and  considering  for  a  moment  the  equation 


*(«-£)(*-  7)  (0-  8)  («j-€)-0, 

then  writing  herein  -~  •  --  -    for  #,  the  transformed  equation  is 

n 


mat 
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1  —  ?72y8  *  1  —  -i ivy 

hence   w   may  be   so   determined  that  $  +  7'  may  be   =  0 ;  viz.   this  will   be  the    case- 
if  /3  H- 7  =  2??i$7,  or   m  =   -0     .     In   order   that   8'  -f  e'   may  be   =  0,  we   must   of  course 

CN      , 

have   ??2,±=-        ,  and  hence  the  condition  that   simultaneously  £'  +  7'  =  0  and  S'  +  e'=0  is 

5+7      S+e 

oo     =  02- ~  5    tha*    1S>   (p  +  7)8e  —  £7(8  +  e)  =  0.      Or    putting    x  —  a.    for    #    and    /8  — a,, 
^P7        ^0  e 

7  —  a,  &c.  for  &  7,  &c.,  we  have  the  equation 

(so -a) (go-  /3) (cc  - y)  (oc  -  8)  (a? -  e)  =  0, 


which  is  by  the  transformation  x  —  a  into 

J 


changed  into 
& 


-«')  (a;-  £')  («?-»/)  (fl?  -  SO  (a?  -  e)  =  0 


(where  a'  =  a),  and  the  condition  in   order  that  in  the  new  equation  it  may  be  possible 
to  have  simultaneously  £'  +  7'  -  2a'  =  0,  S'  +  e'  -  2a'  =  0,  is 


or,  as  this  may  be  written, 


0. 


1,     2a      ,     a2 

1,     ft  +  %     fa 
1,     S+e,     Se 

Hence  writing  &•  +  a'   for  a?,  the   last-mentioned   equation   is  '  the   condition  in   order  that 
the  equation 


may  be  transformable  into 


where  /8'  +  7'  =  0,  8'  +  e'  =  0,  that  is,  into  the  form  x((&  —  ft'2)  (xP  —  8/a)  =  0.  Or  replacing 
y,  if  we  have 

then  the  equation  in  question  is  the  condition  in  order  that  this  may  be  transformable 
into  the  form  (of,  0,  c',  0,  ef,  0]£#,  y)5;  that  is,  in  order  that  the  18-thic  invariant  / 
may  vanish.  Hence  observing  that  there  are  15  determinants  of  the  form  in  question, 
and  that  any  root,  for  instance  a,  enters  as  a2  in  3  of  them  and  in  the  simple  power 
a  in  the  remaining  12,  we  see  that  the  product 

1,     2<*     ,     a2 

1>     ft  +  %     @y 
1,     S+e,     Se 

20—2 


156  AN    EIGHTH    MEMOIR    ON    QU ANTICS.  [405 

contains  each  root  in  the  power  18,  and  is  consequently  a  rational  and  integral 
function  of  the  coefficients  of  the  degree  18,  viz.  save  as  to  a  numerical  factor  it  is 
equal  to  the  invariant  /.  And  considering  the  equation  (a,  .."$#,  y)fl=0  as  representing 
a  range  of  points,  the  signification  of  the  equation  /=()  is  that,  the  pairs  (/8,  7)  and 
(8,  e)  being  properly  selected,  the  fifth  point  a  is  a  focus  or  si bicon jugate  point  of 
the  involution  formed  by  the  pairs  (/8,  7)  and  (8,  e). 

Article    Nos.   257   to   267. — Theory  of  the   determination    of  the    Character   of  an 
Equation;   Auxiliars;   Facultative  and  Non-facultative  space. 

25*7.  The  equation  (a,  6,  c...$,r,  y)n  -  0  is  a  real  equation  if  the  ratios  a  :  b  :  r, .. 
of  the  coefficients  are  all  real.  In  considering  a  given  real  equation,  there  is  no  loss 
of  generality  in  considering  the  coefficients  (a,  i,  c . .)  as  being  themselves  real,  or  in 
taking  the  coefficient  a  to  be  =  1  ;  and  it  is  also  for  the  most  part  convenient  to 
write  y  =  l,  And  thus  to  consider  the  equation  under  the  form  (1,  6,  c..."$tr,  l)Jl  =  0. 
It  will  therefore  (unless  the  contrary  is  expressed)  be  throughout  assumed  that  the 
coefficients  (including  the  coefficient  a  when  it  is  not  put  =  1 )  are  all  of  them  real ; 
and,  in  speaking  of  any  functions  of  the  coefficients,  it  is  assumed  that  these  are 
rational  and  integral  real  functions,  and  that  any  values  attributed  to  these  functions 
are  also  real. 

258.  The   equation  (1,  &,  e...Qx,  l)'l  =  0,  with  a   real  roots  and  2/3  imaginary  roots, 
is  said   to  have  the  character  ar-f-S/Si;  thus  a  quintic  equation  will  have  the  character 
5r,  3?'  +  2i,  or  r-h4i,  according  as  its  roots  are  all   real,  or  as   it   has  a  single*  pair,  or 
two  pairs,  of  imaginary  roots. 

259.  Consider  any  m  functions  (-4,  B,  ...  If)  of  the   coefficients,  (wt=  or  <n).     For 
given  values  of  (A,  B,  ...  K),  non  constat  that  there  is  any  corresponding  equation  (that 
is,  the  corresponding  values  of  the  coefficients  (6,  c,  ...)  may  be  of  necessity  imaginary), 
but  attending  only  to  those  values  of  (A,  B,...K)  which  have  a  corresponding  equation 
or  corresponding  equations,  let  it  be  assumed   that   the   equations   which   correspond   to 
a  given   set   of  values  of  (A,  B,*..K)  have   a  determinate  character  (one  and  the  same 
for  all   such  equations):  this  assumption  is   of  course  a  condition   imposed  on  the  form 
of  the   functions  (A,  B,...K)\    and  any  functions  satisfying  the   condition  are  said   to 
be  " auxiliars."     It  may  bo  remarked  that   the  n  coefficients  (6,   c,  ...)  are    themselves 
auxiliars ;    in  fact  for  given   values   of  the   coefficients  there  is  only  a  single  equation, 
which  equation  has  of  course  a  determinate  character.     To  fix   the  ideas  we  may  con- 
sider the  auxiliars  (A,  B,...K)  as  the  coordinates  of  a  point  in  w-dimcnwional   space,  or 
say  in  m-space. 

260.  Any  given    point    in    the   7^-space   is    either   "facultative,"   that  is,   we   have 
corresponding  thereto   an  equation  or  equations  (and  if  more  than  one  equation  then  by 
what   precedes   these   equations  have    all    of   them    the    same   character),  or    else    it    is 
"non-facultative,"  that  is,  the  point  has  no  corresponding  equation. 

2G1.  The  entire  system  of  facultative  points  forms  a  region  or  regions,  and  the 
entire  system  of  non-facultative  points  a  region  or  regions;  and  the  m-space  iw  thus 
divided  into  facultative  and  non-facultative  regions.  The  surface  which  divides  the 
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facultative  and  non-facultative  regions  may  be  spoken  of  simply  as  the  bounding 
surface,  whether  the  same  be  analytically  a  single  surface,  or  consist  of  portions  of  more 
than  one  surface. 

262.  Consider   the  discriminant  D,  and   to  fix  the  ideas  let  the  sign  be  determined 
in    such   wise   that    D    is   +    or    —    according    as    the    number    of    imaginary    roots    is 
=  0  (mod.  4),   or   is   =  2  (mod.  4) ;   then    expressing   the   equation   D  =  0  in  terms  of  the 
auxiliars  (A,    5,...^),   we   have  a   surface,  say  the  discriminatrix,  dividing  the   m-space 
into   regions    for    which   D    is    +,    and    for    which    D    is    - ,   or,   say,    into    positive    and 
negative   regions. 

263.  A  given  facultative  or  non-facultative  region  may  be  wholly  positive  or  wholly 
negative,   or   it   may   be   intersected   by  the  discriminatrix  and   thus  divided  into  positive 
And   negative   regions.     Hence  taking  account   of  the   division  by  the   discriminatrix,  but 
attending   only    to    the    facultative    regions,    we    have    positive    facultative    regions   and 
negative  facultative  regions.     Now  using  the  simple  term  region  to   denote   indifferently 
a   positive   facultative   region   or  a  negative   facultative  region,  it   appears   from  the  very 
notion   of  a   region   as   above   explained   that   we  may  pass   from   any  point   in  a  given 
region  to   any  other  point  in  the  same  region  without   traversing  either  the  bounding 
surface   or   the   discriminatrix ;    and   it   follows   that    the   equations   which   correspond   to 
the   several   points  of  the  same  region  have  each  of  them  one  and  the  same  character; 
that  is,  to  a  given  region  there  correspond  equations  of  a  given  character. 

264*  It  is  proper  to  remark  that  there  may  very  well  be  two  or  more  regions 
which  have  corresponding  to  them  equations  with  the  same  character;  any  such  regions 
may  be  associated  together  and  considered  as  forming  a  kingdom ;  the  number  of 
kingdoms  is  of  course  equal  to  the  number  of  characters,  viz.  it  is  —  J  (n  +  2)  or 
i(/i 4-1)  according  as  n  is  even  or  odd;  and  this  being  so,  the  general  conclusion 
from  the  preceding  considerations  is  that  the  whole  of  facultative  space  will  be 
divided  into  kingdoms,  such  that  to  a  given  kingdom  there  correspond  equations  having 
<i  given  character;  and  conversely,  that  the  equations  with  a  given  character  correspond 
to  a  given  kingdom.  Hence  (the  characters  for  the  several  kingdoms  being  ascertained) 
knowing  in  what  kingdom  is  situate  a  point  (A,  B,  ...  JBT),  we  know  also  the  character 
of  the  corresponding  equations. 

265.  Any  conditions  which  determine  in  what  kingdom  is  situate  the  point 
(A}  B,  ...  K)  which  belongs  to  a  given  equation  (1,  6,  c  ...$«?,  1)^  =  0,  determine 
therefore  the  character  of  the  equation.  It  is  very  important  to  notice  that  the  form 
of  these  conditions  is  to  a  certain  extent  indeterminate;  for  if  to  a  given  kingdom 
we  attach  any  portion  or  portions  of  non-facultative  space,  then  any  condition  or 
conditions  which  confine  the  point  (A,  J5,  ...  K)  to  the  resulting  aggregate  portion  of 
space,  in  effect  confine  it  to  the  kingdom  in  question;  for  of  the  points  within  the 
.aggregate  portion  of  space  it  is  only  those  within  the  kingdom  which  have  corre- 
sponding to  them  an  equation,  and  therefore,  if  the  coefficients  (&,  c, ...)  of  the  given 
equation  are  such  as  to  give  to  the  auxiliars  (A,  B,  ...  K)  values  which  correspond  to 
a,  point  situate  within  the  above-mentioned  aggregate  portion  of  space,  such  point  will  of 
necessity  be  within  the  kingdom. 
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266.  In   the   case  where   the   auxiliars  arc   the   coefficients   (6,  c,  ...),  to   any  given 
values   of  the   auxiliars   there   corresponds   an   equation,   that   is,   all   space   is   facultative 
space.      And    the    division    into    regions    or    kingdoms    is    effected    by    means    of    the 
discriminatrix,   or    surface    D  =  0,   alone.     Thus    in    the    case    of    the    quadric    equation 
(1,  so,  y$Q,  1)2  =  0  the  w-space  is  the  plane.     We  have  D  =  aP-~y,  and  the  discriminatrix 
is   thus   the  parabola  #3  —  2/  =  0.     There   are   two   kingdoms,   each   consisting  of   a   single 
region,   viz.   the  positive  kingdom   or  region  (&•-  —  ?/  =  +)   outside   the   parabola,   and   the 
negative   kingdom   or  region  (xP  —  y  =  — )   inside   the   parabola,  which  have  the  characters 
2r  and   2i,   or    correspond    to    the   cases    of   two    real    roots    and   two    imaginary   roots, 
respectively.     And  the   like   as   regards   the   cubic   (1,  so,  y,  s^d,  l):t  =  0;   the   ?>/.-space   is 
here   ordinary  space,   D  =  —  ka&z  +  S^y  -f  §®yz  —  4$*  —  #2,   and    the   division   into   kingdoms 
is   effected   by   means   of   the   surface   D  =  0 ;    but   as   in    this    case   there    are   only   the 
two   characters  3r  and  r  +  2i,  there   can  be  only  the   two  kingdoms  D  =  +   and   1)  =  - 
having    these    characters    Sr    and    r  H-  2i    respectively,    and    the    determination     of    the 
character  of  the  ciibic  equation   is  thus  effected  without  its  being  necessary  to  proceed 
further,    or    inquire    as    to    the    form    or    number    of    the    regions    determined    by    the 
surface  J9  =  0:    I  believe   that    there    are   only  two    regions,  so    that   in    this  case  also 
each   kingdom  consists   of   a  single   region.     But  proceeding  in   the  same   manner,   that 
is,  with   the   coefficients  themselves  as   auxiliars,  to   the   case   of  a   quartic   equation,  the 
w-space    is    here    a    4-dimensional   space,  so   that   we   cannot   by   an    actual  geometrical 
discussion   show  how   the   4-space  is  by  the  discriminatrix   or  hypersurface   D  =  0  divided 
into    kingdoms    having    the    characters  4?*,    2?'-t-2i,    4i    respectively.     The    employment 
therefore  of  the   coefficients  themselves  as   auxiliary  although   theoretically  applicable   to 
an  equation   of  any  order  whatever,  can  in  practice   be   applied   only  to   the   cases   for 
which  a  geometrical  illustration  is  in  fact  unnecessary. 

267.  I  will  consider  in  a  different  manner   the   case   of  the  quartic,  chiefly  as  an 
instance  of  the  actual   employment  of  a  surface   in  the   discussion  of  the   character  of 
an  equation ;  for  in  the  case  of  a  quiiitic  the  auxiliars  are  in   the  sequel  selected  in 
such   manner  that  the   surface   breaks  up  into  a  plane  and  cylindei*,  and  the  discussion 
is  in  fact  almost  independent  of  the  surface,  being  conducted   by  means  of  the  curve 
(Professor  Sylvester's  Bicorn)  which  is  the  intersection  of  the  plane  and  cylinder. 


Article  Nos.  268 — 273. — Application  to  the  Quartic  equation. 

268.  Considering  then  the  quartic  equation  (c*,  6,  c,  d,  e$0,  1)4  =  0  (I  retain  for 
symmetry  the  coefficient  a,  but  suppose  it  to  be  =1,  or  at  all  events  positive),  then 
if  /,  /  signify  as  usual,  and  if  for  a  moment 

S-  =  a?d  -  Sabc  +  26a, 
Z  =  3aJ  +  2(62~ac)J, 
we  have  identically 

9  (Z>3  -  ac)*  X*  -  a2  (Z>2  -  ac)s  (I*  -  27  Ja)  -  a^Y* 
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(see    my    paper,    "  A    discussion    of   the    Sturmian    Constants    for    Cubic    and    Quartic 
Equations/'  Quart.  Math.  Joarn.,  vol.  iv.  (1861)  pp.  7—12),  [290].     And  I  write 

x  =    62  —  etc, 


269.  I  borrow  from  Sturm's  theorem  the  conclusion  (but  nothing  else  than  this 
conclusion)  that  (#,  y,  z)  possess  the  fundamental  property  of  auxiliars  (that  is,  that  the 
quartic  equations  (if  any)  corresponding  to  a  given  system  of  values  of  (#,  y,  z)  have 
one  and  the  same  character).  The  foregoing  equation  gives  9#32/2  —  s&z  —  y3  —  a  square 
function,  and  therefore  positive;  that  is,  the  facultative  portion  of  space  is  that  for 
which  9#3<j/a  —  sPz  —  y*  is  =+.  And  the  equation 


is   that   of    the   bounding  surface,   dividing   the  facultative    and  non-facultative  portions 
of  space. 

270,  To  explain  the  form  of  the  surface  we  may  imagine  the  plane  of  xy  to  be 
that  of  the  paper,  and  the  positive  direction  of  the  axis  of  z  to  be  in  front  of  the 
paper.  Taking  z  constant,  or  considering  the  sections  by  planes  parallel  to  that  of  xy, 

£  =  0,  gives  y'2  (9&*  —  y)  =  0,  viz.  the  section  is  the  line  y.=  0,  or  axis  of  x  twice, 
and  the  cubical  parabola  y  =  ^, 

<*  =  +) 


£=-K    the   curve    x*  =  A  f       has  two  asymptotes  y=±jv£,  parallel  to  and  equi- 

2y*  —  z 

<listant  from  the  axis  of  0,  and  Consists  of  a  branch  included  between  the  two 
parallel  asymptotes,  and  two  other  portions  branches  outside  the  asymptotes,  as  shown 
in  the  figure  (#  =  +). 
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£  =  —  ,    the    curve    a?~-z~~  —     has    no    real    asymptote,    and    consists    of    a    single 
vy~  —  # 

branch,    resembling    in    its    appearance    the    cubical    parabola    as    shown    in    the    figure 

(*--). 

Taking  #  as  constant,  or   considering  the   sections  by  planes  parallel   to   that  of  sy, 

if1 
the   equation   of   the   section   is  s  =  ty/2  —  ^  ,   which   is   a   cubical    parabola,   meeting   the 

plane   of   ay  in   a   point   on   the   cubical   parabola  //  =  9#:l,  and   also   in   a   twofold   point 
on  the  axis  of  a?,  that  is,  touching  the  plane  of  xy  at  the  last-mentionod  point. 

271.  The    surface    consists    of    a   single    sheet    extending    to    infinity,    the    form    of 
which   is   most    easily   understood   by   considering   the    sections   by   a   system    of    spheres 
having   the   origin   of  coordinates   for   their   common   centre.     These  sections   have   all  of 
them   the   same  general   form;   and   one   of  them    is   shown   fig.    1    of  the    Plate   at   the 
end  of  the  present  Memoir,  the  projection  being  orthogonal  on  the  plane  of  ivy  or  plane 
of  the  paper,  and   the  spherical   curve   being  shown,  the   portion   of  it   above  the  plane 
of  the  paper  by  a   continuous   line,  that  below   it  by  a   dotted   line   (the   double   point 
in   the   figure   is   thus   of   course   only   an   apparent   one):    the    same    figure-   shows    also 
the  sections  by  planes  parallel  to  that  of  xy  previously  shown  in  the  figures  (^=-f)  and 
<*--). 

272.  Now  considering    the    discriminatrix  D  =  0,  in    this  case    the  plane   s  =  0,   it 
appears   that  the  bounding  surface    and   this    plane   divide    space  into   six   regions,   viz. 
above   the  plane  of  the  paper  \vc  have  the   four  regions,  A  non-facultative,  B  facultative, 
A'  facultative,  Bf   non-facultative,  and   below   it   the  two   regions,  G  facultative,  C'  non- 
facultative.     There    are    thus    in    all    three    facultative    regions    A',    B,    C,   and    since 
A'  and  B  correspond  to  £  =  +,  these   must   have   the   characters   4r  and   4/,  and  it   is 
easy  by  considering  a  particular    case   to   show   that   B  has    the    character  4r,   and   A' 
the  character  4?i;   G  corresponds   to   J5  —  —  ,  and   can   therefore   only   havo   the  character 
2r  +  2i.      Hence,   for    any  given    equation,    fa   ?/,   z)    will    lie    in    one    of    the    regions 
(B,  A',  C),  and  if  fa  y,  *) 

is  in  the  region  B,  the  character  is  4?*, 
»  A'>  „  4i, 

C,  „  2r  +  2i. 

273.  It  is  right  to  notice  that   the  determination  of  the  character  is  really  made 
in  what  precedes;  the  determination  of  the  analytical  criteria  of  the  different  characters 
is  a  mere  corollary  ;   to  obtain  these  it  is  only  necessary  to  remark  that 

#  =  +  ,  #  =  +  ,  y  =  +    includes  the  whole  of  facultative  region  £, 
that  is,  fa  y,  z)  being  each  positive,  the  character  is  4?'; 


—  —       —  _  eack  a  part  and  together  the  whole 

*     of  facultative  region  Afy 
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that  is,  s  being  +,  but  (a?,  ?/)  not  each  positive,  the  character  is  4i  ; 

*  -  -  ,  ar  =  +  ,  2/  =  -M  m 

=  ,         _  __  I  include  each  a  part  and  together  the  whole 

of  facultative  region  C, 
as  =  -  ,  y  =  -  J 

#  =  —  •  ,  #  =  —  ,  y  =  +     does  not  include  any  facultative  space, 

that  is,  z  being  —  ,  the  character  is  2?"+2i;  and  the  combination  of  signs  #  =  —  r 
01  =  —  ,  y  =  +  is  one  which  does  not  exist. 

The  results  thus  agree  with  those  furnished  by  Sturm's  theorem  ;  and  in  particular 
the  impossibility  of  z  —  —  ,  #  =  —  ,  y  =  +  appears  from  Sturm's  theorem,  inasmuch  as 
his  combination  would  give  a  gain  instead  of  a  loss  of  changes  of  sign. 

Article  Nos.  274  to  285.  —  Determination  of  the  characters  of  the  quintic  equation. 

274.  Passing  now  to  the  case  of  the  quintic,  I  write 

J=  G, 
K  =  Q, 
J?=  Q', 
L  =  -U, 
I  =  W] 

viz.  J  is  the  quartinvariant,  K  and  D  are  octinvariants  (D  the  discriminant),  L  is- 
12-thic  invariant,  and  /  is  the  18-thic  or  skew  invariant.  Hence  also  J,  D,  211£-Jr* 
are  invariants  of  the  degrees  4,  8,  12  respectively;  and  forming  the  combinations 

2ui-/8          D  T 

»=  -jr—  >y  =  j*>*  =  J> 

I  assume  that  (sc,  y,  z)  are  auxiliars,  reserving  for  the  concluding  articles  of  the 
present  memoir  the  considerations  which  sustain  this  assumption. 

275.  The   separation   into   regions   is   effected  as  follows:—  We  have   identically  (see 
ante,      o.  2o 


2  -  72  J7AST  -  482J>  + 

or  putting  for  K  its  value  =  ^  («/2  -  J5),  this  is 

2s2/2-     J(J*-D?  +  &c., 

=     (/3  -  23li)2  (J*  -  3s  .  210i) 
+  DJ(-  4e76+  61  .  210J"SZ  4-  144  . 
6/s-210.29i) 


c.  vi.  21 
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or  writing  as  above 

2"  L  -  J3          D 
"!  --  JT—  •  IJ  =  ^' 
whence  also 

T 

i 

this  is 


or,  what  is  the  same  thing, 

2  .  2s2  ~  =-  -  an9  -  a? 

J* 


205ji;  +  125) 
_  290-17) 


+  J/-.2 

=      $(#,  y)  suppose. 
276.    Hence  also  writing  z  =  J,  we  have 

*(£(#,  y)  =  2.2"j8  =  +  , 
•or  the  equation  of  the  bounding  surface  may  be  taken  to  be 


that  is,  the  bounding  surface  is  composed  of  the  plane  #  =  (),  and  the  cylinder 
<f>  (x,  y)  =  0.  Taking  the  plane  of  the  paper  for  the  plane  z  =  0,  the  cylinder  meets 
this  plane  in  a  curve  <f>(®,  ?y)  —  0,  which  is  Professor  Sylvester's  Bicorn:  this  curve 
•divides  the  plane  into  certain  regions,  and  if  we  attend  to  the  solid  figure  and  instead 
of  the  curve  consider  the  cylinder,  then  to  each  region  of  the  plane  there  correspond 
in  solido  two  regions,  one  in  front  of,  the  other  behind  the  plane  region,  and  of  these 
regions  in  solido,  one  is  facultative,  the  other  is  non-facultative  (viz.  for  given  values 
of  (x,  y\  whatever  be  the  sign  of  <£(#,  j/),  then  for  a  certain  sign  of  z>  #<£(#,  y)  will 
be  positive  or  the  solid  region  will  be  facultative,  and  for  the  opposite  sign  of 
is,  z<j>  (x,  y)  will  be  negative  or  the  region  will  be  non-facultative).  It  hence  appears  that 
we  may  attend  only  to  the  plane  regions,  and  that  (the  proper  sign  being  attributed 
to  z>  that  is  to  J)  each  of  these  may  be  regarded  as  facultative.  It  is  to  be  added 
that  the  discriminatrix  is  in  the  present  case  the  plane  y  =  0,  or,  if  we  attend  only 
to  the  plane  figure,  it  is  the  line  y=?0;  so  that  in  the  plane  figure  the  separation 
into  regions  is  effected  by  means  of  the  Bicorn  and  the  line  y  =  0. 
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277.  Reverting  to  the   equation   of  the   Bicora,  and  considering  first   the  form   at 
infinity,  the  intersections   of  the   curve   by  the  line  infinity  are  given  by  the  equation 
ys  (2y  —  OG)  =  0,   viz.   there    is    a    threefold    intersection   ?/3  =  0,   and   a    simple    intersection 
2?/  ~  x  =  0  ;    the   equation   T/S  =  0   indicates  that  the   intersection    in  question  is  a  point 
of  inflexion,   the   tangent   at   the   inflexion   (or  stationary   tangent)   being   of    course   the 
line  infinity  ;    the   visible   effect  is,   however,  only  that  the   direction   of   the   branch   is 
ultimately   parallel   to   the  axis  of   at.     The  equation  2y  —  #  =  0  indicates  an   asymptote 
parallel     to     this     line,    and     the    equation    of    the    asymptote    is    easily    found    to    be 
2  y  -  ,r  +  5  =  0. 

278.  The   discussion   of  the   equation   would   show   that  the   curve   has  an   ordinary 
cusp  ;   and   a  cusp   of  the   second   kind,   or  node-cusp,    equivalent   to   a   cusp   and   node  ;. 
the   curve    is   therefore   a   unicursal    curve,   or  the   coordinates   are   expressible   rationally 
in  terms  of  a  parameter  $  \   we  in  fact  have 


whence  also 


279.  The  curve  may  be  traced  from  these  equations  (see  Plate,  fig.  2,  where  the 
bicorn  is  delineated  along  with  a  cubic  curve  afterwards  referred  to):  as  <f>  extends 
from  an  indefinitely  small  positive  value  e  through  infinity  to  -1-e,  we  have  the- 
upper  branch  of  the  curve,  viz. 

<£  =  e,  gives  #=00,    y  =  —  oo,  point  at  infinity,  the  tangent  being  horizontal, 

0-oc  ,          gives  a?  =  -l,  y-+,  the  node-cusp,  tangent  parallel  to  axis  of  y, 
<£  —  _  2,        gives  x  =  0,      y  =  0,  the  tangent  at  this  point  being  the  axis  of  a, 
0:=-l-e,  gives  so  =00,    y  =  -K  point  at  infinity  along  the  asymptote; 
and  as  <£  extends  from  ,*=-l+e  to  #  =  -e,  we  have  the  lower  branch,  viz. 
^  „  _  i  +  €f  gives  a)  =  -  oo  ,  y  =  -  oo  ,  point  at  infinity  along  the  asymptote, 

A  =  -4    <p  =  -76$f,  y«-41|5    the    CUSP>  shown  in    the    fiSure    out    of   its  Pr°Per 
position    (observe    that    for  ff  =  -78tf,    we   have   for  the   asymptote   y  =  -40^, 
so  that  the  distance  below  the  asymptote  is  -ff  ;  Professor  Sylvester's  value 
y  =  -25  for  the  ordinate  of  the  cusp  is  an  obvious  error  of  calculation). 
<£  =  _e,  0  =  -  oo  ,       y  =  -  QO  ,  point  at  infinity,  the  tangent  being  horizontal. 
The  class  of  the  curve  is  =4. 

280  The  node-cusp  counts  as  a  node,  a  cusp,  an  inflexion,  and  a  double  tangent; 
the  node-cusp  absorbs  therefore  (6  +  8  +  1=)  15  inflexions,  and  the  other  cusp 
8  inflexions;  there  remains  therefore  (24-15-8=)  1  inflexion,  vis.  this  is  the  inflexion 
at  infinity,  having  the  line  infinity  for  tangent;  there  is  not,  besides  the  tangent  at 
the  node-cusp,  any  other  double  tangent  of  the  curve. 
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281.  The   form   of  the   Bicorn,  so   far   as   it   is   material   for   the   discussion,  is   also 
shown   in   the   Plate,  fig.   3,  and  it   thereby  appears    that  it  divides   the   plane  into  three 
regions ;    viz.   these    are   the   regions   PQR   and  8,  for   each   of   which    <£  (#,   y)   is   =  — , 
and  the  region   TU,  for  which  <£(#,  y)  is   =4-;  that  is,  for  PQR  and  $  we   must  have 
«/=  — ,  and   for   TU  we  must   have   */=-K     Hence   in   connexion   with    the   bicorn,  con- 
sidering the  line  y-Q,  we  have   the   six   regions  P,  Q,  R,  S,  Tt  17.     It  has  just  been 
seen   that   for  P,   Q,   R,   S  we   have   /  =  — ,    and   for   T,    U   we    have   »/"=  +  ;    and   the 

*     r  i    -         -           t             A-               2UL-J»  D     ..         „      ,       ..  . 

sign   of   J    being  given,   the   equations   «;= JB    -  ,  y  =  -K,   then    nx    for    the    several 

regions  the  signs  of  2ni  —  /3  and  D,  as  shown  in  the  subjoined  Table ;  by  what 
precedes  each  of  the  six  regions  has  a  determinate  character,  which  for  R,  3,  and  U 
•(since  here  D  is  =  — )  is  at  once  seen  to  be  3r  +  2t,  and  which,  as  will  presently 
appear,  is  ascertained  to  be  5r  for  P  and  ?•  +  4i  for  Q  and  T. 

282.  We  have  thus  the  Table 

p,     £  =  +  ,     /=_, 
Q,     JD«  +  ,     </=-, 


-,  </=-,  ^z-j^ 


tT,       D--,       /=  +  ,       2"i-e/a=± 

so  that  we  have  the  kingdom  or  consisting  of  the  single  region  P,  the  kingdom 
r  +  4i  consisting  of  the  regions  Q  and  iT,  and  the  kingdom  3r  +  2i  consisting  of  the 
regions  Rt  S,  and  Z7. 

283.  For  a  given  equation  if  D  is  =  —  ,  the  character  is  3r  +  !2i;  if  /)  =  -}-,  /  =  +, 
the  character  is  r  +  4i  ;  if  J3  =  +  ,  J"  =  —  ,  then,  according  as  2ni  —  J*  is  =  +  or  is 
=  —  ,  the  character  is  or  or  r  -f  4i.  But  in  the  last  case  the  distinction  between  the 
characters  5r  and  r  +  4£  may  be  presented  in  a  more  general  form,  involving  a 
parameter  p,  arbitrary  between  certain  limits.  In  fact  drawing  upwards  from  the 
origin,  as  in  Plate,  fig.  3,  the  lines  a  —  2y  =  0  and  so  4-  y  =  0,  and  between  them  any 
line  whatever  #  +  /&y  =  0,  the  point  (#,  y),  assumed  to  lie  in  the  region  P  or  Q,  will 
lie  in  the  one  or  the  other  region  according  as  it  lies  on  the  one  side  or  the  other 
side  of  the  line  in  question,  viz.  in  the  region  P  if  x  +  py  is  —  —  ,  in  the  region  Q 
if  sc  +  py  is  —  -f.  But  we  have 


and  J  being  by  supposition  negative,  the  sign  of  2ni  -  J3  +  pJD  is  opposite  to  that 
of  M  +  py.  The  region  is  thus  P  or  Q  according  to  the  sign  of  2ui  —  </D  +  pJD  ;  and 
completing  the  enunciation,  we  have,  finally,  the  following  criteria  for  the  number  of 
real  roots  of  a  given  quintic  equation,  viz. 

If  D  =  —  ,  the  character  is  3r  •+•  2i, 

If  D  =  +  ,  J=  +  ,    then  it  is 
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But   if  !>  =  +  ,   J=—  ,   then  /*,   being  any   number   at  pleasure   between   the   limits   +1 
and  —  2,  both  inclusive,  if 

2"Z  -  J3  +  ^/jD  =  +  ,  the  character  is  or, 


„         „ 


284.     The   characters   5?'  of  the  region  P  and   r  +  4i  of  the  regions  Q  and  T  may 
bo  ascertained  by  means  of  the  equation  (a,  0,  c,  0,  e,  0£0,  1)5=0,  that  is 


there  is  always  the  real  root  0  =  0,  and  the  equation  will  thus  have  the  character  5r 
or  r+4i  according  as  the  reduced  equation  aO4-  +  10c02  +  50  =  0  has  the  character  4r 
or  4*.  It  is  clear  that  (a,  e)  must  have  the  same  sign,  for  otherwise  6s  would  have 
two  real  values,  one  positive,  the  other  negative,  and  the  character  would  be  2r  +  2i. 
And  (a,  e)  having  the  same  sign,  then  the  character  will  be  4*r,  if  0s  has  two  real 
positive  values,  that  is,  if  ae  —  5c2  is  =  —  ,  and  the  sign  of  c  be  opposite  to  that  of 
<i  and  e,  or,  what  is  the  same  thing,  if  ce  be  =  —  ;  but  if  these  two  conditions  are 
not  satisfied,  then  the  values  of  6*  will  be  imaginary,  or  else  real  and  negative,  and 
in  either  case  the  character  will  be  4r. 

285.     Now,  for  the  equation  in  question,  putting  in  the  Tables  b  =  d—f=Q,  we  find 


=      213  ce3  {2  (ae  -  c3)4  -  c2  (ae  +  3c8)3} 

=     213  ce3  (ae  -  5c2)  (2aV  +  c/,W  +  Sa&e  +  5c6). 


We  have  by  supposition  D  =  -h,  that  is,  ae  =  +  ;  hence  J  has  the  same  sign  as  ce\ 
whence  if  /=  +  ,  then  also  ce  =  +,  and  the  character  is  4i;  that  is  the  character  of 
the  region  T  is  rH-4i.  But  if  /  =  -,  then  also  ce  =  -.  But  ae  being  =4-,  the  sign 
of  2"i  —  J*  is  the  same  as  that  of  ce  (ae  —  5c2),  and  therefore  the  opposite  of  that  of 
<«e  —  5e?a:  hence  Z>  =  +,  /=  —  ,  the  quartic  equatipn  has  the  character  4r  or  4i 
according  as  2ni  —  J3  is  =4-  or  =—  .  Hence  the  region  P  has  the  character  5r  and 
the  region  Q  the  character  r-f  4i;  and  the  demonstration  is  thus  completed. 


Article  Nos.  286  to  293.— HEKMITE'S  new  fwm  of  TSCHIRNHAUSEN'S  transformation,  and 

application  thereof  to  the  qicintic. 

286.  M.  Hermite  demonstrates  the  general  theorem,  that  if  /(a?,  y)  be  a  given 
quantic  of  the  w-th  order,  and  <jf>  (%,  y)  any  covariant  thereof  of  the  order  n  -  2,  then 
considering  the  equation  f(x9  1)  =  0,  and  writing 
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(where  f£  (w,  1)  is   the   derived   function   of  /(&',  1)   in   regard   to   #),  then   eliminating 
#,   we   have    an   equation   in   8,   the   coefficients   whereof  are   all   of  them  invariants   of 


287.     In  particular  for  the  quintic  /(«?,  y)  =  (a,  6,  c,  c£,  e,  /$#,  y)n,  if 

&  fa   y),      0a(«o  y),      &  («',   2/)>      04  (&V   2/) 

are  any  four  covariant  cubics,  writing 


3  = 


(viz.  the  numerator  is  a  covariant  cubic  involving  the  indeterminate  coefficients 
t,  u9  v,  w)  then,  in  the  transformed  equation  in  z,  the  coefficients  are  all  of  them 
invariants  of  the  given  quintic.  Conducting  the  investigation  by  means  of  a  certain 
canonical  form,  which  will  be  referred  to  in  the  sequel,  he  fixes  the  signification  of  his 
four  covariant  cubics,  these  being  respectively  covariant  cubics  of  the  degrees  3,  ;>,  7, 
and  9,  defined  as  follows;  viz.  starting  with  the  form 


I  «  »  &  ,  c  ,  d 
b  ,  c  ,  d  ,  e 
c  ,  d  ,  *  ,  / 

--  3A  --3  (-4,  £,  (7,  fffo,  yy,  or  (-34,  -/*,  -0,  -3D&/;,  y)",  suppose, 
and  considering  also  the  quadric  covariant 

(a,  ft,  7$*,  y)s,  =5, 
then  </>1?  ^j,  </>3,  ^>4  are  derived  from  the  form 

(A,  B,  C, 
viz.  we  have 


y)}--3(^,  5,  0, 
(*,  y)}  -  +  8  (4,  5,  (7,  £$  -  £0  -  27^,  2ca- 


where   {^(a>,  y)}   and   {^(x,  y)}  are  the  functions  originally  called  by  him  <£,(«;,  y)  and 
^C*.  y):  those  ultimately  so  called  by  him  are 


C)  &  (#,  2/)  =  4  {&  (*,  y)}  + 
^t  (te,  y)  =  4  {04  fa  y)}  +  3  J^2  fa  y)  +  96^  fa 


1  M.  Hermite,  p.  17,  has  erroneously  written  0H(#,  y)+ 44^(0,  y),  instead  of  40s(ar,  y)  +  4fc(&,  y) ;  the 
latter  expression  is  that  which  he  really  makes  use  of,  and  the  formula  in  the  text  is  correct. 


405] 


AN   EIGHTH   MEMOIR   ON   QUANTICS. 


167 


where  fa  (x9  y)  is  the  cubicovariant  (-  27  A2D  +  9  ABC  -  25s,  .  .*$&,  yf  of  fa(x,  y)t 
=  (-3  A,  -5,  -  (7,  -3D$>,  T/)3,  ^  swprd. 

The  co  variant  03(#,  y)  has  the  property  that  if  the  given  quintic  (a,  ...$#,  y)5 
contains  a  square  factor  (Ix  +  my)*,  then  fa(%9  ?/)  contains  the  factor  ICG  +  my:  {fa(%,  y)} 
and  {fa(oi9  y)}  are  covariants  not  possessing  the  property  in  question,  and  they  were 
for  this  reason  replaced  by  fa($9  y)  and  fa  (so,  y)  which  possess  it,  viz.  fa(as9  y)  contains 
the  factor  Za?  +  ??iy,  and  $4(.#,  y)  contains  (fe-f  my)8,  being  thus  a  perfect  cube  when 
the  given  quintic  contains  a  square  factor. 

288.     The  covariants  fa  (as,  y)  and  fa(os,  y)  are  included  in  my  Tables,  viz.  we  have 

&0,  yH-3,D  of  142,  143, 

fafa  y)-"  K        » 

(observe  that  in  K  the  first  coefficient  vanishes  if  a  =  0,  6  =  0,  which  is  the  property 
just  referred  to  of  <j£>3(#,  y));  the  other  two  covariants,  as  being  of  the  degree  7  and  9, 
are  not  included  in  my  Tables,  but  I  have  calculated  the  leading  coefficients  of  these 
covariants  respectively,  viz. 

Table  No.  85  gives  leading  coefficient  (or  that  of  of)  in  <£3  (#,  y),  and 

Table  No.  86  gives  leading  coefficient  (or  that  of  of)  in  fafa  y)  [and  by  means 
thereof  we  have  the  values  of  the  covariants  in  question]. 

The  coefficients  in  question  vanish  for  a  =  0,  6  =  0,  that  is,  fa(x,  y)  and  fafa  y) 
then  each  of  them  contain  the  factor  y,  if  the  remaining  coefficients  of  fa(x,  y)  were 
calculated,  it  should  then  appear  that  for  a  =  0,  6-0,  those  of  afy,  osf  would  also 
vanish,  and  thus  that  fa  (eo,  y)  would  be  a  mere  constant  multiple  of  f. 


Table  No.  85  [=  leading  coefficient  of  16BJ-15DQ]. 


f63C6/S 


+    1 

aW 

1 

aWf* 

+    64 

6V3 

+  15 
-  32 

tfbcdf*  - 

94 
86 

$£/» 

-    54 
-    48 

Vdef 
6V 

-144 
+  135 

+  16 

tfbde*     - 

106 
96 

aPedef 

+  184 
-135 

6W 
63cd?/ 

+  108 

+  288 

63 

affiffif 

-272 

Wcde* 

-450 

tffdef    - 

188 
32 

abc*ef 

+  243 

-    66 

6W/ 

+    80 
-360 

tfccPf     + 

tt2^2       + 

60 

68 

at>c*d?f 
abc*de* 

+  212 

+  148 

VWto 

+  135 
+  360 

36 

abccfie 

-412 

Fed* 

-160 

abds 

+  144 

b<?f 

+  108 

ac*df 

-    36 

bc*de 

-180 

-    48 

kfffi 

+    80 

atfcPe 

+  124 

acW 

-    48 

+  32 


+  415 


+  1119 


+  1294 
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Table  No.  86  [=  leadiug  coefficient  of 


<*etf* 


+    9 
+  21 

-78 

•r  48 


aWdef*    4- 


9 

162 

99 

309 

12 

240 

81 

1026 
768 
738 
564 
1056 
756 
696 


aWdf*  4- 


+ 
<#b*cdef*- 

a*b*<Pf*  + 


120 
21 

486 
2160 
1023 

120 
1053 
1314 
1863 
2538 
2340 

672 
2820 
7812 
3024 
4572 

324 
3b88 
8748 
4800 


4-  14520 
-  11448 
4-  2592 


576 
672 
359 
3456 

864 
2094 
3915 
528 
45 

2592 
9747 
8496 
26610 
8544 
16650 
7'JO 
972 
4-  24048 

-  4464 
-  15984 

-  -  30108 
4-  35088 

-  8640 

-  7776 
+  5184 
4-  12960 

-  14400 
4-  3840 


+ 

4- 


6VW-V 


-f    1U^ 

-  1440 

-  192 

-  1080 
4-  2025 
+  25  J)  2 
4-  3546 
+  5280 

-  13500 

-  4800 
4-  7800 

-  648 

-  14040 
4-  3075 
4-  9120 
4-  16350 

19200 

4-  4800 

4-  4860 

-  3240 
~  8100 
4-  9000 

-  2400 


±78  ±  3258  ±  41253 

[The  values  thus  are  ^  (^,  y)  =  16BJ-15DG: 
289.     The  equation  in  z  is  of  the  form 


±124716 


±  6H040 


_ 

where  D  is  the  discriminant  of  the  quiutic  and  ?l,  5J,  (?,  2)  denote  rational  and 
integral  functions  of  the  coefficients  (a,  6,  c,  d,  e,  f).  And  the  co  variants  (j>,  (x,  y), 
fa(<B>  y\  ^»(*.  2/)>  ^(a'>  y}  having  the  values  given  to  them  above,  the  actual  value 
of  21  is  obtained  as  a  quadric  function  of  the  indetenniuates  (t,  w,  v,  «•),  viz.  this  is 

=  [Df  -  GBDtv  -  D  (A  -  10^5)  if]  +  D[-  Bv!-  +  W&w  +  9(££-  IQADj  w-], 

where  A=  25AB+  1QC,  these  quantities,  and  the  quantity  N(=  D,"  -  lOABDi  +  9JPD) 
afterwards  spoken  of,  being  in  the  notation  of  the  present  Memoir  as  follows: 


A 
S 
0 
D 
A 


J 

-K 
9L  +  JK 


(=    &), 
(=-Q), 
(=-9U+GQ), 
(-     Q'), 
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290.  If  by  establishing  two  linear  relations  between  the  coefficients  (t,  ut  v,  w) 
the  equation  2[  =  0  can  be  satisfied  (which  in  fact  can  be  done  by  the  solution  of  a 
quadric  equation),  then  these  quantities  can  be  by  means  of  the  relations  in  question 
expressed  as  linear  functions  of  any  two  of  them,  say  of  v  and  w\  and  then  the  next 
coefficient  33  will  be  a  cubic  function  (v,  w)s,  and  the  equation  S3  =  0  will  be  satisfied 
by  means  of  a  cubic  equation  (v,  w)3  =  0,  that  is,  the  transformed  equation  in  z  can 
be  by  means  of  the  solution  of  a  quadric  and  a  cubic  equation  reduced  to  the  trinomial 
form 


and    M.    Hermite   shows   that   the  equation   21  =  0   can  be  satisfied  as  above  very  simply,. 
and  that  in  two  different  ways,  viz. 

291.  1°.     31-0  if 

Dj*  -  QBDtv  -  (     A  -  104  B  )  tf  -  0, 
JJifr9  -  W&w  -  (9BD  -  IOA  A)  w2  =  0, 
that  is,  N  denoting  as  above,  if 

,     3BD+SNI) 

t=  -  j  -  v,       ^ 

292.  2°.     Writing  the  expression  for  SI  in  the  form 

A  (t*  -  Dv*  +  Wwu)  -  10-4DO  +  BD  (10  A^  -  6tv  -  u*  + 

then  21  =  0,  if 

t*  -  Dt;2  +  Wiw  -  IQADw-  =  0, 

10,AtP-6&-i6a+   9    Dw2  =  0. 
These  equations,  writing  therein 

t  =  ^*/J)T,      u=U+5AW,      v  =  ~-V,      w 
v2  v2 

become 


IOA  UW+  (25^12  -  9D)  TF2  =  03 
the  first  of  which  is  satisfied  by  the  values 


P  P 

and  then  substituting  for  T  and   F,  the  second  equation  will  be  also  satisfied  if  only 

a  =  5  A 


C.  VI.  22 
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Article  Nos.   293  to  295. — HERMITE'S  application  of  the  foregoing  results  to  the  deter- 
mination  of  the  Character  of  the  quintic  equation. 

293.  By  considerations  relating  to  the  form 

*  jfjDjp  _  GBDtv  -  D  (A  - 10.4£)  vs]  +  D[~  Bu?  +  W^iw  +  9BD  - 104 Aw3]  k 

M.  Hermite  obtains  criteria  for  the  character  of  the  quintic  equation  f(x,  1)  =  0. 

294.  If  D  =  - ,  the  character  is  3?-  +  2i,  but  if  D  =  + ,  then   expressing  the  fore- 
going form  as   a  sum  of   four   squares   affected    with  positive    or  negative  coefficients, 
the  character  will  be   5r    or   2  +  4i,  according   as    the    coefficients    are  all  positive,  or 
are  two  positive  and  two  negative.     Whence,  if  If  denote  as  above,  then  for 

J9=r  +  ,  .$"=:—,      A  —  +  ,  5  =  —  ,  character  is  5r, 

Z>  =  -i-,  iV—  — ,  5A  =  -1->1 
and  >  character  is    r  +  4i ; 

and  further,  the  combination  D  =  -f,  JV=-,  A  =  ~>  5  =  4-  cannot  arise  (Hcrmite's  first 
set  of  criteria). 

295.  Again,  from  the  equivalent  form 

1  f  ) 

—  J  jjj  (^  _  2)^2  +  2J)i^  -  10-dL-w;2)  +  BD  (WA  v*  —  6ft;  —  ifl  +  9Dt(;3)k 

\  j 

which,  if  o),  o>'  are  the  roots  of  the  equation  902~  10.40  +  J5  =  0,  is 


i 


eo  -  o      L  fl>     /  ft)  -  o> 

then  by  similar  reasoning  it  is  concluded  that 

2-9J)  =  +,  -4=-,  jBTss-,  character  is  5r, 


D  \i*) 

--  w]     K 
^     /  J  J 


(Hermite's  second  set  of  criteria.) 
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Article  Nos.  296  to  3QZ.~Comparison  with  the  Criteria  No.  283  :   the  Nodal  GiMc. 

296.     For   the   discussion   of    Hermite's    results,   it   is   to   be    observed    that   in    the 
notation  of  the  present  Memoir  we  have 


A=     J, 
B  =-K  -- 
D  =     D, 


=     IBV-JKL-K* 

=      {3=  .2flf-  14JL  (J*  -D)-  (J*  -  .D)'}, 


or,  putting  as  above, 

x  «  —^—  ,  y  =  j,,  and  therefore   1  +  ®  =  <~,  1  - 

we  have 

A  =       J, 


=~J°  {9(1 


It  thus  becomes  necessary  to  consider  the  curve 

^(#>  y)  -  2/3  -  S2/2  +  &cy  +  9^  +  117/4-105?=  0, 
the  equation  whereof  may  also  be  written 

5  =  (y  -  1)  \/25  -  9y. 


297.  This  is  a  cubic  curve,  viz.  it  is  a  divergent  parabola  having  for  axis  the 
line  9tf?-f-%  +  5:=0,  and  its  ordinates  parallel  to  the  axis  of  x\  and  having  moreover 
a  node  at  the  point  #  =  —  1,  y  =  +  1,  that  is,  at  the  node-cusp  of  the  bicorn  ;  the 
curve  is  thus  a  nodal  cubic;  we  may  trace  it  directly  from  the  equation,  but  it  is 
to  be  noticed  that  qud  nodal  cubic  it  is  a  unicursal  curve;  the  coordinates  oc,  y  are 
therefore  rationally  expressible  in  terms  of  a  parameter  ty;  and  it  is  easy  to  see  that 
we  in  fact  have 

81(0+1)=     ^2(^~8)> 


whence  also 

<fy_-18(T/r-4) 

<te~>(3^-16)' 

22—2 
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298.     We  see  that 

>Jr:=oo,  gives   0  =  00,  y=-oo,    point    at    infinity,   the    direction    of   the    curve 

parallel  to  axis  of  #. 

ty  =  9,          „     a  =  0,  y  =  0,  the  origin. 

^r  =  8,          „     0  =  — 1,  y  =  +  l,  the  node,  tangent  parallel  to  axis  of  y. 

^ ...  ^        M     /P  —  4|?^  y  —  ^f>_n  ?  tangent  parallel  to  the  axis  of  y. 

-\jr  =  4,          „     £C «  —  jy^L,  y  —  %jr>  tangent  parallel  to  axis  of  a). 

^  =  0,          „     /r  =  — 1,  w  =  +l,  the  node. 


y  =  -41jb  the  cusp  of  the  bicorn. 
^  =  -co,      „     a?  =  -oo,       y  =  -  oo,  point  at   infinity,   direction    of  curve   parallel   to 

axis  of  w. 

299.  The  Nodal   Cubic   is  shown  along  with  the   Bicorn,  Plate,  fig.   2;  it  consists 
of   one    continuous    line,  passing    from    a    point    at    infinity,  through    the    cusp    of   the 
bicorn,   on  to  the  node-cusp,  then    forming  a  loop  so   as   to    return   to  the  node-cusp, 
again  'meeting  the  bicorn  at  the   origin,  and  finally  passing  off  to  a  point  at  infinity, 
the  initial  and  ultimate  directions  of  the  curve  being  parallel  to  the  axis  of  0. 

300.  It   may  be  remarked  that,   inasmuch  as    one  of    the    branches    of  the  cubic 
touches  the  bicorn  at   the  node-cusp,  the  node-cusp   counts   as  (44-2=)  G  intersections  ; 
the  intersections  of    the  cubic  with   the  bicorn  arc   therefore   the  cusp,  the   node-cusp, 
and  the  origin,  counting  together  as  (2  +  6  +  1  =)  9  intersections,  and  besides  these  the 
point  at  infinity  on  the  axis  of  0,  counting  as  3  intersections.    This  may  be  verified 
by  substituting  in  the  equation   of    the  cubic  the  bicorn   ^-values  of  ®  and   y.^    But 
to  include  all  the  proper  factors,  we  must  first  write  the  equation  of  the  cubic  in  the 
homogeneous  form 

(9#  +  sij  +  5*)2  g  -  (y  -  *)*  (25*  -  Qy)  =  0, 
and  herein  substitute  the  values 


«  :  y  :  *  =  -< 
the  result  is  found  to  be 

<£*  {(<f>  +  1)  (4^  +  6$  -  9)*  -  (2£  +  3)3  (4<£3  +  4£3  +180  +  27)}  -  0, 
that  is 


and  considering  this  as  an    equation   of   the    order    12,   the    roots    are    0  =  0,    3   times, 
0--S,  1  time;   0  =  -f,  2  times,  and  0  =  oo  ,  6  times. 

301.  The  cubic  curve  divides  the  plane  into  3  regions,  which  may  be  called 
respectively  the  loop,  the  antiloop,  and  the  extra  cubic;  for  a  point  within  the  loop 
or  antiloop,  ^(«,  y)  is  «-,  for  a  point  in  the  extra  cubic  fy(x,  y)  is  =+.  If  in 
conjunction  with  the  cubic  we  consider  the  discriminatrix,  or  line  j/  =  0,  then  we  have 
in  all  six  regions,  viz.  y  being  =  +,  three  which  may  be  called  the  loop,  the  triangle, 
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and  the  upper  region;  and  y  being  =-,  three  which  may  be  called  the  right,  left, 
and  under  regions  respectively;  the  triangle  and  the  other  region  form  together  the 
antiloop. 

302.     It  is  now  easy  to  discuss  Herinite's  two  sets  of  criteria;   the  first  set  becomes 
y  =  -f  >     y  -  1  =  -,    J(x  +  y)  =+,     ^(0,  y)  =  -,    character  or, 

. 
character 


;y  =  +,  ^0,  y)  =  +J 

y  SB  +,     y  —  I  =*  +,    J(a  +  y)  =  —  ,    ^  (#,  y)  =  —  ,     cannot  exist. 

Referring-  to  the  Plate,  fig.  4,  which  shows  a  portion  of  the  cubic  and  the  bicorn, 
then  1°  the  conditions  y=+,ijrOB*  y)  =  -  imply  that  the  point  (#,  y)  is  within  the 
loop  or  within  the  triangle  of  the  cubic  ;  the  condition  y  —  1  =  -  brings  it  to  be 
within  the  triangle,  and  for  any  point  within  the  triangle  we  have  #H-y  =  —  ,  whence 
also  the  condition  /  (x  +  y)  =  +  becomes  J  =  —  ;  hence  the  conditions  amount  to 
J  =  —  ,  (#,  y)  within  the  triangle  ;  but  by  the  general  theory  (x,  y),  being  within  the 
triangle,  that  is,  in  the  region  P  or  T,  if  /=  —  ,  will  of  necessity  be  within  the  region 
P;  so  that  the  conditions  give  J=—,  (at,  y)  within  the  region  P;  the  corresponding 
character  being  or,  which  is  right. 

2°.  y  =  4-,  ty(#i  y)=—  ,  the  point  (a?,  y)  must  be  within  the  loop,  or  within  the 
triangle  ;  if  (SB,  y)  is  within  the  loop,  then  y  —  1  =  +  ,  #  +  y  ~  1,  and  the  condition 
J  (y  —  l)(#+y)  =  4-  becomes  /=—  ,  that  is,  we  have  J"  =  —  and  (a?,  y)  within  the  loop, 
that  is,  in  the  region  T.  And  again,  if  (x,  y)  be  within  the  triangle,  then  y  —  1  —  —  , 
tf;  +  y  =  4-,  and  the  condition  J(y  —  1)  (#-fy)  =4-  still  gives  /  =  —  ;  but  J=—}  and 
(a?,  y)  within  the  triangle,  that  is,  in  the  region  T  or  P,  will  of  necessity  be  in 
the  region  T\  so  that  in  either  case  we  have  /=—  ,  (CD,  y)  in  the  region  T}  which 
agrees  with  the  character  r  -f  4d. 

3°.  y=+,  ^(#»  y)  =  H-,  (X  y)  is  in  the  upper  region,  that  is,  in  the  region 
Q  or  iP;  if  (#,  y)  is  in  the  region  Q,  then  of  necessity  /  =  -,  and  if  in  the  region  T, 
then  of  necessity  */=  +  ,  that  is,  we  have 

/  =  —  ,  (#,  y)  in  the  region  Q,  or 
/=-!-,  (%}  y)  in  the  region  P, 
which  agrees  with  the  character  r  +  4£ 

And  it  is  to  be  observed  that  the  portions  of  T  under  2°  and  3°  respectively 
make  up  the  whole  of  the  region  T,  and  that  3°  relates  to  the  whole  of  the  region  Q, 
so  that  the  conditions  allow  the  point  (x,  y)  to  be  anywhere  in  Q  or  T,  which  is 
right. 

4°t  y  =  -f,  >^(^,  y)  =  —  ,  (#,  y)  is  in  the  loop  or  the  triangle;  and  then  y  —  !  =  -{- 
implies  that  it  is  in  the  loop,  whence  &+  y  =  -K  and  the  condition  Jr(a?  +  y)  =  — 
becomes  J«  —  ;  we  should  therefore  if  the  combination  existed  have  */"=—,  (a?,  y) 
within  the  loop,  that  is,  in  the  region  T]  but  this  is  impossible. 
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303.     Hermite's  second  set  of  criteria  arc 

y  =  +,    2$.  -  y  =  -K     e7=  -,     ^  (X  y)  «  -,  character  5r, 

character 


1°.  If  y  =  +,  ^O,  2/)  =  -3  then  the  point  (#,  ?/)  must  be  situate  within  the  loop 
or  within  the  triangle;  and  recollecting  that  at  the  highest  point  of  the  loop  wo  have 
y~Z£t  the  condition  4f-?/=-f  is  satisfied  for  every  such  point,  and  may  therefore  be 
omitted.  The  conditions  therefore  are  /=-,  (a?,  y)  within  the  loop,  that  is,  in  the 
region  T,  or  within  the  triangle,  that  is,  in  the  region  P  or  the  region  T\  but  for 
any  point  of  T  the  general  theory  gives  Jr=+,  and  the  conditions  are  therefore  J=—  , 
(x,  y)  within  the  region  P  ;  which  agrees  with  the  character  5?\ 

2°.  ?/  =  +,  ^(#,  y)ss  +  9  that  is,  (as,  y)  is  within  the  upper  region,  that  is,  in  the 
region  Q  or  T;  and  %$--y~+,  (#,  y)  will  be  within  the  portions  of  Q  and  T  which 
lie  beneath  the  line  y  =  ^p-;  but  /=  —  ,  and  therefore  (#,  y)  cannot  lie  in  the  region 
T\  hence  the  conditions  amount  to  /=-,  (%,  y)  within  that  portion  which  lies 
beneath  the  line  y  =  ^  of  the  region  Q. 

3°.  2/  =  -h,  ^-y  =  +,  (#,  y)  lies  beneath  the  line  y  =  -^f,  viz.  in  ono  of  the 
regions  P,  Q  QT  T;  but  J"=+,  (#,  y)  cannot  lie  in  the  region  P  or  Q;  hence  the  con- 
ditions give  «/=+,  (®,  y)  within  the  portion  which  lies  beneath  the  line  y  =  $$-  of  the 
region  T. 

4°.  y=:+}  ^-^is.-,  that  is,  (a?,  ?/)  lies  above  the  line  2/  =  ^,  and  therefore  in 
one  of  the  regions  T  or  Q;  and  by  the  general  theory,  according  as  (#,  y)  lies  in  T 
or  in  Q,  we  shall  have  /=+  or  /=-,  hence  the  conditions  give 

/  =  —,  (^  j/)  within  the  portion  which  lies  above  the  line  y  =  ^,  of  the  region  Q, 
/  =  +,  (#;  y)  within  the  portion  which  lien  above  the  line  y  =  ^-}  of  the  region  T. 

2°,  3°,  and  4°,  each  of  them  agree  with  the  character  r  +  4i,  and  together  they  imply 
J  =  —,  (a?,  y)  anywhere  in  the  region  Q,  or  else  J=-f,  (oc,  y)  anywhere  in  the  region  T\ 
which  is  right, 


Article  Nos,  304  to  30*7.  —  HERMITE'S  third  set  of  Oriteria;   comparison  with  No.  283, 

and  remarks. 

304.  In  the  concluding  portion  of  his  memoir,  M,  Hermite  obtains  a  third  set  of 
criteria  for  the  character  of  a  quintic  equation  ;  this  is  found  by  means  of  the  equation 
for  the  function 


of  the   roots   (00,  019  0*,  03,  04)   of  the  given  quintic  equation  (a,  b,  c,  d,  e,  /$#,  1)B  =  0. 
The  function  in  question  has  12  pairs  of  equal  and  opposite  values,  or  it  is  determined 
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by  an  equation  of  the  form  (uz,  1)13=0,  which  equation  is  decomposable,  not  rationally 
but  by  the  adjunction  thereto  of  the  square  root  of  the  discriminant,  into  two  equations 
of  the  form  (u*,  1)6  =  0;  viz.  one  of  these  is 


+  w8  [i(a-VA)2H-A] 
-•w6  d 

+  K*  [i  (a  4-  VA)2+A]A 
+  u*  (a  -  3  V  A)  A3 


and  the  other  is  of  course  derived  from  it  by  reversing  the  sign  of  VA.  I  have  in 
the  equation  written  (a,  d)  instead  of  Hermite's  writing  capitals  A,  D]  the  sign  — 
of  the  term  in  u*  instead  of  +,  as  printed  in  his  memoir,  is  a  correction  communicated 
to  me  by  himself.  The  signification  of  the  symbols  is  in  the  author's  notation 


A  =  56D, 

whence,  in  the  notation  of  the  present  memoir,  the  expressions  of  these  symbols  are 


a  = 

d  =  -  £510  (2n£  -  J"3  -  f  JD), 
A=    5'D. 

305.  From  the  equation  in  u,  taking  therein  the  radical  \/A  as  positive,  M.  Hermite 
obtains   (d  <  0  a  mistake  for  d  >  0)   the   following  as  the  necessary  and  sufficient  con- 
ditions for  the  reality  of  all  the  roots, 

A  =  +,    a  +  3  VA  =  —,     d  =  -h,     character  5r 
(Hermite's  third  set  of  criteria). 

306.  It  is   clear   that  a+SVA  =  —  is  equivalent  to  (a  =  —  and  a2  —  9A  =  +),   and 
we  have  a2—  9A  ~  55(125Jra  —  9D),  so  that  these  conditions  for  the  character  5r  are 


Now,  writing  as  above, 

-  J"8  D 


these  are  y  =  +,  */"  =  -,  *^-y  =  +>  ®~~  fy-  —  5   tne  conditions  y  =  +,  J*=-  imply  that 
{#,  y)  is  in   the  region  P  or  the  region    Q\  and  the  condition  a?  —  fy  =  —  (observe  the 
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line  0  -  f  y  =  0  lies  between  the  lines  at  +  y  =  0,  0  -  2y  =  0,  and  so  does  not  cut  either 
the  region  P  or  the  region  Q)  restricts  fa  y)  to  the  region  P  ;  and  for  every  point 
of  P  y  is  at  most  =1,  and  the  condition  xjp-y  =  +  is  of  course  satisfied.  The  con- 
dition, 125Ja-9D  =  -K  is  thus  wholly  unnecessary,  and  omitting  it,  the  conditions  are 


1)==+,     </==-,     211i-Jr3~fJrJ5  =  0,     character  5?-, 
which,  —  |  being  an  admissible  value  of  p,  agrees  with  the  result  ante,  No.  283. 

307.  It  may  be  remarked  in  passing  that  if  12345  is  a  function  of  the  roots 
fa,  ffa,  sc3,  x4,  -n)  of  a  quintic  equation,  which  function  is  such  that  it  remains 
unaltered  by  the  cyclical  permutation  12345  into  23451,  and  also  by  the  reversal 
(32345  into  15432)  of  the  order  of  the  roots,  so  that  the  function  has  in  fact  tho 
12  values 

^  =  12345,     ft  =  24135, 


«,,= 

13425,     , 

fi3  =  32145, 

a3  = 

14285,     , 

&  =  43125, 

«4  = 

21435, 

/S4  =  13245, 

a,- 

31245, 

ft  =  14325, 

«,= 

41325,    , 

&-  12435, 

then  <f>  (a,  0)  being  any  unsymmetrical  function  of  (a,  y8),  the  equation  having  for  its 
roots  the  six  values  of  <£(a,  0)  (viz.  4>(ai>  &X  $(aa>  &)•••  <£(ao>  $»))  c^1  be  expressed 
rationally  in  terms  of  the  coefficients  of  the  given  quintic  equation  and  of  the  square 
root  of  the  discriminant  of  this  equation.  In  fact,  v  being  arbitrary,  write 

.    L  =  n6  [v  -  $  (*,  /3)},  M  =  nc  {*,  -  4  os,  «>}, 

then  the  interchange  of  any  two  roots  of  the  quintic  produces  merely  an  interchange 
of  the  quantities  L,  M\  that  is, 

L  4-  M  and  (L  —  Jf  )  --  f*  (#!,  £2,  #y,  #4,  #3) 

are  each  of  them  unaltered  by  the  interchange  of  any  two  roots,  and  are  consequently 
expressible  as  rational  functions  of  the  coefficients  ;  or  observing  that  fH^i*  #a>  #*»  %*>  #») 
is  a  multiple  of  VjD?  we  have  £  a  function  of  the  form  P  -f  Q  Vi)  ;  the  equation 
i  =  0,  the  roots  whereof  are  v  —  <f>(al9  0i)  ...  -y  =  <£  (a0j  /Sfl),  is  consequently  an  equation 
of  the  form  P+QVD  =  0,  viz.  it  is  a  sextic  equation  (*$X  1)G  =  0.  the  coefficients  of 
which  are  functions  of  the  form  in  question.  Hence  in  particular 

<tf  =  12345  =  fa  - 

is  determined  as  above  by  an  equation  (*$y,  1)6  =  0.  Another  instance  of  such  an 
equation  is  given  by  my  memoir  "On  a  New  Auxiliary  Equation  in  the  Theory  of 
Equations  of  the  Fifth  Order/'  Phil.  Trans,  vol.  CLL  (1861),  pp.  263—276,  [268]. 
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Article  Nos.  308  to  317.  —  HERMITE'S  Canonical  form  of  the  quintic. 

308.  It  was  remarked  that  M.  Hermite's  investigations  are  conducted  by  means 
of  a  canonical  form,  viz.  if  A(=J,  =G)  be  the  quartinvariant  of  the  given  quintic 
(a,  6,  c,  d,  e,  f$sc,  y)5,  then  he  in  fact  finds  (X,  F)  linear  functions  of  (#,  y)  such  that 
we  have 

(a,  6,  o,  d,  e,  /$>,  y)5  =  (X,  /*,  V&,  <fk,  /,  V£Z,  F)5 

(viz.  in  the  transformed  form  the  two  mean  coefficients  are  equal;  this  is  a  convenient 
assumption  made  in  order  to  render  the  transformation  completely  definite,  rather  than 
an  absolutely  necessary  one)  ;  and  where  moreover  the  quadricovariant  B  of  the  trans- 
formed form  is 

=  VX5TF, 

or,  what  is  the  same  thing,  the  coefficients  (\  p>  */k,  V&,  //,  V)  of  the  transformed  form 
are  connected  by  the  relations 

\p!  -  4/4  V&  -f  3&  =  0, 


XV  -  3/*/     -h  2&  = 


the    advantage    is    a    great    simplicity   in    the    forms    of    the    several    covariants,    which 
simplicity   arises   in   a  great  measure   from   the   existence   of   the   very  simple   covariant 

operator  -yy  .  ^>  (viz,  operating  therewith  on  any  covariant  we  obtain  again  a  covariant). 

309.     Eeversing  the   order  of  the   several   steps,  the  theoiy  of  M.   Hermite's  trans- 
formation may  be  established  as  follows: 

Starting  from  the  quintic 

(a,  6,  c,  d,  e,  /$>,  y)s, 


and  considering  the  quadricovariant  thereof 

(«,  A  <&*,  y)2 

((a,  /3,  7)  are  of  the  degree  2),  and  also  the  linear  covariant 


((P,  Q)  are  of  the  degree  5),  we  have 

y82- 
and  moreover 

(«, 

viz.  the  expression  on  the  left  hand,  which  is  of  the  degree  12,  and  which  is  obviously 
an  invariant,  is  =  —  G,  where  C  is  (ut  suprct,) 


o.  vi.  23 
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The  Jacobian  of  the  t\vo  forms,  viz. 


P      ,     0 

-#(2a<3-/3P)+ 
is  a  linear  covariant  of  the  degree  7,  say  it  is 


and  it  is   to  be   observed  that  the   determinant   PQ'  —  P'Q  of  the  two   linear   forms   is 
=  -2  (a,  ft,  7$Q,  -P)2,  that  is,  it  is  =  20. 


310,     Hence  writing 


whence  also 


the  determinant  of  substitution  from   (X,    Y)  to  (Z7,   U)  is   =2,   that  from  (Tt    U)  to 
(#,  y)  is  •77^2(7,  =|,  and  consequently  that  from  (X,  Y.)  to  (#,  y)  is  =1, 

TcO 

We  have 


or  putting  for  P',  Q'  their  values,  this  is  =  -^  into  4  (a,  /3, 

that  is,  we  have 

AT*  -  J72  = 
and  we  have  also 


consequently 

311.     We  have 

*-  *   (    QT-QZ7), 
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so   that,   pausing  a    moment   to   consider  the   transformation   from   (so,  y)   to   (T3  £7),  we 
have 

(ci,  6,  c,  d,  *,/$>,  yy^-JLfo  6,  c,  d,  «,/$QT-QET,     -PT+PZ7)8 
=  -(a,  b,  c,  d,  e,  F&27,  Z7)5  suppose, 


where  (a,  b,  c,  d,  e,  f)  are  invariants,  of  the  degrees  36,  34,  32,  30,  28,  26  respectively; 
it  follows  that  b,  d,  f  each  of  them  contain  as  a  factor  the  18-thic  invariant  /,  the 
remaining  factors  being  of  the  orders  16,  12,  8  respectively. 

312.     That   (a,  b,  c,  d,  e,  f)  are   invariants   is   almost   self-evident  ;    it   may   however 
be  demonstrated  as  follows.     Writing 

{yd9}  =    a86  +  269C  +  3c3d  +  4<dd&  +  5edf,  =  8  suppose, 
Bddc  -f  2edd  +  fdc>  =  ^       „ 


then   Ptf  +  Qy,   P'x+  Q'y  being   covariants,  we   have    SP=0,    8Q  =  P,   SP'  =  0,    8^'  =  ^, 
whence,  treating  T,  U  as  constants,  8  (Q'T  -  Q  U)  =  P'T  -PU,S(-  P*T  +  P  U)  =  0.     Hence 


S(«,  6,  c,  d,  etf^Q'T-QU,  -FT+PU)* 

=     5(o,  6,  c,  d,  eQQ'T-QU,  -PT+Pi7)4.(-PT-i-Pi7) 
+  6(0,  &,  c,  d,  <#  „  „  )*.(    PT-PZ7) 

+  5  (&,  c,  d,  e,  /  J  „  ,  )4      .  0, 

the  three  lines  arising  from  the  operation  with  8  on  the  coefficients  (a,  6,  c,  d,  e,  f} 
and  on  the  facients  Q'T—QU  and  —  PT  +  PZ7  respectively;  the  third  line  vanishes  of 
itself,  and  the  other  two  destroy  each  other,  that  is, 

8  (a,  6,  c,  d,  e,f$ffT-QU>  -PT+PZ7)5  =  0,  and  similarly 
SA(a,  6,  c,  d,  e,f%$T-QU,  -PT+PJ7)5-  0, 


or  the  function  (a,  6,  c,  d,  e,  /$QT-  Q!7,  -PT+PtT)5,  treating  therein  T  and  tf  as 
constants,  is  an  invariant,  that  is,  the  coefficients  of  the  several  terms  thereof  are  all 
invariants. 

313.     The   expressions  for  the  coefficients  (a,  b,  c,  d,  e,  f)  are  in   the   first  instance 

obtained  in  the  forms 

a-     2(i+5M7+10C'2), 


e-     2(1  - 

6M'0)A-*, 

23—2 
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where,  developing  M.  Hermite's  expressions, 
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72L  = 

24J7= 

24Z'  = 

24Jf'  - 

A7B       +      I 

-44#      -     1 

^^7     +     1 

7+1 

A6C*      +      1 

^3<7      -     1 

CI       +     5 

A*JB*      +       6 

A*JB*     -     3 

A*BC    -    24 

ABC    +  12 

A*B*      +       9 

<72        +  24 

A*&      -    39 

A*&C    +       9 

ABC*     +  108 

C"          +    72 

and  substituting  these  values,  we  find 


36a  = 

36b« 

36o  = 

36d  = 

36e  = 

36f= 

;O      +         1 

^1W  -    3 

A*B     +      1 

ABI    -     3 

A*B      +    1 

J?7  -  3 

A«C*    +        1 

^4C7    -  24 

A*C     +      1 

£77       -    12 

y!4£7      +    1 

^l8^3    +        6 

^I4j52   +      ti 

A*IP     +    6 

A*BC  -      39 

^3J5a-    27 

^12J50   -   15 

-4^    +        9 

^l2^3  +      9 

AB*      +    9 

A*C*    -      54 

42C2  -    42 

;1C2      -  30 

A*£C  -      36 

J5C8    +  144 

JEPC      +  36 

^t^O2  +    288 

C*        +  1152 

I  have  not  thought  it  worth  while  to  make  in  these  formulae  the  substitutions  A~Jt 
B  —  —  K,  C  =  9i  +  JK9  which  would  give  the  expressions  for  (a,  b,  c,  d,  e,  f)  in  terms 
of  J,  #,  L. 

314    Substituting  for  (#,  y)  their  values  in  terms  of  (X y  lr),  we  have 
(a,  6,  c,  d,  e,  /$>,  yf 


by  what  precedes 
this  gives 
and  thence 


(\,  /*,  v,  v',  /*',  X-'$-2"»  ^  suppose, 
aa?  +  pay  +  yy*  = 


&  (a,  b,  c,  d,  e,f$a, 


=  1804 
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the  left-hand  side  is  a  linear  covariant  of  the  degree  5,  it  is  consequently  a  mere 
numerical  multiple  of  Pa  +  Qy;  and  it  is  easy  to  verify  that  it  is  =  120(P#  +  Qy). 
(In  fact  writing  b=d  =  e  =  Q,  the  expression  is  (3c237/  -  afd^y  (aa?  +  10c#y  +Jtf)9  and 
the  only  term  which  contains  x  is  aa/a  .  3^  .  lOca^y9  =  120a2c/2.#  ;  but  for  6  =  d  =  0  =  0, 
Table  <7  gives  Px  =  a*cf*v,  and  the  coefficient  120  is  thus  verified.)  But 


^ 
+  ^)>   and   we    have    thus  ^  —  ^  -  17=  *  whence    not    only   v  =  i/9   =  A/A? 

(7 
suppose,  but  we  have  further  &=  -4-^,  a  result  given  by  M.  Hermite, 

315.     Substituting  for  v  =  v'  the  value  VA,  we  have 
(a,  b,  c,  d}  e,  /$>,  y)* 

-(*  5.  *  *  */! 


and  we  have  then  ouP  +  ftey  +  yi/***)/AXY9  viz.  the  left-hand  side  being  the  quadri- 
covariant  of  (a,  b,  c,  d,  e,  f$a),  y)s,  the  equation  shows  that  the  quadricovariant  of  the 
form  (X,  p,  V&,  A/A?,  /,  X'JZ,  F)6  is  =VZZF,  and  we  thus  arrive  at  the  starting-point 
of  Hermite's  theory. 

316.  The  coefficients  (X,  /*,  A/A,  v%,  ///,  X7)  of  Hermite's  form  are  by  what  precedes 
invariants;  they  are  consequently  expressible  in  terms  of  the  invariants  A,  E>  C  (and  /). 
M,  Hermite  writes 

XX'  =  #,     ^'  =  A, 
and  he  finds 


or,  what  is  the  same  thing, 

« 

? 


which  give  ^r,  7i,  A  in  terms  of  -4,  B,  G,  and  then  putting 

A  =  (9A2  +  16AA  -  #A)3  -  24AA3,  =  ^7 

-A 

(the   equation  J2  =  -47A  is  in  fact  equivalent  to  the  before-mentioned  expression    of  J2 
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[405 


in   terms  of  the  other  invariants),  the   coefficients   (X,  p,  fif,  X')  are   expressed   in  terms 
of  (f,  k,  k,  that  is  of  A,  B,  G,  viz.  we  have 

'  72  V/c'X  =  A  (<7  -  16A:)2  -  9k  (g  +  16k)  +  (y  -  16k)  VA, 
24  VAfy,  =  9A?  +  16/iJb  -  tf/i  -  VA, 

24  VAV  =  9A2  +  1G/J  &  -  gh  +  VA, 

72  VAl°X'  =  A (.7 -  IGfc)" -  9A (flr  +  16k)  -(g-  16k)  VA  ; 

these  values  of  (\,  p,  pS,  X')  could  of  course  be  at  once  expressed  in  terms  of  (J,  A',  L}, 
but  I  have  not  thought  it  necessary  to  make  the  ti-ansforaratiou. 

317.     It  has  been  already  noticed  that  the  linear  covariant  (0,  =  Px  +  Qy),  was 

=  VI  (VA;,  V&£.Y,  F), 
it  is  to  be  added  that  the  septic  covariant  (P'x  +  Q'y)  in 

=  VZ3  (V3fc,  -  VS$.Y,  Y), 
nnd  that  the  canonical  forms  of  the  cubieovariants  ^  (a;,  y),  &c.  are  as  follows : 

,  Y)  =VI(/a,      3V/,-,      3VA-,      fSfrX,  YY, 
,  Y)  =    A  (ft,        VI-,  -     V/fc,  -^Z,  D», 


»( 
-8( 


fa  (X,  F)  =  V,48  f        (7  VJ./*        +  96  (2  V/<?  -  3/iX-        +  /u>2))^ " 
-  3  (3  V  J.     V*  -  96  (    V*5  +  ^  \/k  -  2/t*A  )), 
+  3  (3  VI"    VS  -  96  (    V*8  -f-  ^'  V£  -  2//j )), 
—     (7  V5.X       4-  96  (2  V^  —  S/^'fr       -f  ppf*)) 
or,  as  the  last  formula  may  also  be  written, 

</>4  (X,  Y)  =  VZ»  I"        ((7^  -   53A  +  HOA)  /A       -  64V  V£'),R 
I  -  3  ((80  -f  151A  -   90k)  ^k    -  64\V     ), 
3  ((3#  +  151A  —    90&)  Vfc     -  64X/Lt/a    ), 
u/      -64\>Vi), 
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It    is    in    fact    by    means    of    these    comparatively    simple    canonical    expressions    that 
M.  Hermite  was  enabled  to  effect  the  calculation  of  the  coefficient  21. 


Article  Nos.  318  to  326.  —  Theory  of  the  imaginary  linear  transformation  which  lead  to 

a  real  equation. 

318.  An  equation   (a,  b,  c,  ...$#,  2/)7l  =  0   is   real   if  the   ratios   a  :  b  :  c,  &c.  of  the 
coefficients   are   all   real.      In    speaking    of    a    given   real  equation   there    is    no    loss    of 
generality  in  assuming  that   the   coefficients  (a,  6,  c,  ...)  are   all  real;   but  if  an  equation 
presents   itself  in   the  form   (a,  b,  c,  ...}[#,  y)n  =  Q  with   imaginary  coefficients,  it  is  to  be 
borne   in   mind   that  the   equation    may   still   be   real;   viz.   the   coefficients   may   contain 
an    imaginary  common    factor    in    such    wise    that    throwing    this    out    we    obtain    an 
equation  with  real  coefficients. 

In  what  follows  I  use  the  term  transformation  to  signify  a  linear  transformation, 
and  speak  of  equations  connected  by  a  linear  transformation  as  derivable  from  each 
other.  An  imaginary  transformation  will  in  general  convert  a  real  into  an  imaginary 
equation  ;  and  if  the  proposition  were  true  universally,  —  viz.  if  it  were  true  that  the 
transformed  equation  was  always  imaginary  —  it  would  follow  that  a  real  equation  derivable 
from  a  given  real  equation  could  then  be  derivable  from  it  only  by  a  real  transfor- 
mation, and  that  the  two  equations  would  have  the  same  character.  But  any  two 
equations  having  the  same  absolute  invariants  are  derivable  from  each  other,  the  two 
real  equations  would  therefore  be  derivable  from  each  other  by  a  real  transformation, 
and  would  thus  have  the  same  character;  that  is,  all  the  equations  (if  any)  belonging 
to  a  given  system  of  values  of  the  absolute  invariants  would  have  a  determinate 
character,  and  the  absolute  invariants  would  form  a  system  of  auxiliars. 

But  it  is  not  true  that  the  imaginary  transformation  leads  always  to  an  imaginary 
equation  ;  to  take  the  simplest  case  of  exception,  if  the  given  real  equation  contains 
only  even  powers  or  only  odd  powers  of  #,  then  the  imaginary  transformation  x  :  y 
into  to  :  y  gives  a  real  equation.  And  we  are  thus  led  to  inquire  in  what  cases  an 
imaginary  transformation  gives  a  real  equation. 

319.  I  consider  the  imaginary  transformation  x  :  y  into 

(a  +  bi)x  +  (c  +  di)y  :  (e  +fi)  x  +  (g  +  hi)  y, 
or,  what  is  the  same  thing,  I  write 

x  =  (a  +  bi)  X  +  (c  +  di)  F, 


and  I  seek  to  find  P,  Q  real  quantities  such  that  P®  +  Qy  may  be  transformed  into 
a,  linear  function  BX  +  SY,  wherein  the  ratio  R  :  S  is  real,  or,  what  is  the  same 
thing,  such  that  RX  +  SY  may  be  the  product  of  an  imaginary  constant  into  a  real 
linear  function  of  (X,  7).  This  will  be  the  case  if 

Q(eX  +  ffY)}, 


184  AN   EIGHTH   MEMOIR   ON   QUANTICS.  [405 

that  is  if 

P(bX  +  d  Y)  +  Q  (fX  +  h  Y)  =  0{P(aX+cY)  +  Q  (eX  +  fY)}  , 
which  implies  the  relations 


or,  what  is  the  same  thing, 


and  if  the  resulting  value  of  P  :  Q  be  real,  the  last-mentioned  equations  give 

(ag  -  ce)  0*-(ah  +  bff-  of-  de)0  +  bh-df=*  0, 
and  5  being  known,  the  ratio  P  :  Q  is  determined  rationally  in  terms  of  6. 

320.     The  equation  in  8  will  have  its  roots  real,  equal,  or  imaginary,  according  as 

(ah  4-  bg  -  cf  -  cfe)3  -  4  (ag  -  ce)  (67*  -  df), 
that  is 

aW  +  fey  +  tf/'  +  dW 

-  2ahbg  -  2ahcf-  %ahde  -  Sbgcf-  %bgde  - 


is  =±  +,  =0,  or  =  —  ;  and  I  say  that  the  transformation  is  subiinaginary,  neutral,  and 
superimaginary  in  these  three  cases  respectively.  In  the  subimaginary  case  there  arc 
two  functions  Px  +  Qy  which  satisfy  the  prescribed  conditions  ;  in  the  neutral  case  a 
single  function  ;  in  the  superitnaginary  case  no  such  function.  But  in  the  last-mentioned 
case  there  are  two  conjugate  imaginary  functions,  Px  +  Qy,  which  contain  as  factoi\s 
thereof  respectively  two  conjugate  imaginary  functions  UX  +  VT. 

321.  Hence  replacing  the  original  oc}  y,  X,  Y  by  real  linear  functions  thereof,  the 
subimaginary  transformation  is  reduced  to  the  transformation  so  :  y  into  kX  :  Y,  where 
]c  is  imaginary  ;  and  the  superimaginary  transformation  is  reduced  to  x  +  iy  :  w  —  iy 
into  k(X+iY)  :  (X  —  iY),  where  k  is  imaginary.  As  regards  the  neutral  transformation, 
it  appears  that  this  is  equivalent  to 

#==  (a  -f  bi)X  +(c  +  di)  7, 
y— 


with  the  condition  0  =  (ah  +  bg)*  -  Aagbh,  =  (ah  -  lg)\  that  is,  we  have   ah  —  bg  =  0,   or 
without  any  real  loss  of  generality  g  =  a,  h  =  6,  or  the  transformation  is 


that  is,  ^  :  y  =  X  +  kY  :  Y,  where  k  is  imaginary. 
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322.  The  original  equation  after  any  real  transformation  thereof,  is  still  an  equation 
of  the  form 

(a,  ...$>,  2/)w  =  0; 

and  if  we  consider  first  the  neutral  transformation,  the  transformed  equation  is 

(a,  ...$X  +  fcy,  F)n  =  0; 
this  is  not  a  real  equation  except  in  the  case  where  k  is  real. 

323.  For     the     superimaginary     transformation,     starting     in     like     manner     from 
(a,  ...  $#,  y}n  =  0,  this  may  be  expressed  in  the  form 

(a  +  /9i,  7  +  Si,...,  7-  Si,  a-fiilfac  +  iy,  aj  —  iy)n=0> 

viz.  when  in  a  real  equation  (x,  y)n  =  0  we  make  the  transformation  %  :  y  into 
a  +  iy  :  x  —  iy,  the  coefficients  of  the  transformed  equation  will  form  as  above  pairs  of 
conjugate  imaginaries.  Proceeding  in  the  last-mentioned  equation  to  make  the  trans- 
formation x+iy  :  x  —  iy  into  k(X+iY)  :  X  —  iY,  I  throw  k  into  the  form 

cos  2<f>  -f-  i  sin  2<£,     =  (cos  <f>  +  i  sin  <f>)  -f-  (cos  <j>  —  i  sin  <p) 

(of  course  it  is  not  here  assumed  that  <£  is  real),  or  represent  the  transformation  as 
that  of  x  +  iy  :  x  —  iy  into  (cos  $  +  i  sin  <£)  (X  -f  iY)  :  (cos  <£—  i  sin  <f))(X  —  iY)  ;  the  trans- 
formed equation  thus  is 

(a  +  £*,  .  .  .  a  -  /9i£(cos  <f>  +  i  sin  0)  (Z  -f-  iY),     (cos  0  -  i  sin  <£)  (X  -  i  Y))n  =  0. 
The  left-hand  side  consists  of  terms  such  as  (Z2  +  Y2)n~^  into 

(7  +  Si)  (cos  S(j>  +  i  sin  s<f>)  (X  +  iYy  +  (y  -  Si)  (cos  8$  -  i  sin  5<^>)  (X  -  i  7)s, 
viz.  the  expression  last  written  down  is 

=  (7  cos  s<f>  -  8  sin  s<£)  {(X  +  iY)8  +  (X  -  iY)8} 

/     •     JL  ,  *         ^ 
—  (7  Bin  $<£  -4-  Scos  §(/>) 


and  observing  that  the  expressions  in  {  }  are  real,  the  transformed  equation  is  only 
real  if  (7  cos  s<p  —  8  sin  s<f>)  -r  (7  sin  s<f>  +  S  cos  s<j>)  be  real,  that  is,  in  order  that  the  trans- 
formed equation  may  be  real,  we  must  have  tan  s<f>  =  real  ;  and  observing  that  if  tan  s<f>- 
be  equal  to  any  given  real  quantity  whatever,  then  the  values  of  tan<£  are  all  of  them 
real,  and  that  tan  </>  real  gives  cos  <£  and  sin  <£  each  of  them  real,  and  therefore  also  <j> 
real,  it  appears  that  the  transformed  equation  is  only  real  for  the  transformation 

x  +  iy  :  x  —  iy  =  (cos  $  +  i  sin  <f>)(X  +  iY)  :  (cos<£  —  i$m<j>)(X  —  iY), 

wherein  <j>  is  real  ;  and  this  is  nothing  else  than  the  real  transformation  x  :  y  into- 
X  cos  <p  —  Fsin  <f>  :  X  sin  <j>  +  I7'  cos  <j>.  Hence  neither  in  the  case  of  the  neutral  trans- 
formation or  in  that  of  the  superimaginary  transformation  can  we  have  an  imaginary 
transformation  leading  to  a  real  equation. 

c.  vi.  24 
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324,     There  remains  only  the  subimaginary  transformation,  viz.  this  has  been  reduced 
to  x  :  y  into  kX  :  F,  the  transformed  equation  is 


and  this  will  be  a  real  equation  if  some  power  k#  of  k  (p  not  greater  than  n)  be 
real,  and  if  the  equation  (<&,..$#,  2/)u  =  0  contain  only  terms  wherein  the  index  of  sc 
{or  that  of  y)  is  a  multiple  of  p.  Assuming  that  it  is  the  index  of  y  which  is  a 
multiple,  the  form  of  the  equation  is  in  fact  x*(xv,  ?^)m=0,  (n  =  mp  -f  a),  and  the 
transformed  equation  is  Xa(J{PXP,  F^-O,  which  is  a  real  equation. 


325.  It  is  to  be  observed   that  if  p  be   odd,  then   writing    k*>=K  (K  real)  and 
taking  k'  the  real  jp-th   root   of   Jf,  then    the    very  same    transformed    equation   would 
be    obtained    by    the    real    transformation    so  :  y    into    k'X  :  F;    so    that    the    equation 
obtained    by   the    imaginary   transformation,   being    also    obtainable    by   a    real    transfor- 
mation, has  the  same  character  as  the  original  equation. 

326.  Similarly  if  p  be  even,  if  K  be   real  and  positive,   the   equation   k*>  =  K  has 
a  real  root  k'   which    may  be   substituted    for    the    imaginary    k,   and   the   transformed 
equation  will  have   the   same   character   as   the  original  equation  ;   but  if  K  be  negative, 
say  K=  —  1   (as   may  be  assumed   without    loss    of   generality),   then    there  is   no    real 
transformation   equivalent  to  the  imaginary  transformation,   and    the   equation  given   by 
the  imaginary  transformation  has  not   of  necessity  the   same   character  as  the    original 
equation;  and  there  are  in  fact  cases  in  which  the  character  is  altered.     Thus  if  ^)  =  2, 
and   the   original  equation  be  %((&,  jf)m=*09  or   (#a,  ?/2)wl  —  0,  then  making  the  transfor- 
mation   x  :  y    into    iX  :  F,    the    transformed    equation    will    be    X  (Ar*,   —  F2)w  =  0    or 
(X'\  —  F2)m  =  0,  giving  imaginary  roots  JT-4-  aF2=0  corresponding  to  real  roots  ,r2  ~  </v//2  =  0. 


Article  No.  327.  —  Application  to  the  wnodliars  of  a  (juintic. 
327.     Applying  what    precedes   to  a   quintic   equation   (a,  ...  .$#,  y)n  =  0,  this   after 


any  real  transformation  whatever  will  assume  the  form  (a',  .  .  .$V,  y')*  =  0  ;  and  the  only 
cases  in  which  we  can  have  an  imaginary  transformation  producing  a  real  equation  of 
an  altered  character  is  when  this  equation  is  (a!,  0,  c',  0,  e  ',  0$V,  y')5  =  0  (c'  not  =  0),  or 
when  it  is  (of,  0,  0,  0,  ef,  0$>',  y')s  =  Q,  viz.  when  it  is  x'(a!x'*  +  10cVya+  5ey)  =  0,  or 
#'(aV4-f  5e'y/4)=0.  In  the  latter  case  the  transformation  of,  y'  into  X\/  —  1  :  F  gives  the  real 
•equation  X  (a'X4-50T4)==0.  I  observe  however  that  for  the  form  (a!,  0,  0,  0,  e',  0$#,  y)4, 
and  consequently  for  the  form  (a,  ...  ][#,  y)5  from  which  it  is  derived  wo  have 
J  =  0  ;  this  case  is  therefore  excluded  from  consideration.  The  remaining  case  is 
(a',  0,  c',  0,  e\  0$X,  y')*  =  0,  which  is  by  the  imaginary  transformation  x'  :  y'  into  iX  :  F 
converted  into  (a!,  0,  -  c',  0,  ef,  0$  J,  F)5  =  0  ;  for  the  first  of  the  two  forms  we  have 
Jr=16a/cV2,  and  for  the  second  of  the  two  forms  */=  —  16axcV3,  that  is,  the  two  values 
of  J  have  opposite  signs.  Hence  considering  an  equation  (a,  &,  c,  d,  e,  /$#,  y)5  =  0  for 
which  J  is  not  =  0,  whenever  this  is  by  an.  imaginary  transformation  converted  into 
a  real  equation,  the  sign  of  /  is  reversed  ;  and  it  follows  that,  given  the  values  of 
the  absolute  invariants  and  the  value  of  J  (or  what  is  sufficient,  the  sign  of  J),  the 
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different  real  equations  which  correspond  to  these  data  must  be  derivable  one  from 
another  by  real  transformations,  and  must  consequently  have  a  determinate  character ; 
that  is,  the  Absolute  Invariants,  and  J,  constitute  a  system  of  auxiliars. 


ANNEX. — Analytical  Theorem  in  relation  to  a  Binary  Quantic  of  arty  Order. 

The   foregoing   theory  of  the   superimaginary  transformation   led   me   to   a  somewhat 
remarkable  theorem.     Take  for  example  the  function 


or,  as  this  may 
a? 

OS 

1 

be  written, 

JC"  K 

(a,  6,  c7£#  +  ft,  1 
1 

c,  26, 
26,  2a  -  2c, 
a,  -  26, 

a     or     (     c, 
-  26                 26, 
c,                  a, 

26,  a 

26,     2a  -  2c,     -  26 
-26,  c 


I)9, 


then  the  determinant 

c,     26,    a 
26,  2a  -  2c,  -  26 
a,    —  26,    c 

is  a  product  of  linear  functions  of  the  coefficients  (a,  6,  c);    its  value  in  fact  is 
*=  -  2  (a  +  c)  (a  +  26i  +  cis)  (a  —  2bi  +  ci2),  =  -  2  (a  +  c)  [(a  -  c)2  +  462]. 

To  prove  this  directly,  I  write 

a!  =  a  —  26i  +  ci3, 

6'  =  a  —  cfi, 

d  = 


and  we  then  have 


1, 


2 
0 


.  (  c,  26, 

(26,     2a-2o,     -26) 
(  a,         -26,          c) 


c,  26,  a 

26,     2a  — 2c,     —26 

a,          —  26,  c 

(],t,  i2),  (2,  0,  -2*),  (1,  -i, 

a)  f 


1 

—  i 


«V 


Zia'  , 
a'., 


06',         - 
26', 


afb'tf 


1, 


0  ,     -  2i 

2  ,         1 
24  —  2 
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whence  observing  that  the  determinants 


[405 


1,        2  ,         1    , 
i,         0  ,     -i 


are  as  1  :  —2,  we  have  the  required  relation, 

c,  26,          a 

26,     2a-2c,    -26 
a,         -  26,          c 

It  is  to  be  remarked  that  the  determinant 


1, 


0 
2 


1,         2  , 


,  taken  as  the  multiplier  of 


c,  26,          a 

26,    2a-2c,    -26 

a,         -  26,          c 


is  obtained  by  writing  therein  a  =  6  —  c,  =  1 ;  and  multiplying  the  successive  lines 
thereof  by  1,  %i,  i2  (1,4,1  are  the  reciprocals  of  the  binomial  coefficients  1,  2,  1),  the 
proof  is  the  same,  and  the  multiplier  is  obtained  in  the  like  manner  for  a  function 
of  any  order ;  thus  for  the  cubic  (a,  6,  c,  d^k  +  so,  1  —  fez?)3, 

A3  7c3  k        1 


x 
1 


—   d,  3c,  —  36,  d 

3c,  -66  + 3d,  3a-6c,  36 

-36,  3a-6o,  66 -3d,  3c 

a,  36,  So,  d 


the  multiplier  is   obtained  from    the    determinant    by   writing   therein   c& 
and  multiplying  the  successive  lines  by  1,  $i,  £i2,  i3,  viz.  the  multiplier  is 


-1,        3,  -3,  1 

i,  -i,  -i,  i 

•o                    *o  *o  •<> 

_  nSs  L_[f „  ij2  o*  flS 


and  the  value  of  the  determinant  is  found  to  be 

9  (a- 36i  +  3cia -  di*)  (a -  U-  ai?  +  di3)  (a  +  6i- ci2-  di8)  (a  +  36i 4-  3ci2-h  di8), 
=  9  ((a  -  3c)3  +  (36  -  d)3)  ((a  +  c)*  +  ^  +  d)2). 
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But  the   theory  may  be   presented  under  a  better  form  ;   take  for  instance  the  cubic, 

ly  —  kx)3 

*»     •  M  kl*       I3 


nn 


viz.  writing  -  and  j  for  x  and  k  respectively,  we  have  (a,  b,  c,  d~$ky 


=    a? 


xy2 

y* 


-   d, 


•80, 


-36,       a 
3c,     -66+  3d,     3a-6c,     36 
-36,        3a-6c,    66 -3d,     3c 


a, 


36, 


3c,      d 


a  bipartite   cubic  function  (*$&,  tf(&,  yf]    and  the    determinant    formed    out    of   the 
matrix  is  at  once  seen  to  be  an  invariant  of  this  bipartite  cubic  function. 

Assume  now  that  we  have  identically 

(a,  b,  c,  eZJ>,  yy=(a',  V,  c',  d'Tfo(*  +  iy), 
viz.  this  equation  written  under  the  equivalent  form 

(a',  V,  c't  d'JiX,  Y)*  =  (a,  6,  c,  d^X  +  Y, 

determines  (of,  V,  c',  d')  as  linear  functions  of  (a,  6,  c,  d),  it  in  fact  gives 
of  =  (a,  6,  c,  d$l,  -  i)3  =  a  -  3Z>i  +  3ci2  -  di*t 

V=  (a,  6,  c,  d$l,  -^(l,  t)  =a-  W-  cP  +  dfi, 
c'  -  (a,  6,  c,  «Z$1,  —  i)  (1,  if  =  a  +  U—  ci*  —  dfi, 
d'  =  (a,  6,  c,  d Jl,  i)3  =  a  + 

then  observing  that  %  +  Ix  ±  i  (ly  —  &#)  =  (^  ±  iy)  (T  ifc  +  Z)»  we 

(a,  6,  c, 

and  if  in  the  expression  on  the  right-hand  side  we  make  the  linear  transformations 

at  +  iy  =      of  V2,     -  ik  +  I  =     V  VI, 
0  _  iy  =  _  i^  V2,        A  +  Z  =  -  *7  V2, 
which  are  respectively  of  the  determinant  + 1,  the  transformed  function  is 

=  (a',  V,  c',  X 
that  is,  we  have 

(a,  6,  c, 
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The  last-mentioned  function  is 
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//•'      k'-l'      k'l'-       I'3 


o* 


off 


a 


-36' 


-d' 


and    (from   the   invariantive    property  of   the    determinant)  the    original  determinant   is 
equal  to  the  determinant  of  this  new  form,  viz.  we  have 

-    d,  3c,          -36,  a 

3c,  —  66  +  3d,  3tr  -  Go,  36 

—  36,  3a  -  Gc  t  C6  -  3rf,  3c 

a,  36,             3c,  d 

=  9  [(a  -  3c)a  +  (36  -  d)*]  [(a  +  c)3  4-  (6  4-  d)*], 

which    is    the    required    theorem.     And    the    theorem    is    thus    exhibited    in    its    trim 
connexion,  as  depending  on  the  transformation 


ADDITION,  7tfA  October,  1867. 

Since  the  present  Memoir  was  written,  there  has  appeared  the  valuable  paper  by 
MM.  Clebsch  and  Gordan  *'  Sulla  rapprescntnzionc  tipica  delle  forme*  binaries/'  Atuiali 
di  Matematica,  t.  I.  (1867)  pp.  23 — 79,  relating  to  the  binary  quintic  and  sextic.  On 
reducing  to  the  notation  of  the  present  memoir  the  formula  95  for  the  representation 
of  the  quintic  in  terms  of  the  covariants  a,  /5,  which  whould  give  for  (a,  b,  e,  d>  e,  f) 
the  values  obtained  ante,  No.  312,  I  find  a  somewhat  different  system  of  values;  viz. 
these  are 


36a  = 

361)  •-* 

3Go.- 

36d 

3«Je.. 

A>B     +        1 

*^4/      .       J 

JB/^        +         ! 

*^l!i7     -     1 

^8/^          +       J 

A«C     +        1 

A*BI—    3 

^»(7    +     i 

An/  »   3 

^140      +    1 

AW    +       6 

*>1(77  +  24 

^IW    +     6 

*C7     +  12 

48/^     +    G 

44J5£7  -     39 

A3J1C  -    27 

^•/yC   -  15 

-4W    +       9 

^•JS9   +     9 

AH*      +    9 

AAC*    -     54 

A*G*     -   42 

./IC*      -  30 

AWC-   126 

*AJPC-   90 

**fflC      -*•  54 

^7?Ca  +   288 

7*C*     +144 

where  I  have   distinguished  with  an  asterisk  the  terms   which  have  different  coefficients 
in  the  two  formulae.    I  cannot  at  present  explain  this  discrepancy. 


Plate  M. 


RgZ. 

The  lower  cusp  of  the.  Hicorn,  is  drawn  out  of  its  true  position, 
which,  is  much  further  off  along  Qw  asyrnptotejthe  co-ordinates 
in /act  are  x=-76jfr)  y-~44-i  (Gwco-ordirwhs  of  £h&  upper 
or  node-cusfleing  -1,1 


Kg.  3. 


£-' 

V 


Cayley's  Pajiers.  VL 
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406. 

ON    THE    CUBVES    WHICH    SATISFY    GIVEN    CONDITIONS. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CLVIII.  (for  the 
year  1868),  pp.  75—143.     Received  April  18,— Bead  May  2,  1867.] 

THE  present  Memoir  relates  to  portions  only  of  the  subject  of  the  curves  which 
satisfy  given  conditions ;  but  any  other  title  would  be  too  narrow :  the  question  chiefly 
considered  is  that  of  finding  the  number  of  the  curves  which  satisfy  given  conditions; 
the  curves  are  either  curves  of  a  determinate  order  r  (and  in  this  case  the  conditions 
chiefly  considered  are  conditions  of  contact  with  a  given  curve),  or  else  the  curves  are 
conies;  and  here  (although  the  conditions  chiefly  considered  are  conditions  of  contact 
with  a  given  curve  or  curves)  it  is  necessary  to  consider  more  than  in  the  former 
case  the  theory  of  conditions  of  any  kind  whatever.  As  regards  the  theory  of  conies, 
the  Memoir  is  based  upon  the  researches  of  Chasles  and  Zeuthen,  as  regards  that  of 
the  curves  of  the  order  r,  upon  the  researches  of  De  Jonqui&res :  the  notion  of  the 
quasi-geometrical  representation  of  conditions  by  means  of  loci  in  hyper-space  is 
employed  by  Salmon  in  his  researches  relating  to  the  quadric  surfaces  which  satisfy 
given  conditions.  The  papers  containing  the  researches  referred  to  are  included  in  the 
subjoined  list.  I  reserve  for  a  separate  Second  Memoir  the  application  to  the  present 
question,  of  the  Principle  of  Correspondence. 

List  of  Memoirs  and  Works  relating  to  the  Curves  which  satisfy  given  conditions, 

with  remarks. 

De  Jonquiferes:  "Th^or&mes  g&i&raux  concernant  les  courbes  g^omdtriques  planes 
d'un  ordre  quelconque,"  Liouv.  t.  VI.  (1861),  pp.  113 — 134  In  this  valuable  memoir  is 
established  the  notion  of  a  series  of  curves  of  the  index  JV;  viz.  considering  the  curves 
of  the  order  n  which  satisfy  -|7i(n  +  3)  — 1  conditions,  then  if  N  denotes  how  many 
there  are  of  these  curves  which  pass  through  a  given  arbitrary  point,  the  series  is 
said  to  be  of  the  index  JV. 

In  Lemma  IV  it  is  stated  that  all  the  curves   On  of  a  series  of  the  index  N  can 
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be  analytically  represented  by  an  equation  F(y,  #)  =  0,  which  is  rational  and  integral 
of  the  degree  N  in  regard  to  a  variable  parameter  \ :  this  is  not  the  case ;  see 
Annex  No.  1. 

Chasles :  Various  papers  in  the  Comptes  Rendus,  t.  LVIH.  et  seq.  1864 — 67.  The 
first  of  them  (Feb.  1864),  entitled  "  Determination  du  nombre  des  sections  coniques 
qui  doivent  toucher  cinq  courbes  donne'es  d'ordre  quelconque,  ou  satisfaire  a  diverses 
autres  conditions/3  establishes  the  notion  of  the  two  characteristics  (/A,  v)  of  a  system 
of  conies  which  satisfy  four  conditions ;  viz.  JJL  is  the  number  of  these  conies  which 
pass  through  a  given  arbitrary  point,,  and  v  the  number  of  them  which  touch  a  given 
arbitrary  line.  The  Principle  of  Correspondence  for  points  on  a  line  is  established  in 
the  paper  of  June — July  1864.  Many  of  the  leading  points  of  the  theory  are  repro- 
duced in  the  present  Memoir.  The  series  of  papers  includes  one  on  the  conies  in  space 
which  satisfy  seven  conditions  (Sept.  1865),  and  another  on  the  surfaces  of  the  second 
order  which  satisfy  eight  conditions  (Feb.  1866). 

Salmon:  "On  some  Points  in  the  Theory  of  Elimination,"  Quart  Math.  Journ. 
t.  vii.  pp.  327—337  (Feb.  1866) ;  "  On  the  Number  of  Surfaces  of  the  Second  Degree 
which  can  be  described  to  satisfy  nine  Conditions,"  Ibid.  t.  VHI.  pp.  1—7  (June  1866),— 
which  two  papers  are  here  referred  to  on  account  of  the  notion  which  they  establish 
of  the  quasi-geometrical  representation  of  conditions  by  means  of  loci  in  hyper-space. 

Zeuthen:  Nyt  Bidrag ...  Contribution  to  the  Theory  of  Systems  of  Conies  which 
satisfy  four  conditions,  8C.  pp.  1—97  (Copenhagen,  Cohen,  1865),  translated,  with  an 
addition,  in  the  Nouvelles  Annales. 

The  method  employed  depends  on  the  determination  of  the  line-pairs  and  point- 
pairs,  and  of  the  numerical  coefficients  by  which  these  have  to  be  multiplied,  in  the 
several  systems  of  conies  which  satisfy  four  conditions  of  contact  with  a  given  curve 
or  curves.  It  is  reproduced  in  detail,  with  the  enumeration  called  "Zeuthen's  Capitals," 
in  the  present  Memoir. 

Cayley:  "Sur  les  coniques  d<*termine'es  par  cinq  conditions  d'intersection  avec  une 
courbe  donnee,"  Comptes  fiendus,  t  LXIIL  pp.  9—12,  July  1866.  Results  reproduced  in 
the  present  Memoir. 

De  Jonquieres:  Two  papers,  Comptes  Eendus,  t.  LXIIL  Sept.  1866,  reproduced  and 
further  developed  in  the  "Memoire  sur  les  contacts  multiples  d'ordre  quelconque  des 
courbes  du  degr<*  r  qui  satisfont  a  des  conditions .  donnees  de  contact  avec  une  courbe 
tixe  du  degre*  m\  suivi  de  quelques  reflexions  sur  la  solution  d'un  grand  nombre  de 
questions  concemant  les  propri&e's  projectives  des  courbes  et  des  surfaces  alg^briques," 
Crelle,  t.  LXVI.  (1866),  pp.  289— 322,— contain  a  general  formula  for  the  number  of  curves 
&  having  contacts  of  given  orders  a,  6,  c, .  .  with  a  given  curve  Ull\  which  formula 
is  referred  to  and  considered  in  the  present  Memoir. 

De  Jonquiferes:  Recherches  sur  les  series  ou  systfemes  de  courbes  et  de  surfaces 
alg^briques  d'ordre  quelconque;  suivies  d'une  r^ponse  &c.  4°.  Paris,  Gauthier  Villars 
1866  C). 

1  The  foregoing  list  is  uot  complete,  and  the  remarks  are  not  intended  to  give  even  a  sketch  of  the  COIN 
tents  of  the  works  comprised  therein,  but  only  to  show  their  bearing  on  the  present  Memoir. 
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Article  Nos.  1  to  23. — On  the  quasi-geometrical  representation  of  Conditions. 

1.  A    condition    imposed    upon    a    subject    gives    rise    to    a    relation    between   the 
parameters   of  the   subject;   for  instance,  the   subject   may  be,  as  in  the  present  Memoir, 
a   plane   curve   of  a  given   order,   and   the   parameters  be   any  arbitrary  parameters  con- 
tained  in    the    equation    of    the    curve.     The    condition    may   be    onefold,   twofold,...    or, 
generally,  &-fold,   and   the   corresponding  relation  is   onefold,   twofold, ...  or  &-fold  accord- 
ingly.     Two   or  more    conditions,   each    of   a    given    manifoldness,   may   be    regarded    as 
forming  together  a  single   condition   of    a    higher    manifoldness,   and    the    corresponding 
relations   as   forming  a   single  relation;   and   thus,  though   it   is  often  convenient  to  con- 
sider  two   or  more   conditions   or  relations,   this   case   is   in    fact   included   in   that    of  a 
&-fold   condition   or   relation.     In   dealing  with  such  a  condition  or  relation  it  is  assumed 
that   the   number    of  parameters    is   at    least    =&;    for    otherwise    there    would    not    in 
general   be   any   subject    satisfying   the    condition:    when   the   number   of   parameters    is 
=  k,  the  number  of  subjects  satisfying  the  condition  is  in  general  determinate. 

2.  A   subject   which   satisfies    a    given    condition    may  for    shortness   be    termed    a 
solution   of    the   condition ;    and    in   like    manner  any  set    of  values   of    the  parameters 
satisfying  the   corresponding  relation   may  be  termed   a   solution   of  the   relation.     Thus 
for  a  &-fold   condition   or'  relation,   and   the   same  number   lc  of  parameters,  the   number 
of  solutions  is  in  general  determinate. 

3.  A    condition   may  in   some   cases  be    satisfied   in    more   than   a  single  way,   and 
if    a   certain   way  be  regarded   as   the    ordinary   and    proper    one,   then    the    others    are 
special    or    improper:    the    two    epithets    may  be    used    conjointly,    or    either    of    them 
separately,   almost  indifferently.     For  instance,   the  condition  that  a   curve   shall  touch   a 
given   curve    (have   with   it    a    two-pointic    intersection)   is    satisfied    if   the    curve    have 
with   the  given   curve   a  proper  contact;  or  if  it   have   on   the  given  curve  a  node   or 
a  cusp   (or,  more  specially,  if  it   be  or  comprise  as  part  of  itself  two  coincident  curves)  ; 
or   if  it   pass   through   a  node   or   a  cusp   of  the   given   curve :    the  first   is   regarded  as 
the  ordinary  and  proper  way  of  satisfying  the   condition ;  the   other  two   as   special   or 
improper  ways;    and  the   corresponding   solutions   are   ordinary  and  proper   solutions,   or 
special   or   improper  ones   accordingly.      This  will  be    further  explained    in   speaking    of 
the  locus  which  serves  for  the  representation  of  a  condition. 

4.  A   set   of  any  number,  say  <w,  of  parameters   may  be   considered  as   the  coordi- 
nates  of    a   point  in   ce>-dimensional   space;    and   if  the   parameters  are    connected   by  a 
onefold,  twofold, ...  or  &-fold  relation,  then  the   point   is   situate  on  a  onefold,  twofold, . . . 
or  k-  fold  locus  accordingly ;  to  the  relation  made  up  of  two  or  more  relations  corresponds 
the   locus  which   is   the   intersection   or   common  locus   of  the   loci  corresponding  to  the 
several   component  relations   respectively.     A  locus  is  at  most   w-fold,  viz.   it  is  in  this 
case  a  point-system.     The  relation  made  up  of  a-  A-fold  relation,  an  Z-fold  relation,  &c.,  is 
in  general  (k  + 1 4-  &c.)  fold,  and  the  corresponding  locus  is  (k  -h  1 4-  &c.)  fold  accordingly. 

5.  The   order   of   a   point-system  is  equal   to    the   number  of   the    points    thereof, 
where,   of  course,  coincident   points   have  to   be   attended  to,  so  that  the   distinct  points 
of  the  system  may  have   to  be  reckoned  each  its   proper   number  of  times.     The  locus 
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corresponding  to  any  linear  j-fold  relation  between  the  coordinates  is  said  to  be  a  j-fold 
omal  locus;  and  if  to  any  given  fc-fold  relation  we  join  an  arbitrary  (&>  —  &) fold  linear 
relation,  that  is,  intersect  the  &-fold  locus  by  an  arbitrary  (cu  —  A)  fold  omal  locus,  so  as 
to  obtain  a  point-system,  the  order  of  the  A-fold  relation  or  locus  is  taken  to  be 
equal  to  the  number  of  points  of  the  point-system,  that  is,  to  the  order  of  the  point- 
system.  And  this  being  so,  if  a  &-fold  relation,  an  Z-fold  relation,  &c.  are  completely 
independent/  that  is,  if  they  are  not  satisfied  by  values  which  satisfy  a  less  than 
(k  4.  i  +  &c.)  fold  relation,  or,  what  is  the  same  thing,  if  the  Mold  locus,  the  Z-fold 
locus,  &c.,  have  no  common  less  than  (k  -f  I  +  &c.)  fold  locus,  then  the  relations  make 
up  together  a  (k  -f  I  -f  &c.)  fold  relation,  and  the  loci  intersect  in  a  (k  -f  I  +  &c.)  fold 
locus,  the  orders  whereof  are  respectively  equal  to  the  product  of  the  orders  of  the 
given  relations  or  loci.  In  particular  if  we  have  k  4- 1  +  &c.  =  co,  then  we  have  an 
<i)-fold  relation,  and  corresponding  thereto  a  point-system,  the  orders  whereof  are 
respectively  equal  to  the  product  of  the  orders  of  the  given  relations  or  loci. 

6.  A  fc-fold  relation,  an   Z-fold  relation,  &c.,  if  they  were  together  equivalent  to  a 
less  than  (k -f I  +  &c.) fold  relation,  would  not  be  independent;    but  the  relations,  assumed 
to   be  independent,  may  yet   contain  a   less   than   (k  + 1  +  &c.)  fold   relation,  that  is,  they 
may  be  satisfied  by  the  values  which  satisfy  a  certain  less  than  (k  + 1  +  &c.)  fold  relation 
(say  the  common  relation),  and  exclusively  of  these,   only  by   the   values  which   satisfy 
a  proper  (k  + 1  +  &c.)  fold  relation,   which   is,   so  to   speak,  a  residual  equivalent  of  the 
given  relations.     This   is  more   clearly  seen  in   regard   to  the  loci;   the  fe-fold  locus,  the 
Z-fold  locus,  &c.   may  have   in   common  a  less  than   (k  +  I  +  &c.)  fold  locus,  and  besides 
intersect  in  a  residual  (k  +  1  +  &c.)  fold  locus.     (It  is   hardly  necessary  to  remark   that 
such  a  connexion  between  the  relations  is  precisely  what  is  excluded  by  the  foregoing 
definition    of   complete    independence.)     In  particular  if   k  + 1  +  &c.  =  o>,  the    several  loci 
may  intersect,   say  in  an  (G>  —j)  fold  locus,   and   besides   in   a   residual  ce>-fold    locus,   or 
point-system.    The  order  (in  any  such  case)   of  the  residual   relation  or  locus  is  equal 
to  the  product   of  the  orders   of  the  given  relations  or  loci,  less  a  reduction  depending 
on  the  nature   of   the  common  relation    or    locus,   the    determination    of  the    value    of 
which  reduction  is  often  a  complex  and  difficult  problem, 

7.  Imagine  a   curve    of   given    order,  the   equation   of  which  contains   G>  arbitrary 
parameters :  to  fix  the  ideas,   it  may  be   assumed   that  these   enter  into    the   equation 
rationally,  so   that  the  values  of   the   para-meters    being    given,   the  curve   is    uniquely 
determined.     Suppose,  as  above,  that  the  parameters   are   taken  to  be  the   coordinates 
of   a  point  in  ©-dimensional   space;    so    long   as    the    curve    is   not    subjected   to    any 
condition,  the  point  in  question,  say  the   parametric  point,  is  an  arbitrary  point  in  the 
a)-dimensional  space;  but  if  the   curve  be  subjected  to   a  onefold,  twofold,...   or  A-fold 
condition,  then  we  have  a  onefold,  twofold,...  or  Mold  relation  between  the  parameters, 
and  the  parametric  point  is  situate  on  a  onefold,  twofold,...  or  A-fold  locus  accordingly: 
to    each   position    of   the    parametric    point    on    the   locus    there    corresponds    a    curve 
satisfying  the  condition,  that   is,  a    solution   of  the   condition.     In  the   case  where  the 
condition  is   co-fold,  the  locus  is  a   point-system,  and    corresponding    to   each   point    of 
the  point-system  we   have   a   solution   of   the    condition ;    the    number    of   solutions   is 
equal  to  the  number  of  points  of  the  point-system. 
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8.  Considering  the   general  case  where   the  condition,  and  therefore   also  the  locus, 
is   Wold,  it   is   to    be   observed    that  every  solution  whatever,  and   therefore   each   special 
solution  (if  any),  corresponds  to  some  point  on  the  &-fold  locus ;   we  may  therefore  have 
on  the   &-fold   locus  what  may  be  termed  "special   loci,"  viz.  a   special  locus  is  a  locus 
such    that   to   each  point  thereof  corresponds  a  special  solution.     A  special  locus  may  of 
course   be  a  point -system,  viz.  there   are  in  this   case  a   determinate  number  of  special 
solutions   corresponding  to   the  several  points   of   this    point-system.      "We  may   consider 
the   other  extreme  case  of  a  special  A-fold  locus,  viz.  the  A-fold  locus  of  the  parametric 
point   may  break   up   into   two   distinct  loci,  the   special  &-fold  locus,  and  another  k-fold 
locus   the   several   points   whereof  give   the   ordinary   solutions :   we   can   in  this  case  get 
rid   of  the   special   solutions  by   attending   exclusively  to  the  last-mentioned  4-fold  locus 
and  regarding  it   as   the   proper  locus  of  the  parametric  point.     But  if  the  special  locus 
be  a  more  than  k-fold  locus,  that  is,  if  it   be  not  a   part  of  the  &-fold  locus   itself,  but 
(as  supposed  in  the  first  instance)  a  locus  on  this  locus,  then  the  special  solutions  cannot 
be   thus   got   rid   of:    we   have  the   &-fold   locus   of  the   parametric   point,   a  locus   such 
that  to  every   point   thereof  there   corresponds   a  proper  solution,   save  and   except  that 
to  the   points  lying  on  the   special    locus  there  correspond  special  or  improper  solutions. 
It   is   to   be   noticed   that   the   special   locus   may  be,  but   that   is   not-  in   every  case,  a 
singular  locus  on  the  &-fold  locus. 

9.  Suppose   that   the   conditions   to  be  satisfied  by  the  curve  are  a  k-fold  condition, 
an   Z-fold   condition,   &c.   of  a   total   manifoldness   =  o>.      If  the  conditions  are   completely 
independent  (that  is,  if  the  corresponding  relations,  ante,  No.  5,   are   completely  indepen- 
dent), we   have   a   k-fold   locus,  an   Z-fold   locus,  &c.,  having  no   common  locus  other  than 
the   point-system   of    intersection,   and    the    number   of  curves    which    satisfy  the    given 
conditions,  or  (as   this  has  been  before   expressed)  the  number  of  solutions,  is   equal  to 
the   number   of  points  of  the  point-system,  or  to  the  order  of  the  point-system,  viz.   it 
is   equal   to  the  product  of  the   orders  of  the  loci  which   correspond 'to  the  several  con- 
ditions  respectively;   among  these   we   may  however  have  special  solutions,  corresponding 
to   points   situate   on  the   special  loci   upon   any   of    the    given    loci;    but  when    this   is 
the   case   the  number   of  these    special   solutions   can  be   separately   calculated,  and  the 
number  of  proper  solutions  is  equal  to  the  number  obtained  as  above,  less  the  number 
of  the  special  solutions. 

10.  If,  however,  the   given   conditions   are  not   completely   independent   (that   is,    if 
the    corresponding    relations    are    not    completely    independent),    then    the    k-fold    locus, 
the   Z-fold  locus,   &c.   intersect  in  a  common  (a  —j)  fold  locus,  and  besides  in  a  residual 
point-system.      The  several  points  of  the  (<0  —  j)  fold  locus  give  special  solutions — in  fact 
the   very   notion   of  the  conditions   being  properly  satisfied   by  a   curve  implies  that  the 
curve   shall  satisfy  a   true  (k  + 1  +  &c.)  fold,   that   is,  a  true  6>-fold  condition ;   the  proper 
solutions    are    therefore    comprised    among   the    solutions    given    by  the    residual   point- 
system,  and  the  number  of  them  is   as  before   equal  to  the  order  of  the  point-system, 
or  number  of  the  points  thereof,  less  the  number  of  points  which  give  special  solutions: 
the  order  of  the  point-system  is,  as  has  been  seen,  equal  to  the  product  of  the  orders 
of  the  Jfc-fold  locus,  the   Z-fold  locus,   &a,  less  a  reduction  depending  on  the  nature  of 
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the  common   (co  —  j)  fold  locus,  and   the   difficulty  is   in   general   in   the   determination   of 
the  value  of  this  reduction. 

11.  In   all   that   precedes^  the  number   of  the  parameters  has  been  taken  to  be  w  ; 
but  if  the  parameters  are  taken   to   be  contained  in  the  equation  of  the  curve   homo- 
geneously,  then  the   parameters  before   made    use    of   are    in    fact    the    ratios    of  these 
homogeneous  parameters;   and   using   the   term   henceforward   as   referring   to   the    homo- 
geneous parameters,  the  numbers  of  the  parameters  will  be  =  co  -h  1. 

12.  I  assume  also  that  the  equation  of  the  -curve  contains  the  parameters  linearly : 
this  being  so,  the  condition  that  the  curve   shall  pass  through  a  given   arbitrary  point 
implies   a  linear  relation   between    the   parameters;    and    the   condition    that    the    curve 
shall  pass  through  j  given  points,  a  j-fold   linear  relation  between   the   parameters.      It 
follows  that  the  number  of  the  curves  which  satisfy  a  given  &-fold  condition,  and  besides 
pass  through  G>  —  k  given  points,  is  equal  to  the  order  of  the  fc-fold  relation,  or  of  the 
corresponding  &-fold  locus ;  and  thus  if  we  define  the  order  of  the  k-fold  condition  to  be 
the  number  of  the  curves  in   question,  the   condition,  relation,  and  locus  will   be  all   of 
fche  same  order,  and  in  all  that  precedes  we  may  (in  place  of  the  order  of  the  relation 
or  of  the  locus)  speak  of  the   order  of  the  condition.     Thus,  subject  to  the  modifications 
occasioned  by  common   loci  and  special  solutions  as  above  explained,   the   order   of  the 
(k  +  l  +•  &c.)fold   condition   made   up    of   a  k-fold   condition,    an    Z-fold   condition,    &c.,    is 
equal  to  the  product  of  the   orders  of  the   component  conditions;   and  in  particular  if 
k  + 1  -f  &c.  =  o),  then  the  order  of  the  o>-fold  condition,  or  number  of  the  solutions  thereof, 
is  equal  to  the  product  of  the  orders  of  the  component  conditions. 

13.  The  conditions    to  be  satisfied  by  the  curve  may  be  conditions  of  contact  with 
a  given  curve   or  curves.     In  particular  if  the   curve  touch   a  given   curve,    the    para- 
metric point  is  then  situate  on  a  onefold  locus.     It  is  to  be  noticed  in  reference  hereto 
that  if   the  given  curve  have  nodes  or    cusps,   then   we   have    special    solutions,  viz.   if 
the  sought  for  curve  passes  through  a  node  or  a  cusp   of  the  given   curve;  and  each 
such  node  or  cusp  gives  rise  to  a  special  onefold  locus,  presenting  itself  in  the   first 
instance   as  a  factor  of  the   onefold  locus  of  the  parametric  point;   this  is,   however,  a 
case  where  the  special  locus  is  of   the  same  manifoldness  as  the   general    locus   (ante, 
No.  8),  and  is  consequently   separable;  throwing  off  therefore  all  these  special  loci,  we' 
have  a  onefold  locus  which   no   longer  comprises  the  points  which  correspond  to  curves 
passing  through  a  node   or  a  cusp   of  the  given   curve;   the   onefold  locus,  so   divested 
of  the  special  onefold  factors,   may  be  termed  the  "  contact-locus "  of  the  given  curve. 
To  each  point   of   the  contact-locus  there  corresponds  a  curve   having  with  the   given 
curve  a  two-pointic  intersection,  viz.  this  is   either  a  proper  contact,  or  it  is  a  special 
contact,   consisting  in  that  the  sought  for   curve   has  on  the   given    curve   a    node    or 
cusp,  or  (which  is  a  higher  speciality)  in  that  the  sought  for  curve  is  or  contains  as 
part  of  itself  two  or  more  coincident  curves  (ante,  No.  3).    To  a  point  in  general   on 
the  contact-locus  there  corresponds  a  curve  having    a    proper   contact  with    the    given 
curve,  save  and  except  that  to   each  point   on  any  one  of  certain  special  loci    on  the 
contact-locus  there  corresponds   a  curve  having  some  kind  of  special  contact   as  above 
with  the  given  curve.     To  fix   the  ideas,  it  may  be  mentioned  that  for   the  curves   of 
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the  order  r  which   touch   a  given   curve   of  the   order  m   and   class   n,  the  order   of  the 
contact-locus  is  =  n  +  (2r  -  2)  m. 

14.  If,  then,  the  curve  touch  a  given  curve,  the   parametric  point  is  situate  on  the 
contact-locus   of  that   curve.     If  it  touch  a  second  given   curve,  the   parametric   point  is 
in   like   manner   situate   on   the    contact-locus   of  the   second   given   curve,    that    is,  it   is 
situate   on   the   twofold   locus  which  is   the  intersection   of  the  two  contact-loci;   and  the 
like   in  the  case  of  any  number  of  contacts  each  with  a  distinct  given  curve.     But  if  the 
curve,  instead   of  ordinary  contacts    with   distinct   given   curves,   has   either   a   contact   of 
the  second,  or  third,  or  any  higher  order,  or  has  two  or  more  ordinary  or  other  contacts 
with   the   same  given   curve,  then  if  the  total  manifoldness  be  =&,  the  parametric  point 
is   situate  on   a  A-fold   locus,  which   is   given  as  a  singular  locus  of  the  proper  kind   on 
the   onefold  contact-locus  ;   so   that   the   theory   of  the   contact-locus  corresponding  to  the 
case    of   a    single    contact    with    a    given    curve,   contains    in    itself   the    theory  of    any 
system   whatever    of    ordinary   or    other    contacts   with   the    same    given    curve,   viz.   the 
last-mentioned  general   case   depends  on   the  discussion  of  the  singular  loci  which  lie  on 
the   contact-locus.      And   similarly,   if   the   curve   has   any  number   of   ordinary  or   other 
contacts  with    each   of  two   or  more  given   curves,  we   have   here   to  consider   the  inter- 
sections  of  singular   loci   lying   on  the  contact-loci  which  correspond  to  the  several  given 
curves   respectively*  or,  what   is  the   same   thing,  to   the   singular  loci  on  the  intersection 
of  these   contact-loci ;    that   is,   the   theory   depends    on   that    of   the    contact-loci  which 
belong  to  the  given  curves  respectively. 

15.  Suppose   that   the  curve   which  has  to  satisfy  given   conditions  is   a  line ;   the 
equation    is    ax  -h  by  +  GZ  =  0,   and    the    parameters    (a,    b,   c)    are    to    be    taken    as    the 
coordinates    of    a    point    in   a    plane.      Any    onefold    condition    imposed   upon    the    line 
establishes   a   onefold  relation  between  the  coordinates  (a,  b,  c),  and  the  parametric  point 
is   situate   on   a   curve;    a   second   onefold   condition   imposed    on    the   line    establishes    a 
second   onefold  relation   between   the   coordinates   (a,  6,  c),   and   the    parametric    point  is 
thus   situate   on   a  second   curve ;   it   is   therefore   determined  as   a  point   of  intersection 
of  two   ascertained  curves.     In  particular  if  the  condition  imposed   on   the  line  is  that 
it  shall  touch   a   given   curve,  the   locus   of  the   parametric  point   is   a   curve,   the   con- 
tact-locus;  (this  is   in   fact  the   ordinary   theory  of  geometrical   reciprocity,  the   locus   in 
question  being  the  reciprocal  of  the  given  curve ;)  and  the  case  of  the  twofold  condition 
of  a   contact   of  the   second   order,   or   of   two   contacts,   with  the   given   curve,   depends 
on   the   singular   points   of  the   contact-locus,   or  reciprocal   of  the   given   curve ;    in  fact 
according   as   the   line  has   a   contact  of  the  second  order,  or  has  two  contacts  with  the 
given    curve  (that   is,  as   it   is  an  inflexion-tangent,    or  a  double  tangent   of  the  given 
curve),  the  parametric  point  is   a  cusp  or  a  node  on  its  locus,  the  reciprocal  curve:   this 
is   of  course   a   fundamental   notion  in   the  theory   of  reciprocity,  and  it  is   only  noticed 
here  in  order   to   show  the  bearing  of  the  remark   (ante,   No.   14)   upon  the   case   now 
in  hand  where  the  curve  considered  is  a  line. 

16.  If  the  curve  which  has  to  satisfy  given  conditions  is  a  conic 

(a,  6,  c,  /,  g,  A$>,  y,  zf  =  0, 
we  have  here  six  parameters  (a,  b,  c,  f,  g,  A),  which   are  taken  as   the   coordinates   of  a 
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point  in  5-dimensional  space.  It  may  be  remarked  that  in  this  5  -dimensional  space  we 
have  the  onefold  cubic  locus  abc  -  a/3  -  bg*  -  cA2  +  Zfgh  =  0,  which  is  such  that  to  any 
position  of  the  parametric  point  upon  it  there  corresponds  not  a  proper  conic  but  a 
line-pair;  this  may  be  called  the  discriminant-locus.  We  have  also  the  threefold  locus 
the  relation  of  which  is  expressed  by  the  six  equations 


which  is  such  that  to  any  position  of  the  parametric  point  thereon,  there  corresponds 
not  a  proper  conic  but  a  coincident  line-pair.  I  call  this  the  Bipoint-locus^),  and 
I  notice  that  its  order  is  =4;  in  fact  to  find  the  order  we  must  with  the  equations 
of  the  Bipoint  combine  two  arbitrary  linear  relations, 

(#  $a,  6,  c,  /,  g,  k)  =  0, 
(*'$>,  6,  c,  /,  g,  /0=0; 

the  equations  of  the  locus  are  satisfied  by 

a  :  b  :  c  :  f  :  g  :  h  =  a2  :  /^  :  rf  :  By  :  rya  :  a/3 

(where  a  :  ft  :  7  are  arbitrary)  ;  and  substituting  these  values  in  the  linear  relations, 
we  have  two  quadric  equations  in  (a,  /3,  7),  giving  four  values  of  the  set  of  ratios 
(a  :  fi  :  7)  ;  that  is,  the  order  is  =  4,  or  the  Bipoint  is  a  threefold  quadric  locus. 

17.  The   discriminant-locus  does  not  in  general  present  itself   except  in   questions 
where  it  is  a  condition  that  the  conic  shall  have  a  node  (reduce  itself  to  a  line-pair); 
thus  for  the  conies  which  have  a  node  and  touch  a  given  curve  (m,  n\  or,  what  is  the 
game  thing,  for  the  line-pairs  which  touch  a  given  curve  (m,  n),  the  parametric  point  is 
here  situate  on  a  twofold  locus,  the  intersection  of  the  discriminant-locus  with  the  con- 
tact-locus.    It  may  be  noticed  that   this  twofold   locus  is  of  the   order  3  (n  +  2??i),  but 
that  it  breaks  up  into  a  twofold  locus  of  the  order  3?z,  which  gives  the  proper  solutions; 
viz.  the  nodal  conies  which  touch  the  given  curve   properly,  that  is,   one   of   the  two 
lines  of  the  conic  touches  the  curve  ;  and  into  a  twice  repeated  twofold  locus  of  the 
order  3m  which  gives   the   special   solutions,  viz.  in  these  the  nodal  conic  has  with  the 
given  curve  a  special  contact,  consisting  in  that  the  node   or  intersection  of   the  two 
lines  lies   on  the  given  curve.     By  way  of  illustration  see  Annex  No.  2.     But  the  con- 
sideration of  the  Bipoint-locus  is  more  frequently  necessary. 

18.  Suppose  that  the   conic  satisfies  the  condition  of  touching  a  given  curve;   the 
parametric  point  is  then  situate  on  a  onefold   contact-locus  (a,  bt  c,  f,  g,  &)<r  =  0  (to  fix 
the  ideas,  if  the  given  curve  is  of  the   order  m  and  class  n,  then   the  order  q  of  the 
contact-locus    is    =  n  4*  2m).     The    contact-locus    of   any    given    curve    whatever    passes 
through  the  Bipoint-locus  ;  in  fact  to  each  point  of  the  Bipoint-locus  there  corresponds 
a   coincident  line-pair,  that  is,  a  conic  which  (of  course  in  a  special  sense)  touches  the 
given  curve   whatever    it  be;    and  not   only  so,  but    inasmuch    as  we    have    a    special 

1  In  framing  the  epithet  Bipoint,  the  coincident  line-pair  is  regarded   as   being  really  a  point-pair-    see 
post,  No.  30.  ' 
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contact  at  each  of  the  points  of  intersection  of  the  given  curve  with  the  coincident 
line-pair  regarded  as  a  single  line,  that  is,  in  the  case  of  a  given  curve  of  the  m-th 
order,  in  special  contacts,  the  Bipoint-locus  is  a  multiple  curve  on  the  corresponding 
contact-locus. 

19.  If  the  conic  has  simply  to  touch  a  given  curve  of  the  order  m^  and  class  n1}  then 
the   order  of  the   condition  (or  number   of  the   conies   which   satisfy  the   condition,  and 
besides   pass   through  four  given  points)  is   equal  to  the  order  of  the  contact-locus,  that 
is,   it   is   =n1-f2??i1.     If  the   conic  has   also  to   touch   a  second  given  curve  of  the  order 
m%   and   class   n2,   then  the   order   of    the  twofold    condition   (or    number    of   the    conies 
which   satisfy  the  twofold   condition,  and  besides   pass    through    three    given    points)    is 
equal   to   the   order   of  the   intersection   or   common   locus  of  the   two   contact-loci;    and 
these  being  of  the  orders  n^  +  2?^  and  n2  +  2m2  respectively,  the  order  of  the  intersection 
and  therefore   that   of  the   twofold   condition  is  =  (?zx  +  2ma)  (n^  4-  2?^).     But   in   the   next 
succeeding  case  it  becomes  necessary  to  take  account  of  the  singular  locus. 

20.  If  the   conic  has   to   touch   three   given   curves  of  the  order  and  class  (m^,  n^, 
(m2,  w2),  (7W8,  n^)   respectively,   we  have   here  three   contact-loci    of   the  orders    7^  +  2^, 
?&2+  2m2,  7i3  +  2ra3  respectively;    these   intersect  in   a  threefold   locus,   but   since   each   of 
the  contact-loci  passes  through  the  threefold  Bipoint-locus,  this  is  part  of  the  intersection 
of  the   three   contact-loci;    and   not    only  so,   but    inasmuch    as   they  pass   through   the 
Bipoint-locus   m^  m2,  m^  times  respectively,  the   Bipoint-locus  must  be   counted  m^m^m^ 
times,  and  its  order   being  =4,  the   intersection  of  the  contact-locus  is  made  up  of  the 
Bipoint  reckoning  as  a  threefold  locus   of  the  order  477z1m2??i3,  and  of  a  residual  three- 
fold locus  of  the  order 


-f  &c.)  +  4  (n^m^m^  -f  &c.) 

and  the  order  of  the  threefold  condition  (or  number  of  the  conies  which  touch  the 
three  given  curves,  and  besides  pass  through  two  given  points)  is  equal  to  the  order 
of  the  residual  threefold  locus,  and  has  therefore  the  value  just  mentioned. 

21.  In  going    on  to  the   cases   of    the  conies  touching  four  or  five  given  curves, 
the  same  principles  are  applicable  ;   the  contact-loci  have  the  Bipoint  (a  certain  number 
of  times  repeated)  as  a  common  threefold  locus,  and  they  besides  intersect  in  a  residual 
fourfold  or   (as  the   case  is)  fivefold  locus,  and  the   order  of  the   condition  is  equal  to 
the  order  of  this  residual  locus;  but  the  determination  of  'the  order  of  the  residual  locus 
presents   the   difficulties  alluded  to,  ante,  No.  10.     I   do  not   at  present  further  examine 
these  cases,  nor  the  cases    of   the    conies  which    have   with    a   given    curve    or    curves 
contacts   of  the  second  or  any  higher  order,   or  more  than   a    single  contact  with  the 
same  given  curve. 

22.  The  equation  of  the   conic  has  been  in  all  that  precedes  considered  as  con- 
taining the  six  parameters   (a,   I,  c,  f,  g,  &);  but  if   the  question  as  originally  stated 
relates  only  to   a  class  of  conies   the  equation  whereof  contains   linearly   2,  3,  4,  or   5 
parameters,  or  if,  reducing  the  equation  by  means  of  any   of  the  given  conditions,  it 
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can  be  brought  to  the  form  in  question,  then  in  the  latter  case  we  may  employ  the 
equation  in  such  reduced  form,  attending  only  to  the  remaining  conditions;  and  in 
either  case  we  have  the  equation  of  a  conic  containing  linearly  2,  3,  4,  or  5  parameters, 
which  parameters  are  taken  as  the  coordinates  of  a  point  in  1-,  2-,  3-,  or  4-dimensional 
space,  and  the  discussion  relates  to  loci  in  such  dimensional  space.  This  is  in  fact 
what  is  done  in  Annex  No.  2  above  referred  to,  where  the  conies  considered  being 
the  conies  which  pass  through  three  given  points,  the  equation  is  taken  to  be 
fyz  +  gzM  +  haBy^Q,  and  we  have  only  the  three  parameters  (f9  g,  A);  and  also  in 
Annex  No.  3,  where  the  conies  pass  through  two  given  points,  and  are  represented  by 
an  equation  containing  the  four  parameters  (a,  &,  c,  h)  :  I  give  this  Annex  as  a  some- 
what more  elaborate  example  than  any  which  is  previously  considered,  of  the  application 
of  the  foregoing  principles,  and  as  an  investigation  which  is  interesting  for  its  own 
sake.  See  also  Annexes  4  and  5,  which  contain  other  examples  of  the  theory.  The 
remark  as  to  the  number  of  parameters  is  of  course  applicable  to  the  case  where  the 
curve  which  satisfies  the  given  conditions  is  a  curve  of  any  given  order  r  ;  the 
number  of  the  parameters  is  here  at  most  =  ^(r-h  l)(r  +  2),  and  the  space  therefore 
at  most  ^  r  (r  +  3)  dimensional  ;  but  we  may  in  particular  cases  have  co  +  1  parameters, 
the  coordinates  of  a  point  in  co-dimensional  space,  where  co  is  any  number  less  than 


23.  I   do  not  at   present   consider  the  case   of  a  curve   of  the   order  r,  or  further 
pursue   these  investigations;  my   object  has  been,  not   the  development  of  the  foregoing 
quasi-geometrical  theory,  so  as  to  obtain  thereby  a  series   of  results,  but  only  to  sketch 
out   the  general  theory,  and   in   particular  to  establish   the  notion  of  the  order  of  con- 
dition, and  to  show  that,  as  a  rule  (though  as  a  rule  subject  to  very  frequent  exceptions), 
the    order   of   a   compound    condition   is    equal    to    the    product    of   the    orders   of   the 
component  conditions.     The   last-mentioned   theorem   seems  to   me   the  true  basis  of  the 
results   contained   in  a    subsequent   part   of   this   paper   in   connexion   with   the    formulse 
of  De  Jonquikres,  post,  No.  74  et  seq.    But  I   now  proceed  to   a   different   part   of  the 
general  subject. 

Article  Nos.   24   to   72.  —  Reproduction  and  Development  of  the  Researches  of 

CHASLES  and  ZEUTEEN. 

24.  The  leading  points  of  Chasles's  theory  are  as   follows:   he   considers  the  coriics 
which    satisfy  four    conditions   (4Z),   and    establishes    the    notion   of   the    characteristics 
(p,  v)  of  such  a  system,  viz.   /u,,  —  (4J5T-),  denotes   the  number   of  conies   in  the  system 
which  pass  through  a  given  (arbitrary)  point,  and   z/,  =(4JP/);  the  number   of  conies  in 
the  system  which  touch  a  given  (arbitrary)  line.     We  may  say  that  ^  is  the  parametric 
order,  and  v  the  parametric  class  of  the  system. 

25.  The  conies 


which  pass  through  four  given,  points,  or  which  pass  through  three  given  points   and 
touch  a  given  line,  &c.,  ...  or  touch  four  given  lines,  have  respectively  the   characteristics 

(1,  2),    (2,  4),    (4,  4),    (4,  2),    (2,  1). 
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26.  A   single  condition  (X)  imposed    upon  a  conic  has   two  representative  numbers, 
or   simply  representatives,  (a,  /3);   viz.   if  (4*Z)  be  an  arbitrary  system  of  four  conditions, 
and   (JJL,    v)   the   characteristics    of    (4<Z),   then    the   number   of   the    conies   which    satisfy 
the  five  conditions  (X,  4*Z)  is  =  a//,  4-  $v. 

27.  As   an   instance   of  the   use   of  the    characteristics,  if  X}  X',  X",  X'",  X""  be 
any  five   independent   conditions,   and   (a,   /3),  ...  (a"",  ft"")  the  representatives   of    these 
conditions   respectively,  then  the   number  of  the   conies  which  satisfy  the  five   conditions- 
(X,  X',  X",  X"\  X"")  is 


=  (1,  2,  4,  4,  2, 
viz.  this  notation  stands  for  laaV/a//'a////  +  2SaaW//3////  ...  + 

28.  In   particular  if  X   be   the   condition   that   a   conic   shall   touch   a  given  curve 
of    the   order   m    and    class    n,   then   the    representatives    of    this    condition   are   (n,  m)y 
whence    the    number    of   the   conies    which    touch    each   of   five   given   curves   (m,  n),  ... 
(m"",  n"")  is 

==(1,  2,  4,  4,  2,  1$>,  m)(H',  m')  (n",  *»")(*'",  m'")(w"",  ro""). 

29.  A  system  of  conies  (4Jf)  having  the  characteristics  (/^,  z/),  contains 
Zv  —  jji  line-pairs,  that  is,  conies  each  of  them  a  pair  of  lines  ;  and 

2/4  —  v    point-pairs,   that    is,   conies    each    of   them    a    pair   of   points    (coniques 
infiniment  aplaties). 

30.  I   stop   to   further   explain   these    notions   of    the   line-pair   and   the   point-pair; 
and  also  the  notion  of  the  line-pair-point. 

A  conic  is  a  curve  of  the  second  order  and  second  class;  qucb  curve  of  the  second 
order  it  may  degenerate  into  a  pair  of  lines,  or  line-pair  (but  the  class  is  then  =  0)  : 
gudu  curve  of  the  second  class  it  may  degenerate  into  a  pair  of  points,  or  point-pair 
(but  the  order  is  then  =  0).  The  two  lines  of  a  line-pair  may  be  coincident,  and 
we  have  then  a  coincident  line-pair;  such  a  line-pair  (it  must  I  think  be  postulated) 
ordinarily  arises,  not  from  a  line-pair  the  two  lines  of  which  become  coincident,  but 
from  a  proper  conic,  flattening  by  the  gradual  diminution  of  its  conjugate  axis,  while 
its  transverse  axis  remains  constant  or  approaches  a  limit  different  from  zero;  the 
conic  thus  tends  (not  to  an  indefinitely  extended  but)  to  a  terminated  line  (x)  ;  in  other 
words,  the  tangents  of  the  conic  become  more  and  more  nearly  lines  through  two  fixed 
points,  the  terminations  of  the  terminated  line  ;  and  these  terminating  points,  which 
continue  to  exist  up  to  the  instant  when  the  conjugate  axis  takes  its  limiting 
value  =  0,  are  regarded  as  still  existing  at  this  instant,  and  the  coincident  line-pair 
as  being  in  fact  the  point-pair  formed  by  the  two  terminating  points.  Similarly  the 
two  points  of  a  point-pair  may  be  coincident,  and  we  have  then  a  coincident  point- 

1  A  line  is  regarded  as  extending  from  any  point  A  thereof  to  B,  and  then  in  the  same  direction,  from  B 
through  infinity  to  A  ;  it  thus  consists  of  two  portions  separated  by  these  points  ;  and  considering  either  portion 
as  removed,  the  remaining  portion  is  a  terminated  line. 

c.  vi.  26 
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pair;  such  a  point-pair  (it  must  in  like  manner  be  postulated)  ordinarily  arises,  not 
from  a  point-pair  the  two  points  of  which  become  coincident,  but  from  a  proper  conic 
sharpening  itself  to  coincide  with  its  asymptotes,  and  so  becoming  ultimately  a  pair 
of  lines  through  the  coincident  point-pair;  and  the  coincident  point-pair  is  regarded 
as  being  in  fact  the  line-pair  formed  by  some  two  lines  through  the  coincident  point- 
pair. 

31.  In  accordance  with  the  foregoing  notions   we  may  with  propriety,  and  it  will 
in  the  sequel  be  found  convenient   to   speak   of   a  point-pair  as   a  line  terminated  by 
two   points   on  this  line,   and   similarly  to   speak   of   a   line-  pair   as   a  point  terminated 
(that  is,  the  pencil  of  lines  through  the  point  is  terminated)  by  two   lines   through   the 
point. 

32.  If   in    a  point-pair   thus   considered   as    a   line    terminated  by   two  points   the 
two   points  become  coincident  (the  line  continuing  to  exist   as   a   definite   line),  or,  what 
is  the   same   thing,   if   in    a    line-pair    thus    considered  as   a    point    terminated   by   two 
lines,   the    two  lines    become    coincident  (the    point    continuing    to    exist    as    a   definite 
point),  we  have   a  "  line-pair-point  ;  "   viz.   this  is  at   once   a  coincident  line-pair  and  a 
coincident  point-pair;   it  may  also  be  regarded   as    the  limit    of   a   conic    the    axes   of 
which,   and  the   ratio  of    the   conjugate    to   the    transverse  axis,   all    ultimately   vanish  : 
it  may  be  described  as  a  line   terminated   each  way  at  a  point  thereof,  or  as  a  point 
terminated    each    way  at    a    line    through    it.     The    notion    of    a    line-pair-point    first 
presents  itself  in  Zeuthen's   researches,  as  will   presently  appear;  but  it  may  be  noticed 
here  that  line-pair-points,   and  these   the   same  line-pair-points,  may  present  themselves 
among  the  2p  —  p  line-pairs,  and  among  the  %/j,  —  v  point-pairs  of  the  system  of  conies  4J5T. 

33.  Eeturning  to   the  foregoing  theory  of  characteristics,  I  remark  that  the  funda- 
mental notion   may  be   taken  to  be,  not   the   characteristics   (/>&,  v)  of  the   conies   which 
satisfy  four  conditions,  but  in   every  case   the  number  of  the   conies   which  satisfy  five 
conditions.     Thus  for  the  conies  not  subjected  to  any  condition,   we  may  consider  the 
symbols 


denoting  the  number  of  the  conies  which  pass  through  five  given  points,  or  which 
pass  through  four  given  points  and  touch  a  given  line,  &c.  ...,  or  which  touch  five 
given  lines;  these  numbers  are  respectively 

=  1,       2,  4,          4,  2,  1. 

So  for  the  conies  which  satisfy  a  given  condition  X,  or  two  conditions  2-3T,  .  .  .  ,  or  five 
conditions  5Z,  we  have  respectively  the  numbers 

*     00,     (.'-A     C//),    ('//A    (////) 
2Z,    (.-.),    (:/),     (.//),    (///) 

3X,     (:),     (•/),    (//) 


5X, 
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where   the   X9  2X,  &c.   belong  to   the   symbols   which   follow:    read   (X ::),   (X.\/),  &e., 
or,  as  we  may  for  shortness  represent  them, 


/",  v'",  p'",     er'",     r'" 

/',  v",  p",     <r" 

/  >  v   ,  p 

U,  y 


viz.  the  single  condition  X  has  the  five  characteristics  (X",  .  .  .  r'"),  .  .  .  ;  the  four 
conditions  4X,  the  characteristics  (/*,  v)  as  in  the  original  theory;  and  the  five 
conditions  5X  a  single  characteristic  /v 

34.  We  thus  see  the  origin  of  the  notion  of  the  representatives  (a,  /3)  of  a 
single  condition  X  ;  for  considering  the  arbitrary  four  conditions  4#,  the  characteristics 
whereof  are  (p,  v)>  and  assuming  that  the  single  characteristic,  or  number  of  the  conies 
(X,  4Z),  is  =a/ji  +  /3v,  and  taking  for  (4<Z)  successively  the  conditions 


00,     (•••/),     O/A     (•///),    (////), 

having  respectively  the  characteristics 

(1,  2),    (2,  4),     (4,  4),     (4,  2),    (2,  1), 
we  have 

//"  =  la  +  2& 

4/3, 


o-"'  =  4a  +  2/3, 
r"'  =  2a  +  113, 


that  is,  the  characteristics  (/u/",  z/",  />w,  o-7//,  T/7/)  of  a  single  condition  X  are  not 
independent,  but  are  representable  as  above  by  means  of  two  independent  quantities 
(a,  /3);  or,  what  is  the  same  thing,  we  have 


which  being  satisfied,  the  representatives  (a,  /8)  are  given  by 


35.  I  find  that  a  like  property  exists  as  to  the  characteristics  (//',  v",  p",  <r")  of 
the  two  conditions  2X,  viz.  these  are  not  independent  but  are  connected  by  a  single 
linear  relation, 


This  may  be   proved   in   the  case   where  the   conditions  2X  are  two  separate  conditions 
(X,  X');    viz.    let    the    representatives    of   these    be    (a,   yS),   (a',    £')    respectively,  then 

26—2 
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combining  with   them   the   three   arbitrary   conditions   X",  X"1,   X"'   having  respectively 
the  representatives  (a",  ft"),  (a"',  £"'),  (a"",  >8""),  we  have  the  general  equation 

(X,  JT,  Z",  Z'",  Z"")  =  (l,  2,  4,  4,  2,  l£o,  /3)(a',  £')  (a",  /3")  (a'",  /3"')(«""  ft"")l 

taking  herein 

(X",  X'»,  JT")  =(.'.),  (:/),  (•//),  (I  ID 

successively,  and  observing  that  the  representatives  of  (•)  are  (1,  0)  and  those  of  (/) 
are  (0,  1),  we  thus  obtain  for  (/',  v",  p",  </')>  characteristics  of  (X,  X),  the  values 

/*"  =  (!,  2,  4$>,  /3)(a',  /3'), 

/'=(2,  4,  4$a,  £)(«',  £'), 

p"  =  (4,  4,  2£a,  ft)  (a',  £'), 

<r"  =  (4,  2,  IJa,  0)  (a',  /3'), 

(viz.  /'  =  laar  +  2  (a/3'  +  a'^8)  +  4/S/8',  &c.),  and  these  values  give  identically 

2A*//-8i//  +  V/-2<r'/  =  0, 

which  is  the  foregoing  equation.  And  I  assume  that  the  theorem  extends  to  the 
case  of  two  inseparable  conditions  2JST,  but  in  this  case  I  do  not  even  know  where 
the  proof  is  to  be  sought  for. 

The  characteristics  (//,  v,  p)  of  the  three  conditions  3X  are  in  general  independent. 

36.  It  has  been  mentioned  that  if  (a,  £)  are  the  representatives  of  the  condition 
X,  and  (p,  v)  the  characteristics  of  the  conditions  4#,  then 

(Z,  4S)  =  «/*  +  £*; 

this  is  the  most  convenient  form  of  the  theorem,  but  as  (a,  /3)  are  known  functions 
of  the  characteristics  (p".  v",  p'",  <r'"t  T"')  of  the  condition  X,  the  equation  is  in 
effect  an  expression  for  (X,  &Z)  in  terms  of  the  characteristics  of  X  and  4*Z  respectively. 

There  is,  similarly,  an  expression  for  (2X,  %Z)  in  terms  of  the  characteristics 
(p!,  v',  p',  <r')  of  SZ  (satisfying  the  relation  p'  -  f  v  +  f  p  -  cr'  —  0)  and  the  characteristics 
(p,  v,  p)  of  2X,  viz.  we  have 


This  may  be  easily  proved  in  the  case  where  the  conditions  2X  are  two  separable 
conditions  X,  Xf  having  the  representatives  (a,  ft),  (a',  ft')  respectively,  and  the 
conditions  SZ  three  separable  conditions  Z1,  Ztff>  Zm  having  the  representatives  (a",  ft"), 
(«//x,  £'")>  (^  /3W/)  respectively  ;  we  have,  in  fact, 


/  =  (!,  2,  4$a,  /3)«  ft?),  /,  =  (!,  2,  4,  4^,  ft")(*'",  $'")(*"",  &'"), 

v'=&  4,4$    „         „    ),  v=(2,  4,  4,  2^     „  „  „       ), 

p'=(4,  4,  2$    „         „    ),  p=(4,  4,  2,  1$     „  „  „       ), 

<r'  =  (4,  2,  1$    „         „    ); 
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is  found  to  be   expressible  as  above  in   terms  of  (p,   v,  p\   (pf,   z/,  //,   <r');    but  I    do 
not  know  how  to  conduct  the  proof  for  the  inseparable  conditions  2X  and  3Z. 

37.     It  may  be  remarked  by  way  of  verification  that  writing  successively 

,_        .  (8JB)  =  (.-.),(:  /),  (-//),(///), 

that  is, 

(/,,  p,  p)«(l,  2,  4),  (2,  4,  4),  (4,  4,  2),  (4,  4,  1), 

we  have  in  the  first  case 


and  similarly  in  the  other  three  cases, 


38.  Let  (/^,  v,  p,  cr)  be  the  characteristics  of  2#,  (/^  —  |  z;  +  1  />  —  <r  =  0),  and 
(X,  if,  p'>  <r')  the  characteristics  of  2X,  (/-}i/  +  |/>/  —  o/  =  0).  Then  in  the  formula 
for  (2JST,  3-^),  writing  successively  for  3J5T 


(2.Z*),  characteristics  (p,  v,  /o), 


and 


we  obtain  expressions  for  the  characteristics  (2X,  2^-)  and  (2Z,  2Z/)  of  (2X,  2^),  viz. 
eliminating  from  the  formulae,  first  the  (a-,  <r')  and  secondly  the  O,  /*'),  each  of  these 
may  be  expressed  in  two  different  forms  as  follows: 


(2Z,  3Z-) 


~%PP' 


(2X,  2ZD 


-iO«^  +  /*'») 


+IPP' 
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the   two   expressions   of  the   same  quantity  being   of  course   equivalent   in   virtue  of  the 
relations  between  (//,,  v,  p,  a)  and  (yu/,  v,  p',  a-')  respectively. 

The  characteristics  of  (X,  Z),  (Jf,  2Z),  (X,  3Z)  are  at  once  deducible  from  the 
before-mentioned  expression  ap  +  f3v  of  (X,  4Z). 

39.  Zeuthen's  investigations  are  based  upon  the  before-mentioned  theorem,  that 
in  a  system  of  conies  (4Z),  characteristics  (/z.,  v),  there  are  2/A  —  v  point-pairs  and 
2z>  —  p,  line-pairs.  If  in  the  given  system  the  number  of  point-pairs  is  =X  and  the 
number  of  line-pairs  is  =  -cr,  then,  conversely,  the  characteristics  of  the  system  are 


And  by  means  of  this  formula  he  investigates  the  characteristics  of  the  several  systems 
of  conies  which  satisfy  four  conditions  (4J5T)  of  contact  with  a  given  curve  or  curves, 
viz.  these  are  the  conies 


(1,  1)(1)(1),     (1,1)  (1,1),     (1,  1,  1)(1),     (1,1,1,1), 
<S)  <!)(!)      ,     (2)(1,  1)      ,     (2,  1)(1)     ,     (2,  1,  1), 
(2)  (2)  ,    (2,  2) 

(»)  a)       ,  (3,i) 

(4) 

where  (1)  denotes  contact  of  the  first  order,  (2)  of  the  second  order,  (3)  of  the  third 
order,  (4)  of  the  fourth  order,  with  a  given  curve;  (1)  (1)  denotes  contacts  of  the  first 
order  with  each  of  two  given  curves,  (1,  1)  two  such  contacts  with  the  same  given 
curve,  and  so  on.  A  given  curve  is  in  every  case  taken  to  be  of  the  order  m  and 
class  n,  with  S  nodes,  K.  cusps,  T  double  tangents,  and  t  inflexions  (mls  nlt  S1}  KI}  TI?  ^5 
ma,  n2,  &a,  as  the  case  may  be).  The  symbols  (1),  &c.  might  be  referred  to  the 
corresponding  curves  by  a  suffix;  thus  (l)m  would  denote  that  the  contact  is  with  a 
given  curve  of  the  order  m  (class  n,  &c.)  ;  but  this  is  in  general  unnecessary. 

40.  In  a  system   of   conies  satisfying    four  conditions   of    contact,   as    above,   it   is 
comparatively  easy  to    see    what    are    the    point-pairs    and    line-pairs    in    these    several 
systems  respectively;  but  in  order  to  find  the  values  of  \  and  «•,  each  of  these  point- 
pairs  and  line-pairs  has  to  be   counted  not  once,  but  a  proper  number  of  times;  and 
it  is  in  the  determination  of   these    multiplicities   that    the    difficulty  of   the   problem 
consists.    I  do  not  enter  into  this  question,  but  give  merely  the  results, 

41.  For  the  statement   of  these  I  introduce  what  I  call  the  notation  of  Zeuthen's 
Capitals.     We  have  to  consider  several  classes  of  point-pairs  and  the  reciprocal  classes 
of  line-pairs.     A  point-pair  may  be   described   (ante,  No.   31)  as  a  terminated  line,  and 
a  line-pair  as  a  terminated  point  ;  and  we  have  first  the  following  point-pairs,  viz.  : 

A,  line  terminated   each  way  in  the  intersection   of  two  curves  or  of  a   curve  with 
itself  (node). 

J?,   tangent    to    a    curve,   terminated    in  a    curve,   and   in    the    intersection    of   two 
curves  or  of  a  curve  with  itself. 
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0,  common   tangent   of  two   curves,  or  double   tangent   of  a  curve,  terminated  each 
way  in  a  curve. 

D,  inflexion  tangent  of  a  curve  terminated  each  way  in  a  curve : 
and  the  corresponding  line-pairs,  viz. : 

A'}  point  terminated  each  way  in  the  common  tangent  of  two  curves  or  the  double 
tangent  of  a  curve. 

B',  point   of  a  curve  terminated   by  the   tangent   of  a  curve,   and  by  the   common 
tangent  of  two  curves  or  double  tangent  of  a  curve. 

(7,   intersection  of   two   curves,   or  of   a  curve   with   itself    (node),  terminated  each 
way  by  the  tangent  to  a  curve. 

D',  cusp  of  a  curve  terminated  each  way  by  the  tangent  to  a  curve : 

all  which  is  further  explained  by  what  follows ;  thus  in  the  case  (1)  (1)  (1)  (1), 
=  (l)mi(l)™*00wi3(l)w4>  the  value  of  A  is  given  as  2m1m2.m3??^4(=3ra1W2?7^3m4).  Here 
A  is  the  number  of  the  point-pairs  terminated  one  way  in  the  intersection  of  any 
two  Wj,  ?n3  of  the  four  curves,  and  the  other  way  in  the  intersection  of  the  remaining 
two  m3,  m*  of  the  four  curves.  But  in  the  case  (1,  !)(!)(!),  =(1,  I)m(l)m1(l)m2»  the 
value  of  A  is  given  as  =  8m1m24-mm1.mm2.  Here  A  denotes  the  number  of  the 
point-pairs,  which  are  either  (Sm^)  terminated  one  way  at  a  node  of  m,  and  the 
other  way  at  an  intersection  of  ml9  m^,  or  else  (raw^-mma)  terminated  one  way  at  an 
intersection  of  m,  m^  and  the  other  way  at  an  intersection  of  m,  m*:  and  so  in  other 
cases. 

42.     This  being  so,  we  have 

aw 

-t  At  "S^/uj  an    m  ( Q      /W     tn     00  \ 

B  —  ZtTfi^ni^    .  m3 .  ?24  (=  32wfcim2?7i3%4 ),  2      B  = 

C  =  2mx .  772-a .  n^n^    (=    2wz1m2?i3?i4  ).  4      G'  = 


(1, 


(n  —  2)  ??z.2  4-  mm%  (n  —  2)  m^ 
4-  rn/m^Uz  (m  —  1)  4-  mrn^n^  (m  —  1) 
4-  m^zn  (m  —  2), 


0 


JD 


(m  —  2)  TT^  -f  ^na  (m  —  2)  m^ 
m(m  —  1), 


A'  =     T?^1?^2 


4-  ft^  .  ^^2, 


4-  nr^  (m  —  2)  ^  +  nn^  (m  —  2)  7^ 
4-  wntfris  (n  —  1)  4-  T^T^!  (TI  —  1) 
(?^  -  2), 


4-  mm!  (n  —  2)  ^  4-  m??^2  (n  —  2)  ^ 
.  Jn  (n  —  1), 
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(1,  1)(1,  1),  =(1,  l)m(l,  Ik- 

A.  =    881                          4"  J  mmi  (ywffii  —  1), 

1 

^4'=     7^                           +  ^  nni  \nn\  —  1), 

S=    SMma-2)             +8^(771-2) 

2 

B'  =     Tmj  (w  -  2)              +  Tim  (n  -  2) 

+  mm,  (n  -  2)  (m,  -  1)  +  mm,  (n,  -  2)  (m  -  1), 

+  WT&!   (m  —  2)  (rk  —  1)  +  ftfli  (mi  -  2)  (n  —  1), 

(7=    T.^wij^-l)        +Tj.£7n(m-l) 

4 

C"=     8.Jwl(ti1-2)          +8l.Jn(n-l) 

+  KWl(m-2)(m1-2), 

+  mm!(^-2)(^!-2), 

D  =  t  .  ^  mi  (mj  —  1)            4-  h  •  \  m  (m  ~  •"•)• 

3 

IX-     ..^(^-1)         +«,^(-D. 

(1,1,  !)(!)  =  (1,1,  1)»(1W 

.4  =    8mm!, 

1 

4'=      TIMIi, 

5  =     8  (n  -  4)  mi  +  Bn,  (m  -  2), 

2 

5'=    T(m-4)m1  +  Tm1(?i-2), 

+  mm!  (ft  -  2)  (m  —  3), 

+f«1(i»-2)(»-8), 

G  =     T  (m—  4)mx  +  mii  .  -|  (m  -  2)  (m  —  3), 

4 

(7=     8(w-4)Ml  +  mm14(K-2)(n-3)) 

'"  f(m-3)m" 

3 

TV  „        «  /«  Q\  77 

(i,i,  1,1),  =(1,1,1,1)™. 

.A  =  -g-  O  (6  —  1), 

1 

.A'  =  £T(T-1), 

J3  =    8  (ji  —  4)  (m  —  •  4), 

2 

5'  =    T  (m  —  4)  (n  —  4), 

C=      T-i(OT-4)(TO-B)i 

3 

0'=    S.i(7i-4)(n-5)f 

D=    i.Hm-3Hm-4). 

4 

D'~    ic.l(ti-3)(n-4). 

43.    Secondly,  we  have  the  point-pairs : 

J?,  tangent   to   curve   from   intersection   of   two  curves  or   of  a  curve  with  itself 
(node),  and  terminated  at  the  point  of  contact  and  the  last-mentioned  point. 

F,  tangent   to   a    curve    at  -intersection    with    another   curve    or    with    itself,  and 
terminated  there  and  at  a  curve. 

(?,  common  tangent  of  two  curves  or  double    tangent  of  a  curve,  terminated  at 
one  of  the  points  of  contact  and  at  a  curve. 

D,  ut  suprti. 

H,  line  joining  cusp  of   a  curve  with  intersection    of  two  curves  or  of  a  curve 
with  itself,  and  terminated  at  these  points. 

/,  line  from  cusp  of  a  curve  touching  a  curve,  and  terminated  at  the  cusp  and 
at  a  curve. 

/,  Inflexion  tangent  of  a  curve,  terminated  there  and  at  a  curve : 
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and  the  corresponding  line-pairs,  viz. 

E',  point  on  a  curve  in  common  tangent  of  two  curves  or  double  tangent  of  a 
curve,  and  terminated  by  this  tangent  and  by  tangent  to  a  curve. 

F/,  point  on  a  curve  in  common  tangent  of  this  and  another  curve  or  in  double 
tangent  of  this  curve,  and  terminated  by  this  tangent  and  by  tangent  to  a 
curve. 

jy,  ut  supra. 

H't  intersection  of  inflexion  tangent  of  a  curve  with  common  tangent  of  two 
curves  or  double  tangent  of  a  curve,  and  terminated  by  these  lines. 

/',  intersection  of  inflexion  tangent  of  a  curve  with  a  curve,  and  terminated  by 
this  tangent  and  by  tangent  of  a  curve : 

and  this  being  so, 


E  =  n  . 
F  = 
Gr  = 

D  = 


I  = 


m2, 


+ 


F  =  m  . 
Gr  =  nni 
D  = 
H=f 

I  =  KU^ 

(2, 

E  =  (n 
F  =  mmx  (m  -  2)  -j- 
ff=    W7i!(m  —  2) 
Z)  =  i  (m  —  3)  mj, 


—  1), 

—  2), 
-  1), 

—  2). 

,  =(2, 


J  =  Mflj. 
C.    VI. 


3 
3 
6 
2 
1 
2 

3 
3 
6 
2 
1 
2 

3 
3 
6 
2 
1 
2 
5 


=  7ft  . 


/'   =  mj      (Tla  -  2). 

^T  =  (m  -  2)  .  ^rii, 
.f*  =  n^   (n  -  2) 
Q-'  =  mmi  (n  -  2) 
D'  =  K  (n  -  3)  nlt 
H'  =  mnly 


J7    = 


27 
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(2,  1,  1),  =(2,  1,  l)m. 

W  — -     £  (m    — .  4A 

.F  =  28  (m  -  3), 
Q  =  2T  (m  -  4), 

£T=   8/c, 


44     Thirdly,  we  have  the  point-pairs: 


'  =   T  (m  —  4), 
-4), 


=     IT, 


J?,  common  tangent    of   two   curves   or   double  tangent   of   a  curve,   terminated  at 
points  of  contact. 

L,  line  from   cusp   of  a  curve   touching  a   curve,  and  terminated  at  cusp  and  point 
of  contact. 

M,  line  joining  cusp  of  a  curve  with  cusp  of  a  curve,  and  terminated  by  the  two 
cusps. 

N,  inflexion  tangent  terminated  each  way  at  inflexion,  viz.  this  is  a  line-pair-pomt. 
0,  cuspidal  tangent  terminated  each  way  at  cusp,  viz.  this  is  a  line-pair-point  : 

and  the  corresponding  line-pairs  : 

Kf,  intersection   of  two  curves   or  of   curve  with   itself  (node),  and  terminated  by 
the  two  tangents. 

L',  intersection   of  inflexion  tangent   of   a   curve  with   a  curve,  and  terminated  by 
the  inflexion  tangent  and  the  tangent  at  the  intersection. 

M',  intersection   of  inflexion   tangent   of  a   curve   with   inflexion  tangent  of  a  curve, 
and  terminated  by  the  two  inflexion  tangents. 

N',  =0,  line-pair-point  as  above. 
0',  =-$",  line-pair*point  as  above: 

which  being  so,  we  have 
(2)  (2),  = 


L'  = 
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ic(n-S), 


9 

K'  = 

3 

L'  = 

1 

Jf  = 

2 

^'  = 

1 

£X  = 

S, 


N  =i, 
0    =/e. 
45.     Fourthly,  we  have  the  point-pairs : 

P,  tangent   of  a   curve   at  its   intersection  with   another  curve   or  itself,  terminated 
each  way  at  the  point  of  contact — line-pair-point. 

Q,  common  tangent   of  two   curves   or   double  tangent  of  a   curve,  terminated   each 
way  at  one  of  the  points  of  contact — line-pair-point 

J,  ut  supra. 

R,  cuspidal  tangent  terminated  at  cusp  and  at  a  curve: 
and  the  corresponding  line-pairs : 
Pr,  —  Q,  line-pair-point. 
Q',  =JP,  line-pair-point. 
J',  ut  suprct,. 

JRf,  inflexion   of    curve   terminated   by  the   inflexion    tangent   and  by  tangent  to   a 
curve  : 

which  being  so,  we  have.  . 


—    9724%!  y 


J  — 
It  = 


(3,  1),  =(3, 


Q-2T, 

J  =   L  (m-3), 
R  =   /cm  —  3. 


Q'  = 

J'  « 


Q'=2r, 
^-28, 
/'=   Jt(»-8), 
£'=    t  (»-8). 


46.     And  lastly,  we   have  the  point-pairs   N,  0   (line-pair-points)  and  the  line-pairs 
N',  0'  (line-pair-points),  ut  suprcb,  and 


0=/c. 


4 
2 


27—2 
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47.     Where  in  all  cases   the  central  column   of  figures  gives  the   numerical  factors 
which  multiply  the  corresponding  capitals,  thus  we  have 

for  (1)(1)  <!)(!) 

X  =  2y  -  p  =  4  4-  2B  +  4(7, 

for  (1, 


X  =  2z/  -/^  =  4  +  25  -I-  4(7  +  3D, 

flr=:2M-v  =4'  4-25'  +  4(7'  4-  3D', 
and  so  on. 

48.  The  elements  (m,  n,  8,  A;,  r,  4)  of  a  curve  satisfy  Pliicker's  six  equations,  and 
Zeuthen  uses  these  equations,  in  a  somewhat  unsystematic  way,  to  simplify  the  form 
of  his  results, 

It  is  convenient  in  his  formulae  to  write  3m  4-  1,,  =  8n  -+•  /e,  =  a,  and  to  express  every- 
thing in  terms  of  (m,  n,  a),  viz.  we  have  for  this  purpose 

28  =  m2-    m  +  8n-3a, 
2T=n*  -8m  —   n  —  3a. 

But  I  make  another  alteration  in  the  form  of  his  results;  he  gives,  for  instance, 
the  characteristics  of  (1,  1)  (1)  (1)  as 


+  I/' 

where 

X  =2m(  ra+   7i~3)-f    T,  ==(1, 


»-5)+  2r,  =(1,  I:/  ), 
/^  =  J;"  =2n  (2m+    n  -  5)  +  28,  -(1,  I-//), 
z/"  =  2n  (  m+    »-»)+    8,  =(1,  I///), 

viz.  the  four  components  have  really  the  significations  (1,  1  .*.)  set  opposite  to  them 
respectively;  and  accordingly,  instead  of  giving  the  formulae  for  the  two  characteristics 
of  (1,  1)(1)(1),  I  give  those  for  the  four  characteristics  (1,  l.\),  &c.  of  (1,  1),  thus  in 
every  case  obtaining  formulas  which  relate  to  a  single  curve  only.  Subject  to  the  last- 
mentioned  variation  of  form,  I  give  Zeuthen's  original  expressions  in  Annex  6  ;  but 
here  in  the  text  I  express  them  as  above  in  terms  of  (m,  n,  a),  viz. 

49.    We  have  the  formulae 

a) 


(.///)-*»  +  2m, 
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(1,    1) 


•  2m2 

m2-f4??w-f  2tt2-   m-2?i-3a, 
2  —  Jm  -  2»  —  fa. 


a  i, 


(1,  1,  1,  1) 


m2  -   mn-   n2  +      m  +  -    n  - 


(2) 

(/.)=    «, 


(///)=  «; 

(2,1) 

(  :  )  =  12m+12r&  +  (2ra+  n-14i)a, 
(  •  /)  =  24m  +  24tt  +  (2m  +  2w  -  24)  a, 
(  //)  =  12m  +  I2n  +  (  m  +  2n  -  14)  a  ; 

(2,  1,  1) 

-^7i  +  138)-|as, 


(2,  2) 

(  -  )  =  27m  +  24w  -  20a 
(  /  )  =  24m  +  2Tw  -  20a  + 

(3) 

(  :  )  =  —  4m  -  3^  H-  3a, 
(./)  =  —  8m  -  8n  +  6a, 
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(3,    1) 

(  •  )  =  -  8m2  -  12mn  -  3n2  +  56m  +5Sn  +  a  (6m  +  Sn  -  39), 
(  /  )  =  -  3m2-  I2mn  -  8n24-  53m  +  56?i  +  a  (3m  4-  6rc  -  39)  ; 
(4) 

(  •  )  =  -  10m  -   871+  6a, 
(  /  )  SB  -    8m  -  lOra  +  6a, 

50.     By  means  of  the  foregoing  formulae  I  obtain,  as   will   presently  be   shown,  the 
following  formulae  for  the  number  of  the  conies  which  satisfy  five  conditions,  viz.  : 


(4,  1)  «  -  8m2  -  20mn  -  8ra2  +  104m  4-  104rc,  4-  a  (6m  +  6n  -  66)  ; 
(3,  2)  =     120m  +  120ft  +  a  (-  4m  -  4n  -  78)  +  3a2  ; 
(3,  1,  l)==-fm8- 


(2,  2,  1)  =  24m2  +  54mn  4-  24n2  -  468m  -  468?z 

+  a  (—  8m  —  8n  +  327)  +  a2  (Jm  +  4^  -  12)  ; 


1320m  +1320n 


(1,  1,  1,  1,  1)0=     ^ 

—  -fa  m*  —  |-  m8^  —  2man2  —  f  mn*  —  - 


51.  I  observe  that  by  means  of  the  above-mentioned  expressions  of  (X,  4<Z)  and 
(2X,  3Z),  the  foregoing  results,  other  than  those  for  (5),  (4,  1),  &c.,  may  be  presented 
in  a  somewhat  different  form,  viz.  we  have 


where   (  •  )  denotes  (4<Z  •),   (/)   denotes   (4JS  J),  and  so    in    other    cases,  the    understood 
term  being  SZ  or  2Z,  as  the  case  may  be. 

1  In  my  paper  in  the  Convptes  Rendus,  I  gave  erroneously  the  coefficients  - 


406]  ON   THE    CURVES   WHICH    SATISFY    GIVEN    CONDITIONS.  215 

(32)  (2)  =     (-/Ha; 

-^) 
-fa) 


(22)  (8)          =      (/.)(    |«*+    »-fa) 

a) 


+  (///)(      m  +  frc-fa); 


(22)  a  i,  i)= 

(  .-.  ){—  ^m»  —  ^%»  +  j^s  +  ^»s  +  4ma  +  0?»w—  $»*  +  ^m  +  $f»  +  a(    fm-fra-1)} 
O/M    & 


'--a^»s-  f  w2 
in  all  which  formulae  it  is  to  be  recollected  that  we  have 

(-••)  -1  0  /)  +  1  (•//)-(///)=  o, 

to  which  may  be  joined 

(Z)(4aO=a(4Z-)  +  6(4ST/), 

where  a,  6  are  the  representatives  of  the  condition  (Z),  and  where  (4tX)  is  to  be  con- 
sidered as  standing  successively  for  (4),  (3,  1),  (2,  2),  (2,  1,  1),  and  (1,  1,  1,  1),  the 
values  of  (43T-)  and  (457)  being  in  each  case  given  by  the  foregoing  Table. 

52.  The  formulae  are  very  convenient  for  the  calculation  of  the  numbers  of  the 
conies  which  satisfy  five  conditions  of  contact  with  two  given  curves;  thus  if,  for 
example,  (3Z),  =(3)mi,  denotes  the  condition  of  a  contact  of  the  third  order  with  a 
given  curve  (m^,  then  writing  for  symmetry  (2)m  in  place  of  (2),  we  have 

(8k  (2V-**  <»  '/>••. 

=   a  (—  4^  —  4%  + 


53.  To  obtain  the  foregoing  expressions  of  (5),  (4,  1),  (3,  2),  (3,  1,  1),  (2,  2,  1), 
(2,  1,  1,  1),  and  (1,  1,  1,  1,  1),  I  assume  that  the  given  curve  breaks  up  into  two 
curves  (m,  n,  a)  and  (m',  ri,  a'),  or,  as  we  may  for  shortness  express  it,  into  two  curves 
m  and  m'. 
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We  have  then 

(5)™+™'  =  (5)w  +  (5V, 

viz.  the  conies  which  have  contact  of  the  5th  order  with  the  aggregate  curve  m  +  m' 
are  made  up  of  the  conies  which  have  this  contact  with  the  curve  m  and  the  conies 
which  have  this  contact  with  the  curve  m'.  Writing  this  under  the  form 


and   observing    that    (5)™    is    a    function    <l>(m,  n,  a),    and    that    consequently   this    is    a 
functional  equation  <£(m-f-m',  w  +  <  a  +  a7)-^(w,  n,  a)~$(ra',  n',  a')  =  0,  the  solution  is 


<£  (m,  n,  a)  =  am  4-  bn  +  ca, 

where  a,   6,    c  are   arbitrary  constants  ;    but   as   the   solution   should   be   symmetrical   in 
regard  to  m,  n,  we  have  a  =  6,  or  the  solution  is  <£  (m,  n,  a)  =  a  (m  +  ft)  -f  ca. 

54.     Similarly  we  have 

(4,  1  W  -  (4,  l)m  -  (4,  IV 


viz.  the  conies  which  have  with  the  aggregate  curve  m  +  m'  the  contacts  (4,  1)  are 
made  up  of  the  conies  which  have  the  two  contacts  4  and  1  with  the  one  curve  or 
with  the  other  curve,  or  the  contact  4  with  the  one  curve  and  the  contact  1  with 
the  other  curve.  The  expression  on  the  right-hand  side  is  a  known  function  of  (m,  n,  a), 
(m',  ri,  a')  ;  hence  the  form  of  the  functional  equation  is 

0(ra  +  m',  n  +  ri,  a.  +  a')  —  $  (m,  n,  a)  —  <£  (m',  n',  a')=jP(w,  ?^,  a,  m',  n',  a'); 

and  any  particular  solution  of  this  equation  being  obtained,  the  general  solution  is- 
found  by  adding  to  it  the  term  am  +  bn  +  ca.  Assuming  that  the  particular  solution  is 
symmetrical  in  regard  to  (m,  n),  then  the  term  to  be  added  is  as  before  =  a  (m  +  n)  +  ca. 
And  similarly  for  (3,  2),  (3,  1,  1),  &c,  ;  that  is,  in  every  case  we  have  a  solution  con- 
taining two  arbitrary  constants  a,  c,  which  remain  to  be  determined. 

55.  Now  in  every  case   exce.pt  (5)OT  the  number  of  intersections  of  the   conic  with 
the  curve    is   >  6   (viz.   for   (4,    l)m   and    (3,   2)TO  the    number   is    7,   for   (3,    1,    1)   and 
(2,  2,  1),  it  is   8,  and   for  the  remaining  two   cases  it  is  9  and  10  respectively);  hence 
if    the    given  curve    m   be    a    cubic,   the    number    of   conies    satisfying    the    prescribed 
conditions    is    =  0  ;    and    since    a    cubic    may  be    the    general    cubic    or    a   nodal   or   a 
cuspidal   cubic,  we  have  the  three   cases  (m,  n,  a)—  (3,  6,  18),  (3,  4,  12),  and  (3,  3,  10). 
We   have  thus   in  each   case   three    conditions    for   the    determination    of    the    constants- 
a,  c;  so  that  there  is  in  each  case  a  verification  of  the  resulting  formula. 

56.  In  the  omitted  case  (5)m,   when  the   curve  m  is   a   cubic,  the   theory  of  the 
conies  (5)w  is  a  known  one,  viz.  the  points  of  contact  of  these  conies,  or  the  "sextactic'" 
points   of   the   cubic,   are  the    points    of   contact    of    the   tangents    from    the    points    of 
inflexion  ;   the    number  of  the   conies    (5)TO  is  thus  =  (n  —  8)  t,    viz.   in    the    three    cases* 
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respectively   it   is   =27,  3,    and    0.     Hence   for   determining   the   constants   we   have    the 
three  equations 

9a  +  18c  =  27, 


2c  =   3, 
0c  =    0, 
which  are  satisfied  by  a  =  —  15,  c=9,  and  the  resulting  formula  is 


In  the  particular  case  of  a  curve  without  nodes  or  cusps,  this  is  (5)  =  IZn  —  ISmr 
=  m(12m—  27),  which  agrees  with  the  result  obtained  in  my  memoir  "On  the  Sextactic 
Points  of  a  Plane  Curve/'  Phil.  Tram.  vol.  CLV.  (1865),  pp.  545—578,  [341]. 

57.     The   subsidiary  results   required   for  the  remaining   cases  (4,  1),  &c.  are  at  once 
obtained  from  the  foregoing  formulae  for  (4Z)  (1),  (3Z)  (2),  &c.  ;   for  example,  we  have 


'(—    8m  — 
with  like  expressions  for  (3,  1)W(1)W',  &c., 

(3)m  (2V      =  & 


-f  (m'ri  -  fa7  )  (-  8m  -  8n,  +  6a) 
-f  (%ni'z  -  ^')  (-  3m  -  4ft  +  3a)  ; 

with  like  expressions  for  (2,  l)m(2)m/,  (2,  l)m(l,  l)™s  &c.  &c. 
58.     Calculation  of  (4,  1).     We  have 

(4,  1W  -  (4,  1)TO  -  (4,  IV  =  (^V  (l)m'  +  (4V  (l)m, 

=  -  16mm7  —  20  (mri  -f  mW)  —  16nn'+  6  (an'  +  a'yi)  +  6  (am7  -f-  a'm), 
the  integral  of  which  is 

(4,  lV  =  -8m2-20mn~8^2-|-a(m  +  ?i)+a(6m+6w  +  c). 

The  particular  cases  (m,  ii,  a)  =  (3,  6,  18),  (3,  4,  12),  (3,  3,  10)  give  respectively 

0  =  252  +  9a  +  18e, 
0=   64  +  7a  +  12c, 

0=    36-f-6a-hlOc, 
satisfied  by  a  =  104,  c  =  -66. 

C.  VT.  28 
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59.     Calculation  of  (3,  2).     We  have 
-(3,  2)m-(3,  2V  = 


=  —  4  (mot!  -f  m'oi)  —  4  (no!  -f  no)  4-  6aa'  : 
the  integral  is 

(3?  2)w  =  a  (/?z<  -f  n)  -f  a  (-  4m  -  4>i  4-  c) 
and,  as  before, 


satisfied  by  a  =  120,  c  =  -  78. 

60.     For  the  calculation  of  (3,  1,  1)  we  have  similarly 

(3,  1,  lW-(3,  1,  IX*  -(8,  1,  l)m'  =  (3)M(l,  l)m'  +  ( 

+  (3,  l)w(l 

The  function  on  the  right-hand  side  was  of  course  calculated  from  the  values  of 
(3)TO(1,  l)«i»  &c.  ;  but  there  is  no  use  in  this  (and  the  more  complicated  cases  which 
follow)  in  actually  writing  down  the  values  of  the  function  in  question  ;  it  can  in  each 
case  be  calculated  backwards  from  the  foregoing  expressions  of  (3,  1,  1),  &c.,  and  the 
values  so  obtained.be  verified  by  actual  substitution.  But  assuming  it  to  be  known,  the 
solution  of  the  functional  equation  gives  of  course  the  foregoing  expression  for  (3,  1,  1), 
except  that  the  terms  in  m  +  n  and  a  are  therein  a  (m  +  n)  -\-CJL  ;  and  I  shall  in  this 
and  the  subsequent  cases  give  only  the  three  equations  which  determine  the  constants. 
In  the  present  case  these  are 

-  332  4-  9a  +  ISc  =  0, 


satisfied  by  a  =  -434,  c  =  291. 

61.    The  remaining  cases  are  (2,  2,  1),  (2,  1,  1,  1)  and  (1,  1,  1,  1,  1).     We  have 
(2,  2,  lW-(2,  2,  1),,;=     (2,  2)m(l)w/ 

+  (2,  l)w(2)MI' 
and 

-1674+9a  +  18c  =  0, 

-    648  +  7a  +  12c  =  0, 


satisfied  by  a  =  -468,  c  =  327. 

Again, 

(2,  1,  1,  lU,>,-(2,  1,  1,  l)w-(2,  1,  1,  IV  =     (2,  1, 


(2V  (1,  1, 
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and 

5400  +  9a  +  18c  =  0, 

2280  +  7a  +  12c  =  0, 
1680  +  6a+  lOc  =  0, 
satisfied  by  a  =  1320,  c=-960;  and  finally, 

(1,  1,  1,  1,  IV+rf-Cl,  1,  1,  1,  l)m-  (1,  1,  1,  1,  IV  =     (1,  1,  i,  1V(1V  +  (1,  1,  1,  IVdV 

+  (1,    1,    l)m  (1,   IV  +  (1,    1,   IV  (1,   IV  r 

and 

-  30618  +  90a  +  180c  =  0, 

-  14094  +  70a  +  120c  =  0, 

-  10692  4-  60a  +  120c  =  0, 
satisfied  by  10a  =  6318,  10c  =  4S60,  that  is,  a  =  -^j^9j  c  =  486. 


62.  The  contacts  of  a  conic  with  a  given  curve  which  have  been  thus  far  considered 
are   contacts  at  unascertained  points  of  the  curve;  but  a  conic  may  have  with  the  given 
curve   at  a  given  point  thereof  a  contact  of  the  first  order,  the  condition  will  be  denoted 
by  (2);  or  a  contact  of  the  second  order,  the  condition  will  be  denoted  by  (3),  and  so  on. 
It   is   to  be    observed  that  the  conditions  (2),  (3),  &c.  are  sibireciprocal,  the  contact  at  a 
given  point  of  the  curve  is  the  same  thing  as  contact  with  a  given  tangent  of  the  curve  ; 
but   if  we   write  (1)  to   denote   the   condition   of  passing  through   a  given  point  of  the 
curve,  this   is   not   the   same  thing  as  the  condition  of  touching  a  given  tangent  of  the 
curve  ;   and   this   last   condition,  if  it   were  necessary  to   deal  with   it,  might  be   denoted 
by  (1).     But   I   attend  only   to   the   condition   (1).     The   expressions    for  the  number  of 
conies  which  satisfy  such  conditions  as  (I),  (2),  &c.  are  obtainable  in  several  ways. 

63.  (1°)     When   the  total   number  of  conditions   is   4,  the  question  may  be  solved 
by  Zeuthen's   method,  viz.   by  determining  the   line-pairs  and  point-pairs  of  the   system 
4iZ,    with    the    proper    numerical    coefficients,   and    thence    deducing   the    values    of   the 
characteristics  (4<Z  -)  and  (4<Z  /).     A  few  cases  are  in  fact  thus  solved  in  Zeuthen's  work. 

64.  (2°)     By  the  foregoing  functional  method.     It  is  to  be  observed  that  there  is  a 
difference    in   the    form    of    the   functional    equation,   and    that   the   general,  solution    is 
always   given   in  the  form,  Particular  Solution  4-  Constant,  so  that  there  is  only  a  single 
constant   to  be  determined   by  special  considerations.     To   take  the  simplest  example,  let 
it   be   required   to   find   the  number   of  the   conies  (3-Z)  (1,  1)  :   writing  for  shortness  in 
place   hereof  (I,    1),  or    (in    order    to   mark    the    curve  (m)    to  which   the    symbol    has 
reference)   (1,  l)m,   let    the    curve   (ra)   be    the    aggregate    of   the   curves  (m)  and  (m*). 
Regarding  the   point   1  as   a  given   point  on  the   curve  (m),  that  is,  an  arbitrary  point 
in  regard  to  the  curve  (m7),  we  have  thus  the  equation 


where   the   right-hand   side  is  known;    and  .so    in    general   the    form    of   the    functional 
equation  is  always  <^(m+m/)  —  <£(m)  =  given  value,  that  is, 

a  +  a')  —  <f>(m,  n,  a)  =  given  function  of  (m,  n,  a,  m',  ri,  a'); 

28—2 
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whence,  as  stated,  the  general  solution  is  Particular  Solution  +  Constant.  In  the  case 
in  hand,  taking  successively  ($Z)  =  (.'.),(:/),  (•//),  and  (///),  we  have  in  the  first  of 
these  cases 

(1, 


whence  (I,  l)m  =  »  +  2m  +  const.  =  (T,  !)(.'.);__  and  the  value  of  the  constant  being  in 
any  way  ascertained  to  be  =  —  2,  we  have  (1,  1)  (.'.)  =  /&  +2ra-  2  ;  and  the  like  for  the 
other  three  cases. 

65.  (3°)  The  expressions  for  the  number  of  conies  which  satisfy  such  conditions 
as  (1),  (2),  &c.  are  deducible  with  more  or  less  facility  from  the  coires  ponding 
expressions  wherein  (I),  (2),  &c.  are  replaced  by  (  •  );  (:),  &c.  ;  thus  from  (z)(::  I)  =  n 
we  deduce 

(.-.I,  l)  =  (::/)-2(.'.2) 


viz.  if  one  of  the  four  arbitrary  points  of  (:  :  /  )  becomes  a  point  on  the  curve,  then  the 
condition  (:  :  /)  is  satisfied  specially  by  the  conic  (.*.  2)  which  passes  through  the 
remaining  three  points  and  touches  the  curve  at  the  point  in  question  ;  2  of  the  conies 
{::/)  coincide  with  the  conic  in  question.  We  have  thus  a  reduction  2(.\  2),  =2,  and 
the  number  of  the  conies  (.'.I,  1)  is  =n  +  2m  —  2.  Similarly,  we  have  the  system 


(/.I,  1  )  =  ?i  +  2??&-2, 

(  :  I,  T,  1  )  =  ?i-f  2m-4, 
(  •  I,  T,  1,  l)  =  n-h2m-6, 
(I,  T,  1,  I,  l)«w  +  2m  -8. 

Again,  two  or  even  three  of  the  given  points  on  the  curve  may  come  together  without 
any  reduction  being  thereby  caused,  that  is,  we  have 


(:    2,  1          ) 

(.    2,  I,  1      )  =  (•§,  1     )=n  +  2m-6, 

(     2,  T,  I,  !)=(  3,  I,  l)  =  n  +  2wi-8; 

but  if  the  four  points  on  the  curve  coincide  in  pairs,  or,  what  is  the  same  thing,  if 
in  (2,  1,  1,  1)  the  points  I  and  1  come  to  coincide,  then  there  is  a  special  reduction, 
and  we  have 

(2,  2,  l)  =  ?i  +  2>M-S[-(w-2)]  =  w  +  >i-G, 

viz.  here  (m—  2)  of  the  conies  come  to  coincide  with  the  two  points  considered  as  a 
point-pair  or  infinitely  thin  conic.  If  the  points  2  and  2  come  to  coincide,  that  is,  if 
the  four  given  points  on  the  curve  all  coincide,  there  is  no  further  reduction,  but  we 
have 

(4,  l)  =  wi+?i-6. 

1  I  write  indifferently  (!)(::),  (1  ::)  or  (::1);   and  so  in  other  cases. 
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66.  The   expressions   involving   a   single   (1)  may  in   every  case  be   reduced  by  the 
foregoing  method  to  depend  upon  other  expressions;   thus  we  have 

(SZ   )(1,  1)  =(-!)  -2(2) 

(ZZ  )(1,  2)  =(.2)  -3(3) 

„       (I,  1,  1)  =  (•!,  1)  -2(2,  1)      , 

(  Z   )(T,  1,  2)  =(-1,  2)  -2(2,  2)     -3(1,  3), 

„      (1,  1,  1,  !)  =  (•!,  1,  l)-2(2,  1,  1), 

j.      (1,3)  =(-3)  -4(4) 

(1,4)  =(-4)  -5(6) 
&c., 

where,  comparing  for  example  the  equations  for  (Z)(l,  1,  2)  and  (2Z)(1,  I,  1),  it  will 
be  observed  that  in  the  first  case  the  contacts  1,  2  of  the  symbol  (T,  1,  2)  successively 
coalesce  with  the  point  I,  giving  respectively  2  (2,  2)  and  3  (1,  3),  the  exterior  factor 
being  in  each  case  the  barred  number,  whereas  the  second  case,  where  the  contacts  1,  1 
of  the  symbol  (1,  1,  1)  are  of  the  same  order,  we  do  not  consider  each  of  these  symbols 
separately  (thus  obtaining  2(2,  1)  -4-2(1,  2),  =4(2,  1)),  but  the  identical  symbol  is  taken 
only  once,  giving  2  (2,  1).  Thus  we  have  also 

(I,  1,  1,  1,  !)  =  (-!,  1,  1,  l)-2(2,  1,  1,  1). 

67.  The   value   of   a  symbol    involving   (2),   say   the    symbol    (3Z)  (2),   is    connected 
with   that  of  ^  (&#•/);   but  as  an  instance  of  the  correction  which  is  sometimes  required 
I  notice  the  equation 


(2,  1,  1,  !)  =  £(!,  1,  l-/)-{i(m-2)(m-3)  +  i(»-2)(»-3)  +  3(3,  1,  l)  +  2(i,  1)}, 
which  I  have  verified  by  other  considerations. 
68.     We  obtain  the  series  of  results  : 

a) 

(  :O  =  1, 
(•••/)  =  2, 


(1,  1) 

(.-.)=   »42ni  —  ~2, 

(  :  /  )  =  2»  +  4m  -  4, 
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(1,  2) 

(    :    )=    «-3, 

(•/)  =  2a-6, 
(//)  =  2a-3; 

(1,  1,  1) 

(    :   )  =  2m2  +  %mn  +  £n2  -  6m  -  f  w  4-    8  -fa, 

(  •  /  )  =  2m3  +  4mn  +   w2  -  6m  -  on  +  12  -  3a, 
(//)=    OT2+4m?j  +  2«2-3??i-6n  +    8-3a; 

a,  3) 


(1,  1,  2) 

(    •   )=    6m  +    9n  +  30  +  a  (2ro  +   ?i-16), 


(1,1,1,1) 


(2) 


(2,  1) 

(    :   )  =  2m  4-   K  —  4, 

(  •  /  )  =  2m  +  2w  -  6, 
(  //  )=    m  +  2w-4; 

(2,  2) 

(    •    )-a-6, 

(  /  )  =  «-«; 

(2,  1,  1) 


(3) 
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(3,   1) 

(  •  )  =   n  +  2m  -  6, 

(/)  =2n+   m-6; 

(3) 

(  •  )  -  1, 

(/)        =i; 

which  are   the   several   cases   for   the   conies  which  satisfy  not  more  than  four  conditions, 
and 

69.     For  the  conies  satisfying  5  conditions,  we  have 

(5)  =1, 

(4,  1)  =tti  +  n-6, 

(3,2)  =-9  +  *, 

(3,  1,  1)  ==£ 

(2,  3)  =  - 

(2,  2,  1)  =     6m  +  6?H-54-l-a(m-Mi-15), 

(2,  1,  1,  1)  =  £ 


(1,  4) 

(1,  1,  3)  =  -Sms-12»i?2-3tt2  +  60w-f  57rc,-f  36  +  a  (6?ra  -h  3?i  -  45), 

(T,  2,  2) 

(T,  1,  1,  2)       =  ^m 

4-  «  (m3  +  2m??.  -f  ^2  -  27m  - 
(1,  1,  1,  1,  l)  =  ^m4  +  |m3n.  +  mW  +  Jm7is  +  ^n4 

2  -  5mn  -  ^n2  +  ^m  +  ^TI  +150 


70.  The  given  point  on  the  curve  to  which  the  symbols  1,  2,  &c.  refer  may  be 
a  singular  point,  and  in  particular  it  is  proper  to  consider  the  case  where  the  point 
is  a  cusp.  I  use  in  this  case  an  appropriate  notation  ;  a  conic  which  simply  passes 
through  a  cusp,  in  fact  meets  the  curve  at  the  cusp  in  two  points;  and  I  denote 
the  condition  of  passing  through  the  cusp  by  1#1  ;  similarly,  a  conic  which  touches 
the  curve  at  the  cusp,  in  fact  there  meets  it  in  three  points,  and  I  denote  the 
condition  by  2/cl  ;  1*1,  2/el  are  thus  special  forms  of  1,  2,  and  the  annexed  1  indicates 
the  additional  point  of  intersection  arising  ipso  facto  from  the  point  I  or  2  being  a 
cusp.  Similarly,  we  should  have  the  symbols  3/el,  4/cl,  5/el;  but  it  is  to  be  observed 
that  at  a  cusp  of  the  curve  there  is  no  proper  conic  having  a  higher  contact  than 


224  ON   THE   CUEVES   WHICH   SATISFY   GIVEN  CONDITIONS.  [406 

2#1  ;  thus  if  the  symbol  contains  3/cl,  or  a,  fortiori,  if  it  contain  4/el  or  5  /el,  the 
number  of  the  conies  is  in  every  case  =0;  it  is  thus  only  the  cases  1/cl  and  2/cl 
which  need  to  be  considered. 

71.  The  several  modes  of  investigation  which  apply  to  the  case  of  contact  at  a 
given  ordinary  point  of  the  curve  are  applicable  to  the  case  of  contact  at  a  cusp  : 
we  may  if  we  please  employ  the  functional  method;  we  have  here  a  functional  equation 
of  the  foregoing  form,  $  (m  +  M')  —  <f>m  =  given  value  (that  is,  <f>  (m  4-  m',  n  -f  n',  a  +  a') 

-<£(??i,  7i,  a)=  given  function  of  (m,  n,  a,  m',  ri,  a')),  and  the  general  solution  is  as 
before  =  Particular  Solution  4-  Constant  ;  so  that  there  is  in  each  case  a  single  arbitrary 
constant  to  be  determined  by  special  considerations.  The  determination  of  the  constant 
is  in  some  instances  conveniently  effected  by  means  of  the  case  of  the  cuspidal  cubic  : 
see  Annexes  Nos.  4  and  5, 

The  formation  of  the  functional  equation  itself  is  similar  to  thafc  in  the  corre- 
sponding case  where  the  given  point  on  the  curve  is  an  ordinary  point.  For  example, 
we  have 

(ZZ)(1,   1,   l)m+M--(l,  I,   l)m=      (1,   l)m(l)m-      =      »'(!-   l-)m+m'(l,   I/),,, 

),„  (1,  1),,,        +i(»*  -ri)(l:)w 


and  we  may  herein  simply  change  1  into  1«1.     Writing  successively  2^=(:),  (•  /)  and 
(//),  we  find 


which  only  differ  from  the  corresponding  expressions  with  T  in  that  they  contain 
in  place  of 


—  2,  2n  +  4m-4,  4n  +  4m-4,  4m+2w-2 

respectively,  and  they  lead  to  the  expressions  for  (1«1,  1,  1  :),  &c.,  the  arbitrary  constant 
being  in  each  case  properly  determined. 

72.    We  have 

(Lcl) 

(::  )  =  1, 

(•••/)  =  2, 
(=//)  =  4, 
('///)  =  4, 
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,  1) 

(.-.)=   »  +  2m-3, 


,  2) 

(  =  )=  a-4, 
(•/)  =  2a-8, 
(//)  =  2«-4; 

(Lei,  1,  1) 


(  •  /  )  =  2m2  +  4w«  +   w2  -  8m  -  7n  +  18  -  3a, 
(  //  )  =    m3  +  4mw  +  2m3  -  4m  -  8w  +  12  -  3a  ; 
(LU,  3) 


,  1,  2) 

(   •   )=    4m  +    8n  +  44  +  a  (2m  +    w  —  17), 

(  /   )  =  20m  +  16?i.  +  42  +  a  (2m  +  2n  -  27)  ; 

(Lei,  1,1,1) 

?i—  57+a(-3m— 


,  i) 

(    :   )  =  2m+   »  —  5, 


(  •  /  )  =  2m  -h  2w  -  6, 
(//  )= 


,  2) 


0.  VI.  29 
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i,  1,  1) 


73.     The  remainder  of  this   table,  being  the  part  where  the  symbols  (•)   and  (/) 
do  not  occur,  I  present  under  a  somewhat  different  form  as  follows : 

(6*1)  =0, 

(5*T,  i)  =0, 

(8*1,  2)  =0, 

(8*1,1,1)  =0, 

(2,3)  -(2*1,8)  =0, 

(2,2,1)  -(2*1,2,1)  =  n-3, 

(2,  1,  1,  1)  -  (2*1,  1,  1,1)  =  i  (n  -  3)  (•«  -  4), 

(1,  4)  -(1*1,  *)  =1, 

(I,  1,  8)  -(1*1,  1,  3)  =(2*1,  8)  +  (n-8), 

(1,  2,  2)  -(1*1,  2,  2)  =3(n 


(1,1,1,2)      -(1*1,1,1,2)     =  (2*1,  1,  2)  +  $(m-3)(«-4)  +  8+2n~3m-4, 
(1,  1,  1,  1,  1)  -  (1*1,  1,  1,  1,  1)  =  (2*1,  1,  1,  1). 

These  results  relating  to  a  cusp,  are  useful  for  the  investigations  contained  in  the 
Second  Memoir. 

It  will  be  noticed  that'  the  symbols  which  contain  2«1  are  not,  like  those  which 
contain  2,  symmetrical  in  regard  to  (m,  n) :  the  interchange  of  (m,  n)  would  of  course 
imply  the  change  of  a  cusp  into  an  inflexion,  and  would  therefore  give  rise  to  a  new 
symbol  such  as  2tl;  but  I  have  not  thought  it  necessary  to  consider  the  formulae 
which  contain  this  new  symbol. 


Investigations  in  extension  of  those  of  DE  JoNQUifcRES  in  relation  to  the  contacts  of  a 
Curve  of  the  order  r  with  a  given  curve.     Article  Nos.  74  to  93. 

74.  De  Jonquieres  has  given  a  formula  for  the  number  of  curves  Gr  of  the 
order  r  which  have  with  a  given  curve  Um  of  the  mth  order  t  contacts  of  the  orders 
a,  b,  c,  &c.  respectively,  which  besides  pass  through  p  points  distributed  at  pleasure 
on  the  curve  Um  (this  includes  the  case  of  contacts  of  any  orders  at  given  points  of 
the  curve  Um)}  and  which  moreover  satisfy  any  other  Jr  (r+  3)-  (a  +  &  4-  c  +  &c.)  -p 
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conditions;   viz.  the  number  of  the  curves  Cr  is  =  /A  (a 4- 1)  (b  4- 1)  (c  4- 1)...  into 
[rm-(a  +  b  +  c  . .)  —  p       ]* 
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+  [rm  -  (a  +  b  +  c . .)  -p  -  2]*-2  (06  +  ac  +  6c . .)  [Dp 

,  -1-  [rm  —  (a  +  b  +  c  . .)  —  p  —  t]°     (abc  ...  )  [-D]f, 

where  the  curve  Um  is  a  curve  without  cusps,  and  having  therefore  a  deficiency 
Z)  =  ^  (m  —  1)  (m  —  2)  —  8 ;  the  numbers  a,  &,  c, . .  are  assumed  to  be  all  of  them  unequal, 
but  if  we  have  a  of  them  each  =  a,  ft  of  them  each  =6,  &c.,  then  the  foregoing 
expression  is  to  be  divided  by  [a]a  {j3f... ;  and  p  denotes  the  number  of  the  curves  Or 
which  satisfy  the  system  of  conditions  obtained  from  the  given  system  by  replacing 
the  conditions  of  the  t  contacts  of  the  orders  a,  &,  c,  &c.  respectively  by  the  condition 
of  passing  through  a  +  b  +  c . . .  arbitrary  points.  In  order  that  the  formula  may  give 
the  number  of  the  proper  curves  Cr  which  satisfy  the  prescribed  conditions,  it  is 
sufficient  that  the  Jr  (r  +  3)  —  (a  +  b  +  c  . .)  —  p  conditions  shall  include  the  conditions  of 
passing  through  at  least  a  certain  number  T  of  arbitrary  points :  this  restriction 
applies  to  all  the  formulae  of  the  present  section. 

75.  I  will  for  convenience  consider  this  formula  under  a  somewhat  less  general 
form,  viz.  I  will  put  p  =  0,  and  moreover  assume  that  the  \r  (r  +  3)  —  (a  +  b  +  c  . .) 
conditions  are  the  conditions  of  passing  through  this  number  of  arbitrary  points; 
whence  //,  =  1. 

.  We  ahave  thus  a  curve  Cr  having  with  the  given  curve  Um  t  contacts  of  the 
orders  a,  bt  c..  respectively,  and  besides  passing  through  £?'(r  +  3)  —  (a  +  b  +  c..)  arbitrary 
points;  and  the  number  of  such  curves  is  by  the  formula  =  (a  +  1)(6  + l)(c+ 1),...  into 

'      [rm  —  (a  +  b  4-  c . .)       ]* 
+  [rm -  (a  +  b  +  c. .)  —  I]*-1  (a  +  b    +  c   . .)  [DJ 
+  [rm  _  (a  +  6  +  c . .)  -  2]f~2  (db  +  ac  +  bc..)  [D]2 


(abc... 


the 


where,   as   before,  in   the   case   of   any  equalities  between   the   numbers   a,   b,   c,. 
expression  is  to  be  divided  by  [&\*[0f.... 

76.  I  have  succeeded  in  extending  the  formula  to  the  case  of  a  curve  with 
cusps:  instead  of  writing  down  the  general  formula,  I  will  take  successively  the  cases 
of  a  single  contact  a,  two  contacts  a,  6,  three  contacts  a,  &,  c,  &c.  ;  and  then  denoting 
the  numbers  of  the  curves  &  by  (a),  (a,  6),  (a,  &,  c),  &c.  in  these  cases  respectively, 
I  say  that  we  have 

(a)  =  (a  +  1)  (rm  -  d\ 


—  a 


29—2 
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(a,  6)=  (o  +  l)(6  +  l)  (     [rm-a-bf 


[406 


ab 


(a,  6,  o)  = 


+  ab       [Iff 

a(b  +1)  (\rtn  —  a  —  b  —  I]1 

V  ID 

+  b  (a  +  1)  firm -a-b-1]1 

1+  aD 


[rro-a-6-o       ]s 
+[rm-a-b-o-I¥(a  +   b+    c)  [J3]1 


+  abc 

[rm-a-6-o-l]' 


[DJ) 


[J5]1 


06 


f    [rwi-o 
\+ 


-dbc 


"l]Ms 
J 

[*?• 


77.  The  foregoing  examples  are  sufficient  to  exhibit  the  law;  but  as  I  shall  have 
to  consider  the  cases  of  four  and  five  contacts,  I  will  also  write  down  the  formula 
for  (a,  b,  e,  d),  putting  therein  for  shortness 

..  +  cd=@,  abc..+bod  =  j, 


and  also  the  formula  for  (a,  b,  o,  d,  e),  putting  therein  in  like  manner 

(a,  ft  7,  8,  e),  (a!,  ft',  y',  B'),  (a",  /3",  7"),  (a'",  /3"')>  (a"") 

for  the  combinations  of  (a,  b,  o,  d,  e),  (a,  b,  c,  d),  (a,  b,  o),  (a,  b)  and   (a)  respectively. 
We  have 


(d,  b,  c, 


[rm  —  a 
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a  +  1)  (6  + 1)  (c  +  1)  f     [rm  -  a  - 1]3 

4-  [rm  -  a  -  2]2  a'  [D]1 
4-  [rm  -  a  -  3]1  ft'  [D]2 
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]  [ic] 


abcd 


(a,  b,  o,  d,  «)-(o 


+  [26ode  (a  + 1) 
—  abode  . 


[2cd.  (a  +  1)  (6  +  1)  /     [rm-a  -  2]2 


[rm  -  a  -  3]1 


]W 


(     [rm-a       ]6 


\DJ 


r  j^-ij   cj       r  T\-|4 

«    [Z)?J 

^     [rm  —  a  —  I]4 
+  [rm  —  a  —  2]3  a'    [D]1 
+  [rm  -  a  -  3]2  /3'  [D]3 
+  [rw-a-4]1y/  [D]s 

,+  8/ 

r      [rm  -  a  -  2]3 

1  +  {rm  -  a  - 


] 


+  7" 

[r»»  -  a  -  3]3 


/3"'[D? 
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78.  In   all   these   formulae   there   is,   as  before,   a   numerical   divisor  in    the   case   of 
any  equalities  among  the  numbers  a,  6,  c,  &c.     And  D  denotes,  as  before,  the  deficiency, 
viz.    its   value   now  is   D  =  %  (m-1)  (m-  2)-  8  -  #;    or    observing    that   the    class    n    is 
=  m2-ra-2S-3A:,  we   have   D=  Jn-ra  +  1 +4*,  or    say   jD  =  1  -  m  +  fyi  +  ±K,   =  1  +  A   if 
A  =  —  m  +  \n  +  \K. 

79.  It   is   to    be    observed    with    reference    to  ,the    applicability  of    these    formulae 
within   certain   limits   only,  that  the  formulae   are   the   only  formulae  which   are  generally 
true;    thus   taking   the   simplest   case,  that   of  a   single   contact   a,   the    only  algebraical 
expression  for  the  number   of  the  curves  Or  which   have  with  a  given  curve   Um  a  con- 
tact  of   the   order   a,   and   besides  pass   through    the   requisite   number  fyr(r  +  3)-a   of 
arbitrary  points,  is  that  given  by  the  formula,  viz. 

(a)  =  (a  + 1)  (rm  —  a  +  «D)  —  a/c. 

Considering  the  curve  Um  and  the  order  r  of  the  curve  Gr  as  given,  if  a  has 
successively  the  values  1,  2, ...  up  to  a  limiting  value  of  a,  the  formula  gives  the 
number  of  the  proper  curves  Cr  which  have  with  the  given  curve  Um  a  contact  of  the 
required  order  a:  beyond  this  limiting  value  the  formula  no  longer  gives  the  number 
of  the  proper  curves  (F  which  satisfy  the  required  condition,  and  it  thus  ceases  to  be 
applicable;  but  there  is  no  algebraic  function  of  a  which  would  give  the  number  of 
the  proper  curves  Or  as  well  beyond  as  up  to  the  foregoing  limiting  value  of  a. 

80.  The  formulae  are  applicable  provided  only  the  conditions  include  the   conditions 
of  passing  through  a  sufficient   number  of  arbitrary  points  ;    viz.  when   the  number   of 
arbitrary  points  is  sufficiently  great,  it  is  not  possible  to  satisfy  the  conditions  specially 
by  means  of  improper  curves  Or,  being  or  comprising  a  pair   of  coincident  curves.     Thus 
to    take   a   simple   example,    suppose   it   is   required   to   find   the    number    of    the    conies 
which   touch  a  given  curve  t  times  and  besides  pass  through  5  —  t  given  points:   if  the 
number   of  the   given  points   be   4    or   3   there   is   no    coincident   line-pair   through    the 
given  points,   and  therefore   no   coincident    line-pair   satisfying  the  given   conditions ;    if 
the  number   of    the  given  points  is   =  2,    then  the    line   joining   these   points   gives    a 
coincident   line-pair  having  at  each  of  its  m  intersections  with  the  given  curve  a  special 
contact    therewith,  that   is,   having    in    fyn  (m  —  1)  (m  —  2)    ways    three   special    contacts 
with  the  given  curve ;  if  the  number  of  the  given  points   is    1    or   0,  then  in  the  first 
case    any    line    whatever    through    the    given    point,    and    in    the   second   case   any   line 
whatever,  regarded    as  a   coincident    line-pair,   has    m    special  contacts    with   the    given 
curve ;  and  so  in  general  there   is  a  certain  value   for  the   number   of  given  points,  for 
which   value   the   conditions   of    contact   may   be   satisfied   by   a   determinate  number   of 
improper  curves    (?*,  and  for   values   inferior    to  it   the   conditions  may  be  satisfied  by 
infinite   series    of  improper    curves    (X      It    is    by    such    considerations    as    these    that 
De   Jonqui&res   has   determined  the  minimum  value  T  of  the  number  of  arbitrary  points 
to  which    the   conditions  should  relate  in   order  that   the   formulae  may  be  applicable: 
I  refer  for  his  investigation  and  results  to  paragraphs  XVII  and  XVIII  of  his  memoir. 
I    remark    that    in    the    case   where    the    number    of    improper   solutions    is   finite,   the 
formula    can   be    corrected    so    as   to  -give    the   number   of  proper   solutions   by  simply 
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subtracting  the  number  of  the  improper  solutions:  but  this  is  not  so  when  the  improper 
solutions  are  infinite  in  number;  the  mode  of  obtaining  the  approximate  formula  is 
here  to  be  sought  in  the  considerations  contained  in  the  first  part  of  the  present 
Memoir;  see  in  particular  ante,  Nos.  8,  9  and  10. 

81.  The  expressions  for  (a),  (a,  b),  &c.  may  be  considered  as  functions  of  rm,  1+A, 
and  /c,  and  they  vanish  upon  writing  therein  rm=0,  A=0,  «  =  0;  they  are  consequently 
of  the  form  (rm,  A,  /c)1  +  (rm,  A,  *)2  +  &c.,  and  I  represent  by  [a],  [a,  b],  &c.  the  several 
terms  (rm,  A,  /c)1,  which  are  the  portions  of  (a),  (a,  V),  &c.  respectively,  linear  in  rm,  A, 
and  tc.  The  terms  in  question  are  obtained  with  great  facility  ;  thus,  to  fix  the  ideas, 
considering  the  expressions  for  (a,  b,  c,  d), 

1°.  To  obtain  the  term  in  rm,  we  may  at  once  write  D  =  I,  #  =  0,  the  expression 
is  thus  reduced  to 

(a  +  1)  (b  +  1)  (c  +  1  )  (d  +  1)  {  [rm  -  a]*  +  [rm  -  a  -  I]3  a}, 
and  the  factor  in  {    }  being  =  rm  [rm  —  a  —  l]a,  the  coefficient  of  rm  is 


which  is 


2°.     To  obtain  the  term  in  A,  writing  rm  =0,  K  =  0,  and  observing  that 

&c.  give  the  terms  A,  A,  —  A,  +  2A,  —  6 A,  &c.  respectively,  the  term  in  A  is 

f     [_«-!]»«.      l^A 


+  [-a-. 


+  ft 

+    7 
+  28 


S.     2 


(a +  3) 


3°.     For  the  term  in  K,  writing  rtn  =  0,  D  =  1,  and  observing  that  [«p,  [/c]2,  [/c]3, 
give  respectively  the  terms  K,  —  K,  2#,  —  6  K,  this  is 


abed 
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where  the  terms  in  {   }  are 

-(a  +  l-<0(«  +  2)(a+8X     (a+2-a")(a  +  3)  and  -(a  +  3- 
that  is, 

a  +  3)  and  - 


[406 


respectively;   whence  the  whole  expression  is 


(c+d+2)(a+  !)(&  +  !). 
(6  +c  +  d  +  3)  (a  +  1) 


(«+8) 


—  6 


the  expression  multiplying  (a  +  2)  (a  +  3)  is 


/c, 


and  we  have  moreover 


the  other  lines  are   of    course   expressible   in   terms    of   (a,  &  7,  8),  but  as   the   law  of 
their  formation  would  then  be  hidden,  I  abstain  from  completing  the  reduction. 

82.     The  series  of  formulae  is 

[a]  =  (a  +  1)  rm 
+  (a  +  1)  aA 
—  ax, 

[a,  &]  =  - 


'{- 


a  (a  +  1)1  A 


+  f     26  (a  +1)  (6  +  !)!«, 

I-     a&  J 

where  a  =  a  +  6,  j8  =  a6;   and  coeff.  of  «  expressed  in.  terms  of  a,  j8  is  =a(l  +  a+y8)  —  j8. 

[0,6,0]=    (o+l)(6+l)(o  +  l)(a  +  l)(a  +  2)        ..rm 

A 


where  a  =  a  +  6  +  c,  & 

of  a,  0,  j  is  =-a8-a2/3-<*V- 


,  y  =  abo;  and  the  coefficient  of  *  expressed  in  terms 
-a£- 
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[a,  b,  c, 


f+  2 
-  2 
+  22 

,~6 
where  ct  =  a  +  b  +  c  +  d, .  .  8  =  abed. 

,    [a,  b,  c,  d,  e]  =    (a 


4- 


where  a= 


-    7 
-28 


7 
28 


..rni 
A 

+  2)(a  +  3) 
(a +  3) 


(a +  3) 


:  +  4)         ..i 


1  A 


(a +  4) 


(a  +  4) 


c  +  d  +  ej  /3=  &c.3  ...  e  = 

83.     The  complete  functions  (a),  (a,  6),  t(a,  b,  c),  &c.  may  be  expressed  by  means  of 
the  linear  terms  [a],  [a,  6],  [a,  6,  c],  &c.  as  follows,  viz.  we  have 

(a)  =  [a], 

(a,  6)          =  [a]  [6] 

+  [«,  6], 

(a,  6,  c)      =  [a]  [6]  [o] 

+-  [o]  [b,  c]  +  [6]  [a,  c]  +  [o]  [a,  6] 

+  [a,  Z>,  o], 

(a,  b,  c,  d)=  [a]  [6]  [c 


+  2  [a, 

+  2  [a]  [6,  c,  d] 

+    [a,  b,  c,  d], 


c.  vi. 


30 


234  ON    THE    CURVES    WHICH    SATISFY    GIVEN    CONDITIONS.  [406 

and   so   on:  this  is   easily  verified   for  (a,  b\  and    without   much    difficulty   for  (a,  b,  c), 
but  in  the  succeeding  cases  the  actual  verification  would  be  very  laborious. 

84.  The  theoretical  foundation  is  as  follows.  Writing  for  greater  distinctness  (a)m 
in  place  of  (a)>  we  have  (a)m  to  denote  the  number  of  the  curves  Gr  which  have 
with  a  given  curve  U"™  a  contact  of  the  order  a,  and  which  besides  pass  through 
jfrfr  +  S)  —  a  points.  Let  the  curve  Um  be  the  aggregate  of  two  curves  of  the  orders 
m,  m'  respectively,  or  say  let  the  curve  Um  be  the  two  curves  w,  in,  then  we  have 


a  functional  equation,  the  solution  of  which  is 


where  [a]m  is  a  linear  function  of  n,  m}  K,  or,  what  is  the  same  thing,  of  tn,  A,  K. 
I  assume  for  the  moment  that  when  the  coefficients  are  determined  [a]m  would  be 
found  to  have  the  value  =  [a]  . 

Similarly,  if  (a,  b)m  denote  the  number  of  the  curves  Gr  which  have  with  the 
given  curve  Um  contacts  of  the  orders  a  and  b  respectively,  and  which  besides  pass 
through  \r  (r  +  3)  —  a  —  b  points,  then  if  the  given  curve  break  up  into  the  curves 
m,  m',  then  we  have 

(a,  b)m+m>-(a,  &),ft-(a,  6)m'  =  {(»),»  (&),»'}  +  {(«),»'  (&)»»}, 

where  {(a)OT(6)OT'J  is  the  number  of  the  curves  Gr  which  have  with  m  a  contact  of  the 
order  a  and  with  m'  a  contact  of  the  order  6,  and  which  pass  through  the  Jr  (r  +  3)  —  a  —  b 
points;  and  the  like  for  {(a)m>  (&)7n}.  Then,  not  universally,  but  for  values  of  a  and  b 
which  are  not  too  great,  the  order  of  the  aggregate  condition  is  equal  to  the  product 
of  the  orders  of  the  component  conditions  (ante,  No.  12),  that  is,  we  have 


and  thence  the  functional  equation 

(a,  Z>)m-Hn/  -  (a,  b)m  -  (a,  6)wl/  =  [a]w  [6] 
But  [a]m,  Sz/c.  being  linear  functions  of  m,  A,  /e,  we  have 


and  thence   a  particular  solution   of  the   equation  is  at  once  seen   to   be   [a]m[6]m;   the 
general  solution  is  therefore 


where  [a,  6]m  is  an  arbitrary  linear  function  of  m,  A,  AC.  Hence,  assuming  for  the 
present  that  if  determined  its  value  would  be  found  to  be  =  [a,  &],  we  have  the 
required  formula  (a,  6)  =  [a]  [b]  +  [a,  6], 
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The  investigation  of  the  expression  for  («.,  6,  c)m  depends  in  like  manner  on  the 
assumption  that  ,we  have 

{(a)m(b,  cXn']  =  (a)w  .  (6,  c)m>  =  [a]m  {[6]w,  [c]m'  +  [&,  c]m-], 

and    so    in    the    succeeding    cases;    and    we    thus,    within    the    limits    in    which    these 
assumptions  are  correct,  obtain  the  series  of  formulae  for  (a,  &),  (a,  &,  c).... 

85.  It  is  to  be  observed  in  the  investigation  of  (a,  6)  that  if  a  =  6,  the  two- 
terms  [a]m  [b]m>  and  [a]m-  [b]m  become  equal,  and  the  equal  value  must  be  taken  not 
twice  but  only  once,  that  is,  the  functional  equation  is 

(a,  a)m+m>  —  (a,  a)m  —  (a,  a)m'  =  [a]m  [a]m', 

and  the  solution,  writing  ^  [a,  a]m  for  the  arbitrary  linear  function,  is 

(a,  a)TO=i[a]TO[a]w  +  J[a,  a]™, 


in  which  solution  it  would  appear,  by  the  determination  of  the  arbitrary  function,  that 
[a,  a]  has  the  value  obtained  from  [a,  b]  by  writing  therein  b  =  a.  Writing  the 
equation  in  the  form 

O,  a)  =  i[a][a]  +  4[a,  a], 

and  comparing  with  the  equation  for  (a,  6),  we  see  that  [a,  6]  is  not  to  be  considered 
as  acquiring  any  divisor  when  b  is  put  =  <z,  but  that  the  divisor  is  introduced  as  a 
divisor  of  the  whole  right-hand  side  of  the  equation  in  virtue  of  the  remark  as  to 
the  divisor  of  the  functions  (a,  6),  (a,  6,  c)  .  .  .  in  the  case  of  any  equalities  between 
the  numbers  (a,  b,  c...)-  This  is  generally  the  case,  and  the  foregoing  expressions  for 
[a,  6],  [a,  6,  c],  &c.  are  thus  to  be  regarded  as  true  without  modification  even  in  the 
case  of  any  equalities  among  the  numbers  a,  b,  a... 

86.  To  complete  according  to  the  foregoing  method  the  determination  of  the 
expressions  for  (a),  (a,  6),..,  we  have  to  determine  the  linear  functions  [a],  [a,  b],  &a, 
which  are  each  of  them  of  the  form  fm+gA  +  h/c,  where  (/,  g,  h)  are  functions  of  r 
and  of  a,  b,  &c.;  and  I  observe  that  the  determination  can  be  effected  if  we  know 
the  values  of  (a),  (a,  6),  &c.  in  the  cases  of  a  unicursal  curve  without  cusps  and 
with  a  single  cusp  respectively.  Thus  assume  that  in  these  two  cases  respectively 
we  have 


(a)  =  (a  +  1)  (rm  —  a)  —  a. 

Writing  first  A  =  -l,  #  =  0,  and  secondly  A  =  -l,  #=1,  we  have 

(a  +  1)  (rm  —  a)        =fm  —  g> 

(a  +  1)  (rw  —  a)  —  a  =fm  —g+h, 

whence 

f=*(a  +  l)r,    g  =  (a  +  l)a,    A  =  -a, 
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giving  the  foregoing  value 

[a]  =  (a  4-  1)  rm  +  (a  +  1)  aA  -  a/c. 

Similarly,  for  two  contacts  assume  that  we  have  in  the  two  cases  respectively 


(a,  6)  =  (a 

(a,  6)  -  (a  +  1)  (6  +  1)  [rm  -  a  -  Z>]3  -  {a  (6  +  1)  +  6  (a  -  1)}  [rm  -  a  -  b  -  I]1. 

Starting    here    from    the    formula    [a,    6]  =*  (a,    6)  -  [a]  [b]  =fni  +  <?A  +  h/c,    and    writing 
successively  A  =  -  1,  K  =  0,  and  A  =  -  1,  K  =  1,  we  have 

(a  +  1)  (6  +  1)  [rm  -  a  -  6]3  -  {(a  +  1)  (m  -  a)}  {(b  +  1)  (rwi  -  6)}     =/m  -  #, 
(a  +  !)(&  +  1)  [rw  -  a  -  6]2  -  {a  (6  +  1)  +  &  (a  +  1)}  [?TO  -  a  -  6  -  I]1 

-  {(a  +  1)  (rwi  -  a)  -  a}  {(&+!)  (nn  -  6)  -  6}  =/m  -flr  +  A; 

the  first  of  which,  putting  therein  a  4-  6  =  a,  ab  =  /3,  is  at  once  reduced  to 

o(a+  l)-/ 


whence  /=-(a+l)(6  +  l)(a  +  l)r,  ^r  =  -  (a  +  l)(&  +  l)(a(a+  !)-£).     And  taking  the 
difference  of  the  two  equations,  we  have 

-  la(&  +  1)  +  &  (a  +  1)}  (^?i  -  a  -  6  -  1) 

+  a  (&  +  1)  (WM.  —  6)  +  6  (a  +  1)  (rm  -  a)  -  a&  =  A, 
that  is  A  =  (c&  +  l)  (&  +  l)(a  +  6)  —  a6;   whence  [a,  6]  has  the  value  above  assigned  to  it. 


87.  The  actual  calculation  of  [a,  6,  c]  would  be  laborious,  and  that  of  the 
subsequent  terms  still  more  so  ;  but  it  is  clear  that  the  principle  applies,  and  that 
the  foregoing  values,  assuming  them  to  be  correct,  would  be  obtained  if  only  we  know, 
for  a  unicursal  curve  without  cusps,  that 

(a,  &,  c,..)  =  (a  +  l)(6  +  l)(c4-l)...[rm~(a  +  &  +  c,..)? 

(t  the  number  of  contacts  a,    6,  c,  ...),  and  for  a  unicursal   curve   with  a  single  cusp, 
that 

(a,  6,  c,..)=     (a  +  l)(&4-l)(c  +  l)...[rwi-(a  +  6  +  o...)       ]* 


viz.  that  the  diminution  of  (a,  6,  c,  ...)  occasioned  by  the  single  cusp  is 
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88.  Consider  a  unicursal  curve  Um,  and  a  curve  Gr  having  therewith  t  contacts 
of  the  orders  a,  b,  c,  ...  respectively.  The  coordinates  (x,  y,  z)  of  any  point  of  the 
unicursal  curve  are  given  as  functions  of  the  order  m  of  a  variable  parameter  0; 
and  substituting  these  values  in  the  equation  of  the  curve  Cr,  we  have  an  equation 
of  the  degree  rm  in  9,  but  containing  the  coefficients  of  Gr  linearly;  this  equation 
gives  of  course  the  values  of  6  which  correspond  to  the  rm  intersections  of  the  two 
curves.  Hence  in  order  that  the  curve  Cr  may  have  the  prescribed  contacts  with  Um, 
the  equation  of  the  degree  rm  in  6  must  have  t  systems  of  equal  roots,  viz.  a 
system  of  a  equal  roots,  another  system  of  b  equal  roots,  &c.  :  this  implies  between 
the  coefficients  of  the  equation  an  (a  +  b  +  c  ...)  fold  relation,  which  may  be  shown  to 
be  of  the  order  (a  +  1)  (b  +  1)  (c  +  1)  .  .  .  [rm  -  (a  +  b  +  c  ...)]*;  and  since  the  coefficients 
in  question  are  linear  in  regard  to  the  coefficients  in  the  equation  of  the  curve  Cr, 
the  order  of  the  relation  between  the  last-mentioned  coefficients  has  the  same  value  ; 
that  is,  the  number  of  the  curves  Or  which  have  the  prescribed  contacts  with  the 
unicursal  curve  Um  and  besides  pass  through  the  requisite  number  of  given  points,  is 


89.  The    reduction    in    the    case    of    a   cusp   appears    to    be    caused    as    follows:  — 
Consider   on   the   curve   Um  a  points  indefinitely  near  to  the   cusp,  and  let  the  condition 
of   the   curve    Cr  having  the   contact   of    the   ct-th   order  be   replaced    by  the   condition 
of  passing   through   the  a  points;   that   is,  consider  the   curves    Cr   which  have  with  the 
curve   Um  (£  —  1)  contacts   of  the   orders   b,  c,  ...  respectively,  which  pass   through  the   a 
points    on    the    curve     Um   in    the    neighbourhood    of    the    cusp,   and    which    also    pass 
through   the   requisite    number    of    arbitrary   points.      The    number    of   these    curves    is 
=  (&-i-l)(c+l)...  [rm  —  a  —  (6  +  c  4-  .  -)]*"1   (the   term    rm  —  a    instead    of   rm,   on    account 
of   the  given   a  points   on  the  curve:    compare    herewith   De  Jonqui&res'   formula   con- 
taining  rm  —  p\      Each   of   these    curves,    in   that   it    passes    through    a    points   in   the 
neighbourhood    of    the    cusp,   will    ipso  facto    pass    through    a  +  1    points   (viz.   a   curve 
which    simply   passes   through   the   cusp   of    a  cuspidal   curve   meets   the   cuspidal   curve 
there  in   two   points,  a   curve  which   touches   the  cuspidal  tangent  meets  the   curve  in 
three  points,  &c.),  and   be   consequently,  in  an  improper  sense,  a  curve  having  a  contact 
of  the   a-th   order  with   the   given   curve    U'm.    I  assume  that  it   counts  as   such  curve 
a  times,  and   this   being  so,  we  have,  on  account   of  the  curves  in   question,  a  reduction 
=  a  (b  -h  1)  (c  4-  1).  .  .[rm  —  (a  +  b  +  c  .  .  -)]*""1.      We    have    in    like    manner    for    the    curves 
passing  through  b  points  in  the  neighbourhood  of  the  cusp  a  reduction  =&(a  +  l)(c  +  l)... 
[rm  —  (a+b  +  c...y]t~ly  &c.,  and   hence   when   the  given   unicursal   curve    Um  has   a  cusp, 
the  total  reduction  on  account  of  the  cusp  in  the  number   of  the  curves  Cr  which  have 
with   the   given    curve   the   t   contacts  of  the  orders    a,  6,  c,  .  .  .  and   besides  pass  through 
the  requisite  number  of  given  points,  is 

=  {a  (b  +  1)  (c  +  1)  ...  +  b  (a+  1)  (c  +  1)+  &c.}  [rm-(a  +  b  +  c  ...)]*~S 

which   is   the   auxiliary  theorem  in   question  ;  some   of  the  steps  require  however  to  be 
more  completely  made  out. 

90.  I     have     calculated     the     following     numerical     results,     wherein,     as     before, 
A  =  D  —  1  =  —  m  +  ^n  +  ^/c.     I  find    ialso    their  values   in  the   case   where   the   curve   G1" 
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is   a   conic 


(that   is  7-  =  2)   first   in    terms   of  m,   n,  fc,  and   finally   in    terms    of  w,   7?,  a 
as  above).     The  results  are 

for  r=2,  that  is,  curve  Cr  a  conic. 


[1]=             2?™  +           2A-           * 

=:              2m  +            n 

=            2w  +            n 

[2]=             3nn+           6A-         2* 

=                                3/i  +           * 

=                                                 a 

[3]=             4m  +         12  A-         3* 

—  _           4?tt  +           6»  +         3* 

=  -          4?w  -            3??  +         3a 

[4]-             5?v?i+         20A-         4* 

=  -         10m  +         10;/+         6* 

=  -        10m  -            8?i+         Ga 

[5]=             6m  +         30A-         5* 

=  -         18m  +         15rc+       10/c 

=  -       18m  -         15»  +       lOa 

[1,1]=-       127-w-         2UA+         7* 

=  -           4m  -         lOw  -         3/c 

4/M.             n-         3a 

[1,2]=-       24rw-         60A+       16*      =             12m-         30?/~       14* 

12m+         12«-       Ha 

[1,3]=-       40m-       136A+       29* 

=            56m-         6811-       39* 

5(im  +         49v/-       39a 

[1,  4]  =  -       60rw  -       260A  +       46* 

140m-       130«-       84* 

=         140»i+       122n-       84a 

[2,  2]  =  -       45m  -       144A  +       32* 

=            54?»-         72?z-       40* 

=           54m  +         48»~       40a 

[2,3]=-       72rw-       288A+       54* 

=           144??i-       144?/-       90* 

=         144?/i+       126//-       90a 

[1,1,1]=        160m  +       352A-       98* 

=  -         32m  +       176  ?i+       78* 

=  -       32m-         58n+       78a 

[1,1,2]=         360m+     1056A-     240* 

=  -       336m  +       528-H  +     288* 

=  -     336m-       336n+     288a 

[1,1,3]=        672m  +     2528A-     478* 

=  -     1184m  +     1264?i+     786* 

=  ~    1184m-     1094/1+     786a 

[1,2,2]=         756m  +     2700A+     530* 

=  -     1188m  +     1350«+     820* 

=  -   1188m-     1110w+     820a 

[1,  1,  1,  1]=  -  3360m-     8928A+  2106* 

2208m-     4464?i-   2358* 

=       2208m  +     26lOn-   2358a 

[1,1,1,2]=-  8064m-   26784A+  5376* 

=       10656m-   13392H-   8010* 

=     10656m  +   10656'M-    8016a 

[1,  1,  1,  1,  1]=     96768m  +  296448A-  61464* 

=  -  102912m  +  148224n+  86760* 

=  -  10912m  -  11205G;i  +  86760a 

(It  may  be  noticed  as  a  curious  circumstance  that  in  the  last  column  in  the 
expressions  of  [2],  [1,  2],  [1,  1,  2]  and  [1,  1,  1,  2]  respectively,  the  coefficients  of  m 
and  77  are  in  each  case  equal.) 

91.  In  the  case  of  the  conic,  (1),  (2),  &c.  are  the  expressions  denoted  in  the 
former  part  of  this  Memoir  by  (1  : :),  (2  /.),  &c.,  the  number  of  points  being  in  each 
case  such  as  to  make  in  all  five  conditions;  calculating  these  functions  by  means  of 
the  formulae  (&)=[<&],  &c.,  the  comparison  of  the  resulting  values  with  the  values 
previously  obtained  will  show  a  posteriori  the  limits  within  which  the  formulae  are 
applicable;  where  they  cease  to  be  applicable  I  find  the  difference,  and  annex  it  as 
a  correction  to  the  formula  value:  I  have  in  some  cases  given  what  seems  to  be  the 
proper  theoretical  form  of  this  difference.  We  have 


(1  ::) 
(2  .'.) 
(8  :) 
(4  •) 
(5) 


=        2m  +     7^ ; 


•10m-    8n+    6a; 
18m  -  157?-  4-  lOa  -  [-  3m  +  a]     (= 
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2  (1,  1  .'.) 
(1,  2  :) 
(1,  3  -) 
(1,  4) 

2  (2,  2  •) 
(2,  3) 

6  (1,  1,  1  :) 
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=      (2m  -Mi)2 
—  kin  —  n  —  3a  ; 
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2  (2, 


2  (3, 


4- 

(2m  4-  ?z,)  (-  4m  -  8n  +  3ct) 
4  56??i  -f  49w  -  39a  ; 

(2w  4-  ?0  (-  10m  -  Sn  4-  6a) 
-f  140m  4-  12272  —  S4a 
-  [O  -  3)  (-  12m  -  6?z  +  6a)]    (=  -  [(TO  -  3)  (4*  -f  2*)])  ; 


4-  54m  +  48?i  —  40a  ; 

=      a  (-  4m  -  8n  +  3a) 
+  144m  +  126?i  -  90a 

6<n  +  (w  -  12)  a]     (=  -  [6r  +  (n  -  3)  / 

n)3' 
4-  3  (2m  +  n)  (—  4m  —  w  —  3a) 

-  32m  -  5Sn  +  78a 

-  [4m  (w-  !)(?»-  2)]; 


+  2  (2m  +  n)  (12m  -f  12^.  —  14a)  +  a  (—  4m  —  n  —  3a) 

-  336m  -  336^  +  288a 

-  [2a  (m  -  2)  (m  -  3)]    (=  -  [6n  (m  -  2)  (TO  -  3)  +  2*  (TO  -  2)  (m  -  3)])  ; 


4-  2  (2m  4  n)  (56m  4-  49ft  -  39a) 
+  (_  4wi  -  n  -  3a)  (-  4m  -  3?i  4  3a) 
-  1184m  -  1094w  4-  786a 


L4-  a  (9?>is  -  87m  —  3?i  4  204) 
2  (2,  2,  1)  =      (2m  4-  n)  a2  < 


4-  (2m  4  n)  (54m  -f  48n  —  40a) 
-  1188m  -  lllOn  -  820a 


S(2n    +  10m -38)' 
4-  K  (3m3  -  19m  4-  30) 
+  t  (6m2  -  41m  4  69) 
.4-  r(8m  -32) 
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"60m2  4  42ww  —  252m  — 
4- a  (-40m +  166) 
.4-  a2  (m  -  4) 


(=  -  r  (,m  _  4)  (tf  _  K) 

+    6(w-4)(w  -3)  A: 
+  18(m-4)T 


24  (1,  1,  1,  ]•)  =         (2m  4-  n? 

4-  6  (2m  4-  7i)2  (-  4m ""  n  -  3a) 
4-  3  (—  4??i  —  n  —  3a)2 
4-  4  (2m  +  n)  (-  32?7?,  -  0871 4-  78a) 
4-  2208m  +  26107i  —  2358a 

-     14m  (m  - 1)  (m  -  2)  (m  -  3)" 
+  1 6??  (m  4-  2)  (m  -  2)  (m  -  3) 

_-  36a  (m  -  2)  (m  -  3)  j 

(==  -  [(m  _  2)  (m  -  3)  (14ms  -I-  16??i??  -  14m  -  76??,  -  36*)])  ; 

6  (2,  1,  1,  1)      =         (2rn  +  ?i)3a 

4-  3  (2m  4-  ?02  (12??i  4- 12^  -  14a) 

+  3  (2m  +  n)  a  (—  4m  -  n  -  3a) 

4-  3  (2m  +  ??)  (-  336m  -  336n  4  288a) 

+  a  (—  32??i  -  58??-  4-  78a) 

4-  3  (-  4m  -  ??-  -  3a)  (12m  4- 12??.  -  14a) 

4- 10656m  4- 10656?i -8016a 

'     108m3  +  108m*n  -  1116m2  -  1116?7i7i  4-  2736m  +  2736?i' 
4-  a  (7m3  +  6?^  -  147??i2  -  30?7?^  +  1040?n  +  24?i  -  2256) 


where  the  correction  is 


—  (m  — ' 


•  —  (m  —  4) 


108m2  +  1087mi  -  684??^  -  684?z 
+  a  (7m2  -  119m  +  564  -f  Qn  (m  - 1)) 


f     2S  (21?i-36) 
+  2r(18m-126) 

+    K  (7??i24-  6m?^  -  65m  -  13?i  4- 165)  -  9  (ACS  - 
4-    i  (4-16?i-96) 
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120(1,1,1,1,1)-  (2m  +  n)5 

4- 10  (2m 4  nf  (-  4ra -n - 3a) 

4-  10  (2m  +  rif  (-  32m  -  58rc  +  78a) 

4- 1 0  (-  4m  -  n  -  8a)  (-  32m  -  5Sn  4-  78a) 

+    5(27tt  +  ro)(2208m  +  2610w-2358a) 

-  102912m-  112056^  4- 86760a 

31ms+        70m4?&4    40ftiW 

-      235m8-    1030m2™- 400m  rc2 
-I-  10690m2 +16060m?i  4-960     rc2 
(-      210m8  -180m^ 
+    2970m2  4-  900m* 
-  15630m  -  720?^ 
^+  28440 
a2  (135m -540), 


svhere  the  correction  is 


31m4  -  186m8  -  979m2  +  6774m 
4-  n  (70m*  -  180m2  -  1750m  4-  9060) 


+  a  /-  210m2  +  2130m  -  7110X 
-180w  (m-1)  / 


is 


=  -  (m  -  4) 


'  31  (28  4-  3*)2  4-110  (28  4-  3/c)  (2r  +  81) 

)(  *-  0 


4-  (^m3  4- 1142m  +  3174 
4-  (— 14m  —  638n  - 1524 
-  (-  390m  +  HOn  +  4272  )  (2r  +  3* ) 
4-  (—  210m2  -  180mw  +  2130m  +  99071  -  7110)  «  +  135/c2  y 

)ut  I  have  not  sought  to  further  reduce   this   expression,  not  knowing  the  proper  form 
n  which  to  present  it. 

92.  The  question  which  ought  now  to  be  considered  is  to  determine  the  corrections 
>r  supplements  which  should  be  applied  to  the  foregoing  expressions  (a),  (a,  V),  &c.,  or 
,o  their  equivalents  [a],  [a]  [6]  +  [a,  6],  &c.  in  order  to  obtain  formulae  for  the  cases 

c.  vi.  31 
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beyond  the  limits  within  which  the  present  formulae  are  applicable;  but  this  I  am  not 
in  a  position  to  enter  upon.  If  the  extended  formulae  were  obtained,  it  would  of 
course  be  an  interesting  verification  or  application  of  them  to  deduce  from  them  the 
complete  series  of  expressions  (1::),  (2.  *.)...(!,  1,  1,  1,  1)  for  the  number  of  the  conies 
which  satisfy  given  conditions  of  contact  with  a  given  curve,  and  besides  pass  through 
the  requisite  number  of  given  points.  It  will  be  recollected  that  throughout  these  last 
investigations,  I  have  put  De  Jonqui&res'  p  =  0 ;  that  is,  I  have  not  considered  the  case 
of  the  curves  Gr  which  (among  the  conditions  satisfied  by  them)  have  with  the  curve 
Um  contacts  of  given  orders  at  given  points  of  the  curve ;  it  is  probable  that  the 
general  formulae  containing  the  number  p  admit  of  extensions  and  transformations 
analogous  to  the  formulae  in  which  p  is  put  =0,  but  this  is  a  question  which  I  have 
not  considered. 

93.  The  set  of  equations  (a)  =  [a],  (a,  b)  -  [a]  [b]  +  [a,  6],  &c.,  considered  irrespectively 
of  the  meaning  of  the  symbols  contained  therein,  gives  rise  to  an  analytical  question 
which  is  considered  in  Annex  No.  7. 

.     The   question  of  the   conies   satisfying  given  conditions  of  contact  is  considered  from 
a  different  point  of  view  in  my  Second  Memoir  above  referred  to. 


Annex  No.  1  (referred  to  in  the  notice  of  DE  JONQUI$;RESJ  memoir  of  1861). —  On  the 
form  of  the  equation  of  the  curves  of  a  series  of  given  index. 

To  obtain  the  general  form  of  the  equation  of  the  curves  Cn  of  a  series  of  the 
index  N,  it  is  to  be  observed  that  the  equation  of  any  such  curve  is  always  included  in 
an  equation  of  the  order  n  in  the  coordinates,  containing  linearly  and  homogeneously 
certain  parameters  a,  b,  c, . . ;  this  is  universally  the  case,  as  we  may,  if  we  please,  take 
the  parameters  (a,  b,  c3 . .)  to  be  the  coefficients  of  the  general  equation  of  the  order  n ; 
but  it  is  convenient  to  make  use  of  any  linear  relations  between  these  coefficients  so 
as  to  reduce  as  far  as  possible  the  number  of  the  parameters.  Assume  that  the 
number  of  the  parameters  is  =  o>  + 1,  then  in  order  that  the  curve  should  form  a 
series  (that  is,  satisfy  %n  (n  +  3)  —  1  conditions),  we  must  have  a  (oo  —  1)  fold  relation 
between  the  parameters,  or,  what  is  the  same  thing,  taking  the  parameters  to  be  the 
•coordinates  of  a  point  in  co-dimensional  space,  say  the  parametric  point,  the  point  in 
question  must  be  situate  on  a  (o>  -  1)  fold  locus.  Moreover,  bhe  condition  that  the  curve 
shall  pass  through  a  given  point  establishes  between  the  parameters  a  linear  relation 
(viz.  that  expressed  by  the  original  equation  of  the  curve  regarding  the  coordinates 
therein  as  belonging  to  the  given  point,  and  therefore  as  constants);  that  is,  when  the 
•curve  passes  through  a  given  point,  the  corresponding  positions  of  the  parametric  point 
.are  given  as  the  intersections  of  the  (o>—  l)fold  locus  by  an  omal  onefold  locus;  the 
number  of  the  curves  is  therefore  equal  to  the  number  of  these  intersections,  that  is,  to 
the  order  of  the  (co  —  1)  fold  locus ;  or  the  index  of  the  series  being  assumed  to  be  =  N, 
the  order  of  the  (CD  —  1)  fold  locus  must  be  also  =  N.  That  is,  the  general  form  of  the 
-equation  of  the  curves  G71  which  form  a  series  of  the  index  N,  is  that  of  an  equation 
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of  the  order  n  containing  linearly  and  homogeneously  the  o>  +  1  coordinates  of  a  certain 
(co  —  1)  fold  locus  of  the  order  N.  It  is  only  in  a  particular  case,  viz.  that  in  which 
the  (co  —  1)  fold  locus  is  unicursal,  that  the  coordinates  of  a  point  of  this  locus  can 
be  expressed  as  rational  and  integral  functions,  of  the  order  JV  of  a  variable  para- 
meter Q ;  and  consequently  only  in  this  same  case  that  the  equation  of  the  curves 
Cn  of  the  series  of  the  index  N  can  be  expressed  by  an  equation  (*$#,  y,  z)n  =  0, 
or  (#]£#,  y,  I)n  =  0,  rational  and  integral  of  the  degree  N  in  regard  to  a  variable 
parameter  6. 

If  in  the  general  case  we  regard  the  coordinates  of  the  parametric  point  as 
irrational  functions  of  a  variable  parameter  0,  then  rationalising  in  regard  to  9,  we 
obtain  an  equation  rational  of  the  order  N  in  0,  but  the  order  in  the  coordinates 
instead  of  being  =  n,  is  equal  to  a  multiple  of  n,  say  qn.  Such  an  equation  represents- 
not  a  single  curve  but  q  distinct  curves  Cn,  and  it  is  to  be  observed  that  if  we 
determine  the  parameter  by  substituting  therein  for  the  coordinates  their  values  at  a 
given  point,  then  to  each  of  the  N  values  of  the  parameter  there  corresponds  a  system 
of  q  curves,  only  one  of  which  passes  through  the  given  point,  the  other  q  —  1  curves 
are  curves  not  passing  through  the  given  point,  and  having  no  proper  connexion  with 
the  curves  which  satisfy  this  condition. 

Returning  to  the  proper  representation  of  the  series  by  means  of  an  equation  con- 
taining the  coordinates  of  the  parametric  point,  say  an  equation  (*]£#,  y,  l)w  =  0, 
involving  the  two  coordinates  (#,  y\  it  is  to  be  noticed  that  forming  the  derived  equation 
and  eliminating  the  coordinates  of  the  parametric  point,  we  obtain  an  equation  rational 
in  the  coordinates  (#,  y),  and  also  rational  of  the  degree  N  in  the  differential  coefficient 

-^ ;  in  fact  since  the  number  of  curves  through  any  given  point  (#0,  y^)  is  =  N,  the 
differential  equation  must  give  this  number  of  directions  of  passage  from  the  point 
(#o>  y<>)  to  a  consecutive  point,  that  is,  it  must  give  this  number  of  values  of  -*?,  and 
must  consequently  be  of  the  order  N  in  this  quantity. 

dii 

Conversely,  if  a  given   differential   equation  rational  in  x,  y,  -^,  and  of  the  degree 

N  in   the   last-mentioned    quantity    -~ ,   admit    of   an   algebraical   general   integral,   the 

curves  represented  by  this  integral  equation  may  be  taken  to  be  irreducible  curves, 
and  this  being  so  they  will  be  curves  of  a  certain  order  n  forming  a  series  of  the 
index  JT;  whence  the  general  integral  (assumed  to  be  algebraical)  is  given  by  an  equation 
of  the  above-mentioned  form,  viz.  an  equation  rational  of  a  certain  order  n  in  the 
coordinates,  and  containing  linearly  and  homogeneously  the  a>  + 1  coordinates  of  a 
variable  parametric  point  situate  on  an  (G>  —  1)  fold  locus.  The  integral  equation 
expressed  in  the  more  usual  form  of  an  equation  rational  of  the  order  N  in  regard  to 
the  parameter  or  constant  of  integration,  will  be  in  regard  to  the  coordinates  of  an 
order  equal  to  a  multiple  of  n,  say  =qn,  and  for  any  given  value  of  the  parameter 
will  represent  not  a  single  curve  (7*1,  but  a  system  of  q  such  curves:  the  first- 
mentioned  form  is,  it  is  clear,  the  one  to  be  preferred. 

31—2 
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Annex  No.  2  (referred  to,  No.  17).  —  On  the  line-pairs  which  pass  through  three  given 

points  and  touch  a  given  conic. 

Taking  the  given  points  to  be  the  angles  of  the  triangle  formed  by  the  lines 
(#  _  o,  y  =  0,  z  =  0),  we  have  to  find  (/,  g,  li)  such  that  the  conic  (0,  0,  0,  /,  g,  K$jc,  y,  zf  =  0, 
or,  what  is  the  same  thing,  fyz  +  gzx  +  hay  =  0,  shall  reduce  itself  to  a  line-pair,  and  shall 
touch  a  given  conic  (1,  1,  1,  X,  /*,  v$x,  y,  s)a  =  0.  The  condition  for  a  line-pair  is  that 
one  of  the  quantities/,  g,  h  shall  vanish,  viz.  it  is/#&  =  0;  the  condition  for  the  ^  contact 
of  the  two  conies  is  found  in  the  usual  manner  by  equating  to  zero  the  discriminant  of 
the  function  l^(\  +  0fY-(^  +  eff)^(V  +  0hY  +  2(\  +  0f)(^  +  0g)(v  +  0h)=(a)  6,  c,  d$6,  I)3 
suppose  ;  the  values  of  a,  &,  c,  d  being 

a=     Zfgh, 

>-  2\gh  -  Zphf-  *> 


Hence  considering  (/,  g,  h)  as    the   coordinates   of   the   parametric    point,   we  have  the 
discriminant-locus  a  —  0,  and  the  contact-locus 


-  Qabcd  =  0, 


and  at  the  intersection  of  the  two  loci,  a  =  0,  62  (4&d  -  3c2)  =  0,  equations  breaking  up 
into  the  system  (a  =  0,  6=0)  twice,  and  the  system  a  =  0,  46d-3c2  =  0;  the  former  of 
these  is 


which  expresses  that  the  intersection  of  the  two  lines  of  the  line-pair  intersect  on  the 
given  conic  ;  in  fact  the  system  is  satisfied  by  /==  0,  g*  +  hz  —  2\gh  =  0,  giving  a  line-pair 
«(Ay4>^)  =  Oj  *ne  ^wo  ^nes  whereof  intersect  on  the  conic  (1.  1,  1,  X,  p,  v\x>  y,  ^)a  =  0; 
and  similarly,  if  #  =  0,  then  A3  +/3  -  2/^A/=  0,  or  if  /&  =  <),  then  /2  -1-  g*  -  Skfg  =  0.  As 
noticed  above  this  system  occurs  twice. 

The  second  system  is 

=  0,  (/•  +g*  +  A2  -  2\gh  -  2^/-  2^)  (1  -  X2  -  ^  -  z 


or,  as  the  second  equation  may  also  be  written, 


-/O  (z/X  -^)  4-  2/^  (1  -  z/>)  (X/^  -  p)  =  0, 


ivhich  expresses  that  a  line   of  the  line-pair  touches  the   conic  ;   in  fact  the  system   is 
satisfied  by  /=0,  g*(I  -  u2)  +  A2  (1-ju-2)  4-2^(^1;  -X)  =  0,  viz.  we  have  here  the  line-pair 
&(hy  -\-gz)  =  0,  in  which  the  line  ky  +  gz  —  Q  touches  the  conic  (1,  1,  1,  X,  /<&,  v$x,  y,  #)2  =  0 
and  the  like  if  g  =  0,  or  if  h  =  0.     This  system  it  has  been  seen  occurs  only  once. 
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Annex  No.  3  (referred  to,  No.  22).  —  On  the  conies  which  pass  through  two  given  points 

and  touch  a  given  conic. 

Consider  the  conies  which  pass  through  two  given  points  and  touch  a  given  conic. 
We  may  take  Z=  0  as  the  equation  of  the  line  through  the  two  given  points,  and 
then  taking  the  pole  of  this  line  in  regard  to  the  given  conic  and  joining  it  with  the 
two  given  points  respectively,  the  equations  of  the  joining  lines  may  be  taken  to  be 
JP  =  0  and  F=0  respectively.  This  being  so,  we  have  for  the  given  points  (X=0,  Z=*Q) 
and  (F  =  0,  Z=0)  respectively,  and  for  the  given  conic 

aX2+  672  +  ZhZ7+  cZ*  =  Q; 

and  since  the  required  conic  is  to  pass   through  the   two  given  points  its  equation  will 
be  of  the  form 

2xYZ  +  2yZX+  2zXY=  0, 


where  (so,  y>  z>  w)  are  variable  parameters  which  must  satisfy  a  single  condition  in  order 
that  the  last-mentioned  conic  may  touch  the  given  conic.  The  condition  is  at  once 
seen  to  be  that  obtained  by  making  the  equation 

(a  +  \w)  be 

-  (a  +  \w)  (h  +  Xsr)3 

-  toy 


H- 

considered  as  a  cubic  equation  in  X,  have  a  pair  of  equal  roots  ;    or  if  we  write 

A  =  3c  (ab  -  hr), 


C  =-  aa?  -  by*  -  oz2+  2h  (xy-zw), 
D 
then  the  required  condition  is 


S  -f  4BID  -  6ABCD  -  SM?  =  0. 
Hence  the  conic 

wX*  +  Zx7Z+  2yZX  +  2#ZF=  0 

satisfies  the  prescribed  conditions,  if  only  the  parameters  (#,  y}  z,  w)  satisfy  the  last- 
mentioned  equation,  that  is,  if  (#,  y,  z,  w)  are  the  coordinates  of  a  point  on  the  sextic 
surface  represented  by  this  equation. 

The  surface  has  upon  it  a  cuspidal  curve  the  equations  whereof  are 

A,  B,    G    «0; 

B,  G,    D 
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this  may  be   considered  as  the   intersection   of  the  quadric  surface  AC  —  jBa  =  0  and  the 
cubic  surface  AD  —  BO  =  0  ;   and  the  cuspidal  curve  is  consequently  a  sextic. 

The  surface  has  also  a  nodal  curve  made  up  of  two  conies  ;  to  prove  this  I  write  for 
shortness  k  =  h  —  *Jab,  ^^h  +  ^Jab]   the  values  of  A,  B,  (7,  D  then  are 


C  =  —  ax5  —  6^3  —  c£2  +  2h  (scy  — 
D= 


and  it  is  in  the  first  place  to  be  shown  that  the  surface  contains  the  conic 
x  :  y  :  z  :  w=*6  V&  :  6  Va  :  1  :  -  kff*  +  1  , 

fC 

where  6  is  a  variable  parameter.     Substituting  these  values,  we  have 

A  =  - 


and  hence 


BD-C*  — 

values  which  satisfy  identically  the  equation  of  the  surface  written  under  the  form 

(AD  -  J50)2  -  4  (AC  -  JS2)  (BD  -  Ca)  =  0. 

Moreover,  proceeding  to  form  the  derived  equation,  and  to  substitute  therein  the  fore- 
going values  of  (#,  y,  z,  w\  we  have 

dA  :  33  :  SO  :  W  =  0  :  A2  :  2k  :  3, 
and  then  the  derived  equation  is 

(AD-£C)(  34- 
-2(AC-E*  )(  35- 
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that   is, 


-I-    (SkA  - 
or  finally 


which  is  satisfied  by  the  foregoing  values  of  A,  B,  G,  D;  hence  the  conic  is  a  nodal 
curve  on  the  sextic  ;  and  by  merely  changing  the  sign  of  one  of  the  radicals  v  a,  v  b  (and 
therefore  interchanging  k,  ki)  we  obtain  another  conic  which  is  also  a  nodal  curve  on 
the  surface,  that  is,  we  have  as  nodal  curves  the  two  conies 

x  :  y  :  z  :  w=0Vb  :     6  */a  :  1  :  -fc^  +  r,     and 
x  :  y  :  z  :  w  =  0*Sb  :-0Va  :  1  :  -k1&  +  £. 

"  "a 

It  is  to   be  remarked  that  each  of  the   nodal  conies   meets  the  cuspidal  curve  in  two 

points,  viz.  writing  for  shortness  ®  =  j-  \J  -  ^  -  ,  @j  =  j-  y  —  j-  —  ,  for  the  intersec- 
tions of  the  first  conic  we  have 

x  :  y  :  z  :  w  =  ®  Va  :      @  V&  :  1  :  -£     and     =  -  ®  Va  :  —  ®  V&  :  1  :  £, 

#!  KI 

and  for  the  intersections  with  the  second  conic 

a  :  y  :  z  :  w^Q^a  :  —Q^b:  1  :  »     and     =  —  ®Xa  :      ®i*Jb  :  1  :  |. 

K  K 

The  condition  of  passing  through  any  arbitrary  point  establishes  a  linear  relation 
between  the  parameters  (x,  y,  z,  w).  Hence,  if  the  conic  in  addition  to  the  prescribed 
conditions  passes  through  two  other  given  points,  the  point  (a?,  y,  z,  w)  is  given  as  the 
intersection  of  a  line  with  the  sextic  surface  ;  the  number  of  intersections  is  =  6.  If 
(so,  y,  z,  w)  is  situate  on  the  cuspidal  curve,  then  the  conic  instead  of  simply  touching 
the  given  conic  will  have  with  it  a  contact  of  the  second  order,  and  if  we  besides 
suppose  that  the  conic  passes  through  a  given  point,  then  the  point  (#,  y,  z,  w)  is  given 
as  the  intersection  of  the  cuspidal  curve  with  a  plane  ;  the  number  is  =  6.  Similarly,  if 
the  conic  has  two  contacts  with  the  given  conic,  and  besides  passes  through  a  given  point, 
then  the  point  (#,  y,  z,  w)  is  given  as  the  intersection  of  the  nodal  curve  by  a  plane; 
the  number  is  =4.  Finally  (observing  that  in  the  case  in  question  of  the  contacts 
of  a  conic  with  a  conic  we  cannot  have  three  simple  contacts,  or  a  simple  contact  and 
one  of  the  second  order),  a  point  of  intersection  of  the  nodal  and  cuspidal  curves 
answers  to  a  contact  of  the  third  order  ;  and  the  number  is  =  4.  That  is,  the  theory 
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of  the  sextic  surface  leads  to  the  following  values  (agreeing  with  those  obtained  from 
the  formulae  by  writing  therein  m  =  n  =  2,  a  =  6),  viz. 

(1  :  :)       =  6,  =     2m  +  n, 

(1,  1  .'.)  =  4,  =     2m2  +  %mi  +  |n2  -  2m  -  fyi  -  fa, 

(2/.)       =6,  =     a, 

(3  :)         =4,  =  ~  4m  -  3w  4-  3a. 

I  remark  that  the  section  by  an  arbitrary  plane  is  a  sextic  curve  having  6  cusps  and 
4  nodes  ;  it  is  therefore  a  uniaiwsal  sextic  ;  this  suggests  the  theorem  that  the  sextic 
surface  is  also  unicursal,  viz.  that  the  coordinates  are  expressible  rationally  in  terms  of 
two  parameters  ;  I  have  found  that  this  is  in  fact  the  cjise.  In  doing  this  there  is 
no  loss  of  generality  in  supposing  that  a  =  J  =  o  =  l;  and  assuming  that  this  is  so, 
and  putting  also  -1+A  =  &,  !+/?.  =  &1?  and  therefore  2h  =  k  +  klf  we  have 


-  (k  -f  &i)  s, 

G  =-d52-2/2- 

D  =     32  (Zxy  -  zw). 

The  equation  of  the  sextic  surface  being,  as  before, 

A*£*  +  4<AC*+  4B3D  -  ZB*G*-6ABCD  =  0, 
I  say  that  this  equation  is  satisfied  on  writing  therein 


---   !«  sn 


/2 
y  jg 


w        =  (2a  -  ^j  cos2  ^f>  +  (2*  -  1^  sin2  <£, 

where  (a,  ^>)  are  arbitrary.     In  fact  these  values  give 

%A  =  -  Mz  cos2  <£  -  Mj  sin2 


(?=-&(  «&!  +  2)  cos2  ^>  -  ^a 
i-D  =  -  ^a2  cos2  <£  -  ^a2  sin2  <£, 

whence,  &  being  arbitrary,  we  have 
.  S,  0,  D$w,  l)s 

=  -  [i  cos2  <f>  faco  +  1)  +  fc,  sina  ^  (fcw  +  1)]  (a 
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viz.   the    equation   (A,  B,  C,  D$G>,  l)s  =  03  considered  as  a   cubic  equation  in  a>,  has  the 
twofold  root  G>  =  —  a,  that  is,  we  have  the  above  relation  between  (A,  JB,  C,  D).     Whence 

C)\  -I   _  \  2 

also   writing   sin  <f>  =  ,   cos  <f>  =  ,    the    equation   of    the   surface   is  satisfied   by 

the  values 


:  sc-y  :  z  :  w  =  A/  -  r  (1  -  k&)  2X  (1  4-  X2) 


(1+XS)S 


or  the  coordinates  are  expressed  rationally  in  terms  of  a,  \. 


Annex  No.  4  (referred  to,  Nos.  22  and  71).  —  On  the  Conies  which  touch  a  cuspidal  cubic. 

In  the  cuspidal  cubic,  if  $  —  0  be  the  equation  of  the  tangent  at  the  cusp,  y  =  0 
that  of  the  line  joining  the  cusp  with  the  inflexion,  and  #  =  0  that  of  the  tangent  at 
the  cusp,  then  the  equation  of  the  curve  is  yt^aPz;  the  coordinates  of  a  point  on  the 
cubic  are  given  by  x  :  y  :  2=1  :  6  :  6*,  where  0  is  a  variable  parameter;  and  we  have,, 
at  the  cusp  #  =  oo  ,  at  the  inflexion  0  =  0.  In  the  cubic,  m  =  n  =  3,  a  (=  Sn  +  #)  =  10.  , 

Considering  now  the  conic 

(a,  6,  c,  /,  g,  h$x,  y,  *)2  =  0, 

this  meets  the  cubic  in  the  6  points  the  parameters  of  which  are  determined  by  the 
equation 

(a,  &,  o,/fflF,  A$l,  6,  0s)2  =  0, 

or,  what  is  the  same  thing, 

(c,  0,  2/,  20,  6,  2A,  a$0,  1)'  =  0. 

The  discriminant  of  this  sextic  function  contains  the  factor  c,  hence  equating  the 
residual  factor  to  zero,  we  obtain  the  equation  of  the  contact-locus  in  the  form 

(<?,/  9,  &,  h,  a)9  =  0. 

It  follows  that  the  number  of  the  conies  (1  :  :)  is  =  9,  which  agrees  with  the  general 
value  (1  :  :)  =  2m  +  n.  If  the  conic  pass  through  the  cusp  we  have  c  =  0,  and  the  equation 
in  6  is  reduced  to  a  quartic;  it  is  convenient  to~  alter  the  letters  in  such  wise  that 
the  quartic  equation  may  be  obtained  in  the  standard  form  (a,  6,  c,  d,  e$6,  1)4  =  0; 
viz.  this  will  be  the  case  if  the  equation  of  the  conic  is  taken  to  be 


(e,  6c,  0,  ta  26, 
c.  vi.  32 
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and  we  then  obtain  the  equation  of  the  contact-locus  in  the  form 

(ae  -  46d  4-  3c2)*  -  27  (ace  +  2bcd  -  ad2  -  620  -  c3)2  =  0, 

which  is  a  onefold  locus  of  the  order  6.  It  follows  that  we  have 

(1*1,  1  /.)  =  6,  agreeing  with  (1*T,  1  .'.)  =  n  +  2m  -  3. 

The  condition  in  order  that  the  conic   may   touch    a   given    line    is   given    by  an 
•equation  of  the  form 

(*$a2,  ab,  62,  2ce~3ct?>  ae-8bd,  ad-  126c)1  =  03 
which  is  a  onefold  locus  of  the  order  2  ;   it  at  once  follows  that  we  have 

(La,  1  :/)  =  12,  agreeing  with  (lil,  1  :  /)  =  2w  +  4m  -  6. 
It  is  a  matter  of  some  difficulty  to  show  that  we  have 

(Lcl,  1  -  //)  «  18,  agreeing  with  (Lei,  1  -  //)  =  4?i  +  4m  —  6  ; 

but    I  proceed  to   effect    this,    first    remarking    that    I    do    not    attempt   to    prove    the 
remaining  case 

(iUi,  I///)  =  15,  agreeing  with  (La,  1  ///)=  4rc  +  2m-  3. 
Investigation  of  the  value  (Lei,  1  •  //)  —  18  : 
We  have  the  sextic  locus 

(ae  -  46dl  -f  3c2)8  -  27  (ace  +  2bcd  -  ad*  -  &e  -  c3)2  =  0, 
and  combined  therewith  two  quadric  loci, 

(*  $>2,  ab,  b\  Zee  -  3d2,  ae  -  8bd,  ad  -  12&C?)1  =  0, 
(*'$>2,  06,  6s,  2ce-3d2,  ae-8bd,  od- 


which  intersect  in  a  threefold  locus  of  the  order  24;  it  is  to  be  shown  that  this 
contains  as  part  of  itself  the  quadric  threefold  locus  (a=0,  6  =  0,  2c0-3d3  =  0)  taken 
three  times,  leaving  a  residual  locus  of  the  order  24-6,  =  18. 

We  may  imagine  the  coordinates  a,  b,  c,  d,  e  expressed  as  linear  functions  of  any 
four  coordinates,  and  so  reduce  the  problem  from  a  problem  in  4-dimensional  space  to 
one  in  ordinary  3-dimensional  space.  We  have  thus  a  sextic  surface,  and  two  quadric 
surfaces;  the  sextic  is  a  developable  surface  or  torse,  having  for  one  of  its  generating 
lines  the  line  a=0,  J  =  0,  and  for  the  tangent  plane  along  this  line  the  plane  a  =  0; 
the  two  quadric  surfaces  meet  in  a  quartic  curve  passing  through  the  two  points 
(a  =  0,  &  =  0,  3c0-2d2=0),  which  are  points  on  the  torse;  it  is  to  be  shown  that  each 
of  these  points  counts  three  times  among  the  intersections  of  the  torse  with  the  quartic 
curve,  the  number  of  the  remaining  intersections  being  therefore  24-  6,  =18;  and  in  order 
thereto  it  is  to  be  shown  that  each  of  the  points  in  question  (a  =  0,  6  =  0,  See—  2d2=:0) 
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is  situate  on  the  nodal  line  of  the  torse,  and  that  the  quartic  curve  touches  there  the 
sheet  which  is  not  touched  by  the  tangent  plane  a  -  0  ;  for  this  heing  so  the  quartic 
curve  touching  one  sheet  and  simply  meeting  the  other  sheet  meets  the  torse  in  three 
consecutive  points,  or  the  two  points  of  intersection  count  each  of  them  three  times. 

The  torse  has  the  cuspidal  line 

8*=ae-4bd  +  3c2  =  0,     T=ace  +  2bcd  -  ad?-b*e-  c3  =  0, 
and  the  nodal  line 

6  (ao  -  62),     3  (ad  -  6c),     ae  +  2bd  -  Sc2,    3  (be  -  cd),    6  (ce  -  #) 

a  b        ,  c  ,  d        ,  e 

and  the  equations  of  the  nodal  line  are  satisfied  by  the  values  (a  =  0,  6  =  0,  3ce  —  2eZ2  =  0) 
of  the  coordinates  of  the  points  in  question.  To  find  the  tangent  planes  at  these 
points,  starting  from  the  equation  S3-2lT*  =  Q  of  the  torse,  taking  (A,  B,  C,  D,  E} 
as  current  coordinates,  and  writing 

3  =  Ada  +  Bdb  +  Cdc  +  Ddd  +  Ed*, 

then  the  equation  of  the  tangent  plane  is  in  the  first  instance  given  in  the  form 
S*dS-18TdT=0,  which  writing  therein  (a  =  0,  b  =  0,  3ce-2d2  =  0)  assumes,  as  it  should 
do,  the  form  0  =  0;  the  left-hand  side  is  in  fact  found  to  be  9c8(3ce-  2d2)  A. 
Proceeding  to  the  second  derived  equation,  this  is  S%S  +  2S(3S)2--  l8Td*T-  l8(dT)*  =  0} 
or  substituting  the  values  of  the  several  terms,  the  equation  is 

-  4RD+3C*) 
+6cO)2 


the    terms    in    BC,  BD,   O2    vanish    identically,  that    in    &   is    (48  -  36  «)  ISrtP  - 

=  -6c*(3ce-2d*)B*,  which   also   vanishes;   hence  there  remain  only  the  terms  divisible 

by  A}  giving  first  the  tangent  plane  A=0,  and  secondly  the  other  tangent  plane, 

A  (-      6cV  +  I8cd*e  -  9d4) 


=0. 

Taking  the  equations  of  the  quadric  surfaces  to  be 
(X,  p,  v,  p,  <r,  r^a8,  6s,  06, 
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the  equations  of  the  tangent  planes  are 

p  (BcE+3eC-  4dD)  +  <r  (eA-  BdB)  +  r  (dA  -  12c5)  =  0, 
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in  all  which   equations   we   have   3ce-2d2=0;   and   if  to  satisfy  this  equation  we  write 
<j  :  d  :  e=2  :  3£  :  3/S2,  then  the  equations  of  the  tangent  planes  become 


0, 


or   the    three   tangent   planes    intersect    in   the    line   4/3-85  =  0,    3C/32-4D/9  +  2£r=0, 
which  completes  the  proof. 

Reverting  to  the  sextic  locus, 

(ae  +  46d-  3c2)2  -  27  (ace  +  26cd  -  ad2  -  b*e  -  c3)3  -  0, 

considered     as    a    locus     in    4-dimensional     space    depending    on    the     five     coordinates 
(a,  6,  c,  d,  e),  this  has  upon  it  the  twofold  locus 


0, 


ae  _  45$  4. 3C2 _-  fy    acg  4.  26cd  —  ad-  —  b*e  —  cs  =  0, 
say  the  cuspidal  locus,  of  the  order  6,  and  the  twofold  locus 

6  (ttc  —  &2),    3  (ad  —  be),    ae  +  26d  —  3c2,     3  (be  —  cd),     6  (ce  —  d2) 
a         ,          b          ,  c  ,          d          ,          e 

say  the  nodal  locus,  of  the  order  4 :   there  is  also  a  threefold  locus, 

a,     &,     c,     d     =0, 

7  T 

o,    c,    a,    # 
say  the  supercuspidal  locus,  of  the  order  4.     We  thence  at  once  infer 

(1/cT,  2       :)  =  6,  agreeing  with  (Lei,  2       :)  =  a-4, 

(LcI,  1,  1  :)  =  4,         „  „       (licl,  1,  1 :)  =  2m2  +  2mn  +  %n*  -  8m  — 

but  I  have  not  investigated  the  application  to  the  symbols  with  •/  or  //. 


13  -  fa, 


If  the  conic,  instead  of  simply  passing  through  the  cusp,  touches  the  cuspidal 
tangent,  then  in  the  equation  (a,  6,  0,  f,  g,  fi$oc,  y,  #)3  =  0  of  the  conic  we  have/"=0, 
or,  what  is  the  same  thing,  in  the  equation  (e,  6c,  0,  -J-a,  26,  2d$#,  y,  ^)2  =  0  of  the 
conic  we  have  a  =  0.  The  equation  in  6  is  thus  reduced  to  4&08  +  6C02  +  4d0  +  e  —  0. 
For  the  independent  discussion  of  this  case  it  is  convenient  to  alter  the  coefficients 
.so  that  the  equation  in  6  may  be  in  the  standard  form  (a,  6,  c,  d\Q}  I)3  =  0,  viz.  we 
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assume   the   equation  of  the  conic  to  he  (d,  31,  0,  0,  ^a,  fc]JX  y,  2)2  =  0.     The  equation 
of  the  contact-locus  then  is 


-  Qabcd  -  362c2  =  0, 
viz.  this  is  a  developable  surface,  or  torse,  of  the  order  4,  and  we  at  once  infer 

(2/cl,  I:)  =  4t,  agreeing  with  (2*T,  1  :)  =  2w  +  n  —  5. 
I  will  show  also  that  we  have 

,  1  -  /)  =  6,  agreeing  with  (2*T,  1  •  /)  =  2??^  +  2w  -  6, 


and  _ 

(2*1,  1  //)  -  5,         „  „       (2*1,  1  //)  -   m  +  2rc  -  4. 

The  condition  that  the  conic  may  touch  an  arbitrary  line  ouc  +fiy  +  <yz=Q,  is  in  fact 
(0,  -\a\  f(46d^-3c2),  Joe,  -fo&,  0$a,  &  <y)2  =  0, 

which,  considering  therein  (a,  &,  c,  d)  as  coordinates,  is  the  equation  of  a  quadric  surface 
passing  through  the  conic  a  =  0,  4ibd  —  3c2=0;  the  quartic  torse  also  passes  through 
this  conic;  hence  the  quadric  surface  and  the  torse  intersect  in  this  conic,  which  is 
of  the  order  2,  and  in  a  residual  curve  of  the  order  6;  and  the  number  of  the 
conies  (2*1,  1  •  /)  is  equal  to  the  order  of  this  residual  curve,  that  is,  it  is  =  6. 

If  the   conic  touch  a  second  arbitrary  line  <x!x  +  j3'y  +  y2  =  Q,  then   we  have  in  like 
manner  the  quadric  surface 

(0,  -jrf,  f  (4M-3#),  foe,  -|o&,  0$V,  £',  7>3=0; 


that  is,  we  have  the  quartic  torse  and  two  quadric  surfaces,  each  passing  through  the 
conic  <z  =  0,  46d  —  3<?  =  0,  and  it  is  to  be  shown  that  the  number  of  intersections  not 
on  this  conic  is  =  5.  The  two  quadric  surfaces  intersect  in  the  conic  and  in  a  second 
conic;  this  second  conic  meets  the  torse  in  8  points,  but  2  of  these  coincide  with  the 
point  a  =  0,  6  =  0,  c  =  0,  which  is  one  of  the  intersections  of  the  two  conies  (the  point 
a  =  0  6  =  0,  c  =  0  is  in  fact  a  point  on  the  cuspidal  edge  of  the  torse,  and,  the  conic 
passing  through  it,  reckons  for  2  intersections),  and  1  of  the  8  points  coincides  with 
the  other  of  the  intersections  of  the  two  conies;  there  remain  therefore  8-2  —  1,  =5 
intersections,  or  we  have  (2*1,  1  //)=5. 

Annex  No.  5  (referred  to,  Nos.  22  and  71).     On  the  Gonics  which  have  contact  of  the  third 
order  with  a  given  cuspidal  cubic,  and  two  contacts  (double  contact}  with  a  given  conic. 

Let    the    equation    of   the    cuspidal    cubic   be  tfz  -  ys  =  0  (x  =  0    tangent    at    cusp, 
£=0  tangent  at  inflexion,  y  =  0  liae  joining  cusp  and  inflexion;  equation  satisfied  by 

CG  :  y  :  2=1  :  6  :  <93)  ; 
and  let  the  equation  of  the  given  conic  be 

Z7  =  (a,  6,  c,f,  ff,  h*$x,  y,  *)s  =  0; 
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then  writing 
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®  =  (a,  6,  c,  /,  g,  A$l,  8,  0*)* 
=  c06  +  2/04+  2gds  +  W  +  2/t0  +  c, 

the    equation    of    a    conic    having    with    the    given  cubic    at    a    given    point   (1,   0,    9s) 
contact  of  the  second  order,  and  having  double  contact  with  the  given  conic,  is 


viz.  in  the  rational  form  this  is 

360*  CT- 


VZ7,  x,  y,  z 

V®,  1,  0,  0s 

<Y®)'  .  i,  S02 

(V©)"  .  .  60 


V®,      1,     0,       (9s 

(V®y    .     i,   se2 
.    .    60 


=  0, 


and  this  will   have   at    the  point  (1,  0,  0s)  a  contact  of  the   third   order  if  0   be   deter- 
mined by 

=  0, 


(V@y  .  i,  30s 
(V®)"  .  .  60 
(V®)"'  .  .  6 


viz.  this  is 


or  developing  and  multiplying  by  ®^,  this  is 

e  {®*&"  -  f  ©© 

or,  what  is  the  same  thing, 

®a  (0®w  -  ®")  +  &&  (-  f  0®"  +  ^®')  +  &*  .  f  0®'  =  0  ; 

and  substituting  for  ®  its  value,  this  is 

(c06  +  2/6*  +  2#0*  +  J02  +  2A0  4-  a)2  (45c0*  +  12/02  -  6) 
+  (c06  +  2/044-  2^08-f  &02  +  2A0  +  a)  (  3o08+   4/0s  +  3^  4-  60  +  A) 

(-  42c05  -  32/0*  - 
+  30  (3c0B  +  4/0s  4-  S009  +  60  +  A)3  =  0. 
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The  coefficients   of  the  powers   16,  15,    14,  13   of  0  all   vanish,  so   that  this  is  in 
fact  an  equation  of  the  twelfth  order  (*$#,  1)12=0;   and  putting,  as  usual, 

(be  — /2,  ca  —  g*,  ab  —  A2,  gh  —  of,  hf—  bg,  fg  —  ch)  =  (A,  B,  (7,  F,  G,  H), 
the  equation  is  found  to  be 

—    4cA    6™  + 

-f  SOcH    0*  + 


+ 


-so/a 

+ 


-  130/iff 


-60/B 


20a<?J 


^05 


e 


-      aC     =0, 


-  lOSaHl 

where  the  form  of  the  coefficients  may  be  modified  by  means  of  the  identical  equations 

(A,  H, 


(G,F,C&     „     )=0, 

(A,  H, 

(H,  B, 

(G,  F,  C$     „     )  =  0, 

(A,H,  G%7,/,  c)  =  0, 

(H,  B,  fji     „     )  =  0, 


There  is   consequently  a  conic  answering  to  each  value  of  B  given  by  this  equation,  or 
we  have  in  all  12  conies. 

In  the  case  where  the  given  conic  breaks  up  into  a  pair  of  lines,  or  say, 

(a,  b,  c,  f,  g,  hfa,  y,  zf  =  2(\a;  +  fiy+  vz)  (\'a>  +  /jfy  +  vz), 
then,  writing  for  shortness 

pv'-p'v,  v\'-v'\,  \fjf-  X>  =  Z,  Y,  Z, 


we  have 


(A,  5,  C,  F,  Q,  H)  =  (X\  7\  &,  TZ,  ZXt  XY). 
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Substituting  these  values,  but  retaining  (a,  6,  c,  /,  g,  h)  as  standing  for  their  values 
a  =  2XX',  &c.,  the  equation  in  6  is  found  to  contain  the  cubic  factor  %XQS  -  3  Y0Z  +  Z, 
where  it  is  to  be  observed  that  this  factor  equated  to  zero  determines  the  values  of 
0  which  correspond  to  the  points  of  contact  with  the  cuspidal  cubic  of  the  tangents 
from  the  point  (X,  Y,  Z),  which  is  the  intersection  of  the  lines  X#  +  \*>y  +  z/#  =  0,  and 
X'#  +  fjfy  +  z/#  =  0 ;  and  omitting  the  cubic  factor,  the  residual  equation  is  found  to  be 


-12cF 


-12/7 


-IQbX 


+  57^ 


I 


where  the  form  of  the  coefficients  may  be  modified  by  means  of  the  identical  equations 


The  equation  is  of  the  9th  order,  and  there  are  consequently  9  conies. 


Annex  No.   6   (referred  to,  No.   48).— Containing,  with  the  variation  referred  to    in  the 
text,  ZEUTBEN'S  forms  for  the  characteristics  of  the  conies  which  satisfy  four  conditions. 


(1) 


(  ::  )=    ?i-f  2m, 
(  /./)  =  &&  +  4m, 


(1,  1) 


a  1. 


m; 


I 

(  .'.  )  =  2m(  m-h  ?i-3)+  r, 
(  :  /  )  =  2m  (  m  -f-  2n  —  5)  +  2r, 
(  «//)  =  2^  (2m  +  w-5)4-2S, 
?i~3)-h  S; 


-7(m+?i)  +  4^^ 
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(1,  1>  1,  1) 


4-  4  (m2  -  llm  4-  28)  r  4-2  (TO*  -  UTO  4-  28)  S 

4-  (4  (TO  -  4)  (m  -  4)  -  1  )  (28  +  T)  +  2S2  +  T2}, 


+  2  (m2  -  llm  +  28)  r  +4  (?i2  -  UTO  +  28)  S 

+  (4  (n  -  4)  (m  -  4)  -  1  )  (S  +  2r)  +  8s  +  2r2}  ; 
(2) 

(/.)= 


(.//)  =  2 
(2,  1) 


(  //  )  =  3  (m2  +  2mw  -  10m  +  4n)  +  (m  +  2rc  -  14)  t  ; 

(2,  1,1) 

(  •  )=     (2m  +  ?^-7)(6T  +  (?^-3)A:) 

+  ((^  —  TO)  (wi  +  TO  —  5)  +  T)  (8m  +  1  —  36) 
+  12  (m  -  TO)  (m  -f-  TO  —  3), 


4-  12  (TO  -  m)  (m  4-  TO  —  3)  ; 
2,2) 


(3) 

(  :  )=    6?i  —  4m  +  3/t=    5m  — 


«=   6m-4?i4-3t; 

t  3) 

(  .  )«    2(-4m2+3mTO4-3TO2  4-  28m  -  32w)  4-  3  (2w  4-   TO-13)«, 

(  /  )=    2(    3m24-3mTO-4m3-32m4-28TO)  +  3( 
(4) 


c.  vi. 


8m— 
)=    8ro— 
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Annex  No.  7  (referred  to,  No.  93). 

In  connexion  with  De  Jonqtiieres'  formula,  I  have  been  led  to  consider  the  following 
question. 

Given  a  set  of  equations  : 

a       =  a      (viz.  b  =  &,  c  =  c,  &c.), 

ab     =  db    (viz.  ac  =  ac,  &c.,  and  the  like  in  all  the  subsequent  equations\ 

+  (     ll)a.6\  -f(ll)a.c,  / 

abc    =  abo 

+  (     12)  (a,  be      +6.ac+c.a6) 

+  (  111)  a.&.c, 

abed  =  abed 

cZ   +&c.) 
cd   +&c.) 


+  (1111)  a.b.c.d, 

and  so  on  indefinitely  (where  the  (  •  )  is  used  to  denote  multiplication,  and  ab,  abo,  &c,, 
and  also  ab,  abc,  &c.  are  so  many  separate  and  distinct  symbols  not  expressible  in 
terms  of  a,  6,  c  &c.,  a,  b,  c  &c.),  then  we  have  conversely  a  set  of  equations 

a       =  a  (viz.  b  =  b,     c  =  c  &c.), 

ab     —  ab    /viz.  oc=  ac    &c.,  and  the  like  in  all  the  subsequent  equations\ 

+  [     11]  a.b\  +[ll]a.c,  / 

abc    =  abc 

+  [     12]  (a.  be       -fb.ac  +  c.ab) 

+  [  111]  a.b.c, 

abed  =  abed 

+  [  13]  (a.  bed  +&c.) 
+  [  22](ab.cd  +&c.) 
+  [  112](a.b. 
+  [1111]  a.b.c.d, 
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and  so   on;    and   it  is  required  to  find    the  relation    between   the   coefficients   (   )   and 
[  ];   we  find,  for  example, 


[12]  =  -         (12), 

[111]=        3     (11)  (12) 

(HI), 
[13]  =  -          (13), 

[22]  =  -         (22), 
[112]=       2    (13)  (12) 
+         (22)  (11) 

(112), 

[1111]  =  -12    (13)  (12)  (11) 
+    4    (13)  (111) 
-    3     (22)  (11)  (11)       . 
+    6    (112)  (11) 
(1111); 

and  it  is  to  be  noticed  that,  conversely,  the  coefficients  (  )  are  given  in  terms  of  the 
coefficients  [  ]  by  the  like  equations  with  the  veiy  same  numerical  coefficients;  in 
fact  from  the  last  set  of  equations,  this  is  at  once  seen  to  be  the  case  as  far  as 
(112);  and  for  the  next  term  (1111)  we  have 

(1111)  =  +12  [13]  [12]  [11]  =      (12  -12  -12=)  -12     [13]  [12]  [11] 

-  4  [13]  {3  [12]  [11]  -  [111])  +   4  '  [13]  [111] 

+   3  [22]  [11]  [11]  +(3-6=  )-   3     [22]  [11]  [11] 

-  6[11U  2  [13]  ptfn  +   6    [112]  [11] 

j+[22][ll]l  -        [1111] 

-  [1111]  (  -  [112]       J 

having  the  same  coefficients  —12,  +4,  —3,  +6,  —I  as  in  the  formula  for  [1111] 
in  terms  of  the  coefficients  (  );  it  is  easy  to  infer  that  the  property  holds  good 
generally. 

To   explain  the   law  for  the  expression   of  the  coefficients  of  either  set  in  terms  of 
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the  other  set,  I  consider,  for  example,  the  case  where  the  sum   of  the  numbers   in  the 
{   ),  or  [  ]  is  =  5 ;    and  I  form  a  kind  of  tree  as  follows  : 


112   1111  11     111       12        HI       12 


lllll 


11 


11 


the  formation  of  which  is  obvious ;  and  I  derive  from  it  in  the  manner  about  to  be 
explained  the  expressions  for  the  coefficients  [14],  [23]  &c.  in  terms  of  the  corresponding 
coefficients  in  (  );  viz.  we  have 

[14]  =  -  (14), 

[23]  =  -          (23), 
[113]=        2     (14)  (13) 
+          (23) (11) 
(113), 

[122]=  (14)  (22) 

+  2  (23)  (12) 

(112), 

[1112]  =  -  6  (14)  (13)  (12) 

-  3  (14)  (22)  (11) 
+  3  (14)  (112) 

-  6  (23)  (12)  (11) 
+  3  (H3)  (12) 

+     I     (23)  (111) 
+    3     (122)  (11) 

-  *     (1112), 
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[11111]  =  +  60    (14)  (13)  (12)  (11) 

-  20    (14)  (13)  (111) 

+  15     (14) (22) (11) (11) 

-  30    (14)  (112)  (11) 
+     5     (14)  (1111) 

+  30  (23)  (12)  (11)  (11) 

-  10  (23)  (111)  (11) 

-  30  (113)  (12)  (11) 
+  10  (113) (111) 

-  15  (122)  (11)  (11) 
+  10  (1112)  (11) 

-  I     (11111). 

To  form  the  symbolic  parts,  we  follow  each  branch  of  the  tree  to  each  point  of 
its  course :  thus  from  the  branch  113  we  have 

(113)  belonging  to  [113], 

(113)  (111)  „  [11111], 

(113)  (12)  „  [1112], 

(113) (12) (11)         „  [11111]; 

viz.  (113)  belongs  to  [113];  (113) (111),  read  11  (3  replaced  by)  111,  belongs  to  [11111]; 
(113)  (12),  read  11  (3  replaced  by)  12,  belongs  to  1112;  (113)  (12)  (11),  read  11  (3 
replaced  by)  1  (2  replaced  by)  11,  belongs  to  [11111], 

And  observe  that  where  (as,  for  example,  with  the  symbol  122)  there  are  branches 
derived  from  two  or  more  figures,  we  pursue  each  such  branch  separately,  and  also 
all  or  any  of  them  simultaneously  to  every  point  in  the  course  of  such  branch  or 
branches ;  thus  for  the  branch  122  we  have 

(122)  belonging  to  [122], 

>  (same  twice)  „  [1112], 

(122)(11)J 

(122)  (11)  (11)  „  [11111]. 

Similarly  for  the  branch  23  we  have 

(23)  belonging  to  [23], 

(23)  (111)  „  [1112], 

(23)  (12)  „  [122], 

(23)  (12)  (11)  (same  as  infrti)  „  [1112], 

(23)  (11)  (111)  „  [Hill], 

(23)  (11)  (12)  (same  as  swprA)  „  [1112], 

(23)  (11)  (12)  (11)  „  [11111]. 
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We  thus  obtain  the  symbolic  parts  of  the  several  expressions  for  [14],  [23]  ----  [11111] 
respectively  :  the  sign  of  each  term  is  +  or  —  according  as  the  number  of  factors  in 
(  )  is  even  or  odd;  thus  in  the  expression  for  [11111],  the  term  (14)  (13)  (12)  (11) 
has  four  factors,  and  is  therefore  H-,  the  term  (11  3)  (12)  (11)  has  three  factors,  and  is 
therefore  —  . 

The  numerical  coefficients  are  obtained  as  follows.  There  is  a  common  factor- 
derived  from  the  expression  in  [  ]  on  the  left-hand  side  of  the  equation;  viz.  for 
[11111  J  which  contains  five  equal  symbols,  this  factor  is  1.2.3.4.5,  =120;  for  [1112], 
which  contains  three  equal  symbols,  it  is  1.2.3,  =  6  ;  and  so  on  (for  a  symbol 
such  as  [11222]  containing  two  equal  symbols,  and  three  equal  symbols,  the  factor 
would  be  1.2.1.2.3,  =12,  and  so  in  other  similar  cases).  In  any  term  on  the  right- 
hand  side  of  the  equation,  we  must  for  a  factor  such  as  (11),  which  contains  two 
equal  symbols,  multiply  by  £;  for  a  factor  such  as  (111),  which  contains  three  equal 
symbols,  multiply  by  £,  and  so  on.  And  in  the  case  where  a  term  (as,  for  example, 
the  term  (122)  (11)  or  (23)  (12)  (11),  vide  suprd)  occurs  more  than  once,  the  term  is  to 
be  taken  account  of  each  time  that  it  occurs;  or,  what  is  the  same  thing,  since  the 
coefficient  obtained  as  above  is  the  same  for  each  occurrence,  the  coefficient  obtained 
as  above  is  to  be  multiplied  by  the  number  of  the  occurrences  of  the  term.  For 
example,  taking  in  order  the  several  terms  of  the  expression  for  [1112],  the  common 
factor  is  =  6,  and  the  several  coefficients  are 

6,    64,    64,    64*2,     64,     64,    644x2,     64; 

and  similarly  in  the  expression  for  [11111]  the  common  factor  is  120,  and  the  coefficients 
taken  in  order  are 

1204,     1204,     110444,  &c., 

without  there  being  in  this  case  any  coefficient  with  a  factor  arising  from  the  plural 
occurrence  of  the  term. 

The  foregoing  result  was  established  by  induction,  and  I  have  not  attempted  a 
general  proof. 

I  observe  by  way  of  a  convenient  numerical  verification,  that  in  each  equation  the 
sum  of  the  coefficients  (taken  with  their  proper  signs)  is  (—  )n~ll  .  2.  t(n—  1)  ;  if  n  be 
the  number  of  parts  in  the  [  ]  (w=s5  for  [11111],  =  4  for  [1112]  &c.),  and  moreover, 
that  the  sum  of  these  sums  each  multiplied  by  the  proper  polynomial  coefficient  and 
the  whole  increased  by  unity  is  =  0  ;  viz.  for 

[14],  [23],  [113],  [122],  [1112],  [11111], 
the  sums  of  the  coefficients  are 

-  1,    -  1,     +2,      +2,      -  6,         +24  respectively, 
and  we  have 


),  =75-75,  =0. 

If  we  have  any  five  distinct  things  (a,  6,  c,  d,  e\  then  the  polynomial  coefficients 
5,  10,  10,  15,  10,  1  denote  respectively  the  number  of  ways  in  which  these  can  be 
partitioned  in  the  forms  14,  23,  113,  122,  1112,  11111  respectively,  and  the  last-mentioned 
theorem  is  thus  a  theorem  in  the  Partition  of  Numbers. 
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SECOND    MEMOIR    ON    THE    CURVES    WHICH    SATISFY    GIVEN 
CONDITIONS;    THE   PRINCIPLE  OF  CORRESPONDENCE. 


[From  the   Philosophical   Transactions   of  the  Royal  Society  of  London,  vol.    CLVIIL  (for 
the  year  1868),  pp.  145—172.     Eeceived  April  18,— Read  May  2,  1867.] 

IN  the  present  Memoir  I  reproduce  with  additional  developments  the  theory 
established  in  my  paper  "  On  the  Correspondence  of  two  points  on  a  Curve  "  (London 
Math.  Society,  No.  VII.,  April  1866),  [385] ;  and  I  endeavour  to  apply  it  to  the  deter- 
mination of  the  number  of  the  conies  which  satisfy  given  conditions;  viz.  these  are 
conditions  of  contact  with  a  given  curve,  or  they  may  include  arbitrary  conditions  Z,  %Z, 
&c.  If,  for  a  moment,  we  consider  the  more  general  question  where  the  Principle  is  to 
be  applied  to  finding  the  number  of  the  curves  (P  of  the  order  r,  which  satisfy  given 
conditions  of  contact  with  a  given  curve,  there  are  here  two  kinds  of  special  solutions; 
viz.,  we  may  have  proper  curves  Gr  touching  (specially)  the  given  curve  at  a  cusp  or 
cusps  thereof,  and  we  may  have  improper  curves,  that  is,  curves  which  brerjk  up  into 
two  or  more  curves  of  inferior  orders.  In  the  case  where  the  curves  &  are  lines, 
there  is  only  the  first  kind  of  special  solution,  where  the  sought  for  lines  touch  at 
a  cusp  or  cusps.  But  in  the  case  to  which  the  Memoir  chiefly  relates,  where  the 
curves  Gr  are  conies,  we  have  the  two  kinds  of  special'  solutions,  viz.,  proper  conies 
touching  at  a  cusp  or  cusps,  and  conies  which  are  line-pairs  or  point-pairs.  In  the 
application  of  the  Principle  to  determining  the  number  of  the  conies  which  satisfy  any 
given  conditions,  I  introduce  into  the  equation  a  term  called  the  "  Supplement " 
(denoted  by  the  abbreviation  "  Supp."),  to  include  the  special  solutions  of  both  kinds. 
The  expression  of  the  Supplement  should  in  every  case  be  furnished  by  the  theory; 
and  this  being  known,  we  should  then  have  an  equation  leading  to  the  number  of 
the  conies  which  properly  satisfy  the  prescribed  conditions;  but  in  thus  finding  the 
expression  of  the  Supplements,  there  are  difficulties  which  I  am  unable  to  overcome ; 
and  I  have  contented  myself  with  the  reverse  course,  viz.,  knowing  in  each  case  the 
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number  of  the  proper  solutions,  I  use  these  results  to  determine  d  posteriw*i  in  each 
case  the  expression  of  the  Supplement;  the  expression  so  obtained  can  in  some  cases 
be  accounted  for  readily  enough,  and  the  knowledge  of  the  whole  series  of  them  will 
be  a  convenient  basis  for  ulterior  investigations. 

The  Principle  of  Correspondence  for  points  in  a  line  was  established  by  Chasles  in 
the  paper  in  the  Comptes  Rendus,  June— July  1864,  referred  to  in  my  First  Memoir;  it 
is  extended  to  unicursal  curves  in  a  paper  of  the  same  series,  March  1866,  ieSur  les 
courbes  planes  ou  &  double  courbure  dont  les  points  peuvent  se  determiner  individuelle- 
ment — Application  du  Principe  de  Correspondance  dans  la  th^orie  de  ces  courbes/'  but 
not  to  the  case  of  a  curve  of  given  deficiency  D  considered  in  my  paper  of  April  1866 
above  referred  to.  The  fundamental  theorem  in  regard  to  unicursal  curves,  viz.  that  in 
a  curve  of  the  order  m  with  £(m—  l)(ra  — 2)  double  points  (nodes  or  cusps)  the 
coordinates  (,-»,  y,  z)  are  proportional  to  rational  and  integral  functions  of  a  variable 
parameter  6, — as  a  case  of  a  much  more  general  theorem  of  Rieinann's — dates  from  the 
year  1857,  but  was  first  explicitly  stated  by  Clebsch  in  the  paper  "  Ueber  diejenigen 
ebenen  Curven  deren  Coordinaten  rationale  Functionen  eines  Parameters  sind,"  Crelle, 
t.  LXIV.  (1864),  pp.  43 — 63.  See  also  my  paper  "On  the  Transformation  of  Plane 
Curves,"  London  Mathematical  Society,  No.  III.,  Oct.  1865,  [384], 

The  paragraphs  of  the  present  Memoir  are  numbered  consecutively  with  those  of 
the  First  Memoir. 


Article  Nos.  94  to  104. — On  the  Correspondence  of  two  points  on  a  Ciirve. 

94.  In  a  unicursal  curve  the  coordinates  (#,  y,  z)  of  any  point  thereof  are  pro- 
portional to  rational  and  integral  functions  of  a  variable  parameter  6.  Hence  if  two 
points  of  the  curve  correspond  in  such  wise  that  to  a  given  position  of  the  first  point 
there  correspond  of  positions  of  the  second  point,  and  to  a  given  position  of  the  second 
point  a  positions  of  the  first  point,  the  number  of  points  which  correspond  each  to 
itself  is  =  a  +  a'.  For  let  the  two  points  be  determined  by  their  parameters  0,  & 
respectively,  then  to  a  given  value  of  6  there  correspond  of  values  of  6',  and  to  a 
given  value  of  0'  there  correspond  ex.  values  of  6 ;  hence  the  relation  between  (6,  &'} 
is  of  the  form  (6,  !)*(#',  l)a'=0;  and  writing  therein  0'~6,  then  for  the  points  which 
correspond  each  to  itself,  we  have  an  equation  (6,  l)a+tt'=0,  of  the  order  a+a';  that 
is,  the  number  of  these  points  is  =  a  +  a'. 

Hence  for  a  unicursal  curve  we  have  a  theorem  similar  to  that  of  M.  Chasles' 
for  a  line,  viz.  the  theorem  may  be  thus  stated : 

If  two  points  of  a  unicursal  curve  have  an  (a,  a')  correspondence,  the  number  of 
united  points  is  =  «  +  «'.  But  a  unicursal  curve  is  nothing  else  than  a  curve  with  a 
deficiency  D  =  0,  and  we  thence  infer : 

THEOREM.  If  two  points  of  a  carve  with  deficiency  D  have  an  (a,  a')  corre- 
spondence, the  number  of  united  points  is  =a+  a!  +  %kD',  in  which  theorem  2k  is  a 
coefficient  to  be  determined. 
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95.  Suppose    that   the   corresponding   points   are   P,   P'   and  imagine   that   when   P 
is  given  the  corresponding  points  P'   are  the  intersections  of  the  given  curve  by  a  curve 
©    (the    equation    of    the    curve    ©    will    of    course    contain    the    coordinates    of   P   as 
parameters,    for   otherwise   the   position    of  P'  would   not   depend   upon    that    of    P).     I 
find   that   if  the   curve   ©   has   with    the    given   curve    k    intersections   at    the   point  P, 
then  in  the  system  of  points  (P,  P')  the  number  of  united  points  is 

a  =  «  +  a!  +  2kD, 

whence  in  particular  if  the  curve  ©  does  not  pass  through  the  point  P,  then  the 
number  of  united  points  is  =  a  4-  of,  as  in  the  case  of  a  unicursal  curve.  (I  have  in 
the  paper  of  April  1866  above  referred  to,  proved  this  theorem  in  the  particular  case 
where  the  k  intersections  at  the  point  P  take  place  in  consequence  of  the  curve  © 
having  a  i-tuple  point  at  P,  but  have  not  gone  into  the  more  difficult  investigation 
for  the  case  where  the  k  intersections  arise  wholly  or  in  part  from  a  contact  of  the 
curve  ©,  or  any  branch  or  branches  thereof,  with  the  given  curve  at  P.) 

96.  It   is  to  be   observed   that   the   general  notion   of  a  united  point  is  as  follows : 
taking   the   point   P   at   random   on   the  given   curve,  the  curve   ©   has   at   this   point  k 
intersections   with    the   given   curve ;    the   remaining  intersections   are   the    corresponding 
points    P';    if    for    a   given    position    of    P    one    or    more    of    the    points    P'    come    to 
coincide   with   P,   that   is,    if  for   the    given    position    of    P   the    curve    @    has   at    this 
point   more   than   k  intersections   with   the   given   curve,    then   the   point  in  question  is 
a  united  point. 

It  might  at  first  sight  appear  that  if  for  a  given  position  of  P  a  number  2,  3,.. 
or  j  of  the  points  P  should  come  to  coincide  with  P,  then  that  the  point  in  question 
should  reckon,  for  2,  3, ...  or  j  (as  the  case  may  be)  united  points :  but  this  is  not 
so.  This  is  perhaps  most  easily  seen  in  the  case  of  a  unicursal  curve ;  taking  the 
equation  of  correspondence  to  be  (6,  l)a  (#',  l)a'  =  0,  then  we  have  ct+ot  united  points 
corresponding  to  the  values  of  0  which  satisfy  the  equation  (6,  l)a  (0,  l)a'  =  0  ;  if  this 
equation  has  a  j-tuple  root  0  =  X,  the  point  P  which  answers  to  this  value  X  of  the  para- 
meter is  reckoned  as  j  united  points.  But  starting  from  the  equation  (0,  l)a  (#',  l)a/  =  0, 
if  on  writing  in  this  equation  0  =  X,  the  resulting  equation  (X,  l)a  (#',  1)*'  =  0  has  a 
root  0'=X,  it  follows  that  the  equation  (0,  I)a(0,  l)a' =  0  has  a  root  0  =  X,  and  that 
the  point  which  belongs  to  the  value  0  =  X  is  a  united  point;  if  on  writing  in  the 
equation  0  =  X,  the  resulting  equation  (X,  l)a  (#',  l)a'  =  0  has  a  j-tuple  root  6*  =  X,  it 
does  not  follow  that  the  equation  (0,  l)a(0,  l)a'=0  has  a  ^"-tuple  root  0  =  \  nor  con- 
sequently that  the  point  answering  to  0  =  X  in  anywise  reckons  as  j  united  points. 

97.  This    may   be    further    illustrated    by   regarding    the    parameters    0,    0'  as   the 
coordinates   of  a   point   in  a  plane;   the  equation  (0,  l)tt(0',  l)a'  =  0  is  that  of  a   curve 
of  the   order    a  +  a',   having    an    a- tuple    point    at    infinity   on    the    axis    0  =  0,  and   an 
a'-tuple   point   at   infinity  on  the  axis   0'=0;   the  united  points  are  given  as  the  inter- 
sections  of  the   curve   with  the  line   0  =  ff  ;  a  ^'-fold  intersection,  whether  arising  from 
a  multiple   point   of  the   curve   or  from   a  contact   of   the    line    0  =  6'  with    the    curve, 
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gives  a  point  which  reckons  as  j  united  points.  But  if  0=X  gives  the  J-fold  root 
&  =  X,  this  shows  that  the  line  0  =  X  has  with  the  curve  j  intersections  at  the  point 
0  =  ff  =  \  •  not  that  the  line  0  =  6'  has  with  the  curve  j  intersections  at  the  point  in 
question. 

98.  Reverting  to  the  notion  of  a  united  point  as  a  point  P  which  is  such  that  one 
or  more   of  the   corresponding  points  P'   come  to   coincide   with   P ;   in  the   case  where 
P  is   at  a  node   of  the  given  curve,  it  is  necessary  to   explain   that   the  point  P  must 
be   considered  as   belonging  to   one   or  the  other  of  the  two  branches  through  the  node, 
and   that   the  point   P  is   not   to   be   considered   as   a   united   point   unless  we   have    on 
the  same    branch  of  the   curve   one   or  more   of  the   corresponding   points   P'   coming  to 
coincide  with   the  point  P.     If,  to   fix   the   ideas,  &  =  1,   that  is,  if  the   curve   ©  simply 
pass  through  the  point  P,  then   if  P   be  at  a  node   the   curve   ©   passes   through   the 
node  and  has  therefore   at   this  point   two   intersections  with   the  given  curve ;   but  the 
second  intersection  belongs  to   the   other   branch,  and   the  node   is   not   a  united  point ; 
in   order  to  make  it   so,   it   is   necessary   that   the   curve    ©    should   at   the   node   touch 
the   branch    to    which   the   point  P  is   considered    to   belong.     The   thing    appears   very 
•clearly   in    the    case    of   a    unicursal    curve;    we    have    here    two    values    0  =  X,  0  =  X' 
answering  to   the  node   according   as   it   is   considered   as   belonging  to  one  or  the  other 
branch  of  the   curve;   and  in   the   equation  of  correspondence  (0,  1  )"(#',  1)*'  =  0,  writing 
0  =  X,  we  have  an  equation  (X,  l)a  (ff,  l)a'  =  0  satisfied  by  0'  =  X'  but  not  by  &  ==X,  and 
the   equation  (6,  l)a(0,  l)a'=0   is  thus   not  satisfied  by  the  value  0  =  X.     The  conclusion 
is  that  a  node  qua  node  is  not  a  united  point. 

99.  But  it  is  otherwise  as  regards  a  cusp.     When   the   point  P  is  at  a  cusp,  the 
•curve  ®   (which  has  in  general   with   the   given  curve   k  intersections   at  P)   has   here 
more  than  k  intersections,  and   (as   in  this   case  there   is  no  distinction  of  branch)  the 
cusp  reckons  as  a  united  point.     In  the  case  of  a  unicursal  curve,  there  is  at  the  cusp 
a  single  value   0=X  of  the  parameter,   and  the   equation   (0,  l)a(0,  l)a'  =  0  is   satisfied 
by  the   value   0  =  X.     But  for   the   very   reason  that  the  cusp   qua  cusp  reckons  as   a 
united  point,  the  cusp  is  a  united   point   only  in  an  improper   or  special   sense,  and  it 
is  to  be  rejected  from  the  number  of  true  united  points.     We  may  include  the  cusps, 
along  with  any  other  special  solutions  which  may  present  themselves,  under  a  head  "  Supple- 
ment," and  instead  of  writing  as  above     a  —  a  —  a'  =  2H),  write     a  —  a  —  a'  +  Supp.  =  2H). 

Before  going  further  I  apply  the   theorem    to   some   examples   in   which   the   curve 
®  is  a  system  of  lines. 

100.  Investigation   of  the   class   of  a  curve   of  the   order   m   with   S   nodes    and    K 
cusps.     Take  as  corresponding  points   on  the  given  curve  two  points  such  that  the  line 
joining    them  passes  through    a  fixed   point    0 ;    the   united  points  will  be  the  points 
of  contact   of  the  tangents  through   0  ;   that  is,  the  number  of  the   united  points  will 
be  equal  to  the   class  of  the  curve.     The  curve  ©  is  here  the  line  OP  which  has  with 
the  given  curve  a  single  intersection  at   P ;    that  is,   we    have  k  =  1.     The  points   P1 
corresponding  to   a  given  position   of  P   are  the  remaining  m  —  1   intersections   of  OP 
-with  the  curve,  that  is,  we  have  a?  =  m—  I ;  and  in  like  manner  a=m-  1.     Each  of  the 
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cusps  is  (specially)  a  united  point,  and  counts  once,  whence  the  Supplement  is  =K- 
Hence,  writing  n  for  the  class,  we  have  n  +  2  (m  -  1)  4-  «  =  2Z>,  or  writing  for  2D  its 
value  =  m*  —  3w  +  2  —  28  —  2/e,  we  have  n-m2-  m  —  2S  —  3*r,  which  is  right. 

101.  Investigation  of  the  number  of  inflexions.  Taking  the  point  P'  to  be  a 
tangential  of  P  (that  is,  an  intersection  of  the  curve  by  the  tangent  at  P),  the  united 
points  are  the  inflexions  ;  and  the  number  of  the  united  points  is  equal  to  the  number 
of  the  inflexions.  The  curve  @  is  the  tangent  at  P  having  with  the  given  curve  two 
intersections  at  this  point;  that  is,  &=2;  P  is  any  one  of  the  m  -2  tangentials  of 
P,  that  is,  of  =  m  —  2  ;  and  P  is  the  point  of  contact  of  any  one  of  the  n  —  2  tangents 
from  P'  to  the  curve,  that  is,  a  =  n  —  2.  Each  cusp  is  (specially)  a  united  point,  and 
counts  once,  whence  the  Supplement  is  =  K.  Hence,  writing  L  for  the  number  of 
inflexions,  we  have 


or  substituting  for  2D  its  value  expressed  in  the  form  n  —  2m  +  2  +•  *,  we  have 

i  =  3rc  —  3??i  +  #, 
which  is  right. 

102.  For   the   purpose   of  the   next  example  it  is  necessary  to  present  the  funda- 
mental   equation   under  a  more   general    form.     The    curve   ©    may  intersect    the  given 
curve   in   a   system   of    points  P',   each  p   times,   a   system   of   points   Q',   each   q  times, 
&c.   in  such   manner   that   the  points  (P,  P'),  the  points  (P,  Q'\  &c-  are  pairs  of  points 
corresponding  to   each   other  according  to   distinct    laws;    and   we   shall  then   have    the 
numbers  (a,  a,  a'),  (b,  ft,  /3'),  &c.,  corresponding  to  these  pairs  respectively,  viz.  (P,  P')  are 
points    having    an    (a,    a')    correspondence,    and   the   number    of   united    points    is   =  a  ; 
(P,  Q')  are  points  having  a  (ft,  ft')   correspondence,  and  the  number  of  united  points 
is  =b,  and  so  on.     The  theorem  then  is 

p  (a  -  a  -  a')  +  j(b  -ft  -  £')  +  &c.  +  Supp.  =  2fcD, 

being   in    fact    the   most  general    form   of   the   theorem   for  the   correspondence   of   two 
points  on  a  curve,  and  that  which  will  be  used  in  all  the  investigations  which  follow. 

103.  Investigation   of  the  number   of  double  tangents.     Take  P'  an  intersection  of 
the   curve   with  a  tangent   from  P    to   the   curve    (or,   what   is   the    same    thing,  P,  P' 
cotangentials   of   any  point   of   the   curve):    the   united  points  are   here    the    points    of 
contact   of  the   several  double  tangents  of  the  curve  ;  or  if  r  be  the  number  of  double 
tangents,   then   the   number   of  united  points  is   =  2r.     The   curve   @   is   the   system  of 
the  n  —  2   tangents  from  P  to   the   curve;    each   tangent   has   with   the  curve   a  single 
intersection  at  P,  that  is,  k  =  n  —  2  ;   each  tangent  besides  meets  the  curve  in  the  point 
of  contact   Q'  twice,  and  in   (m—  3)  points  P';   hence  if  (a,  a,  a')   refer  to  the  points 
(P,  QT),  and  (2r,  ft,  ft')  to  the  points  (P,  P'),  we  have 

2  {a  -  a  -  a'}  +  (2r  -  ft  -  ft'}  +  Supp.  =  2  (n  -  2)  D. 

From  the  foregoing  example  the  value   of    a  —  a  —  of  is   —  4sD  —  K.    In  the   case  where 

34—2 
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the  point  P  is  at  a  cusp,  then  the  n  —  2  tangents  become  the  n—  3  tangents  from 
the  cusp,  and  the  tangent  at  the  cusp ;  hence  the  curve  0  meets  the  given  curve  in 
2  (n  -  3)  +  3,  =  2n  -  3  points,  that  is,  (n  -  2)  +  (n  -  1)  points ;  this  does  not  prove  (ante, 
No.  96),  but  the  fact  is,  that  the  cusp  counts  in  the  Supplement  (n  —  1)  times,  and  the 
expression  of  the  Supplement  is  =  (n  —  1)  K.  It  is  clear  that  we  have  /3  =  /3'  =  (^  -  2)(m  —  3), 
so  that  the  equation  is 

SD  -  2*  +  2r  -  2  (n  -  2)  (m  -  3)  +  (n  -  1)  K  =  (71  -  2)  2D, 
that   is 

2r  =  2  (n  -  2)  (m  -  3)  +  (a  -  6)  2D  +  (-  n  +  3)  * ; 

or  substituting  for  2D  its  value  =  n  -  2w  +  2  +  /c  and  reducing,  this  is 

2T  =  ?i2  +  8m  -  lOn  -  3/c, 
which  is  right. 

104,  As  another  example,  suppose  that  the  point  P  on  a  given  curve  of  the  order 
m  and  the  point  Q  on  a  given  curve  of  the  order  m  have  an  (a,  a')  correspondence, 
and  let  it  be  required  to  find  the  class  of  the  curve  enveloped  by  the  line  PQ.  Take 
an  arbitrary  point  0,  join  OQ,  and  let  this  meet  the  curve  m  in  P';  then  (P,  P') 
are  points  on  the  curve  w  having  a  (m'a,  ma')  correspondence ;  in  fact  to  a  given 
position  of  P  there  correspond  a!  positions  of  Q,  and  to  each  of  these  m  positions  of 
P ;  that  is,  to  each  position  of  P  there  correspond  ma'  positions  of  P' ;  and  similarly 
to  each  position  of  P'  there  correspond  m'a  positions  of  P.  The  curve  ©  is  the  system 
of  the  lines  drawn  from  each  of  the  of  positions  of  Q  to  the  point  0,  hence  the 
curve  @  does  not  pass  through  P,  and  we  have  &  =  0.  Therefore  the  number  of  the 
united  points  (P,  P'),  that  is,  the  number  of  the  lines  PQ  which  pass  through  the 
point  0,  is  =  ma'  +  m'a,  or  this  is  the  class  of  the  curve  enveloped  by  PQ. 

It  is  to  be  noticed  that  if  the  two  curves  are  curves  in  space  (plane,  or  of  double 
curvature),  then  the  like  reasoning  shows  that  the  number  of  the  lines  PQ  which  meet 
a  given  line  0  is  =ma/+m/a,  that  is,  the  order  of  the  scroll  generated  by  the  line 
PQ  is  =wa'+m/a. 


Article  Nos.  105  to  111. — Application  to   the  Conies  which  satisfy  given  conditions,  one   at 

least  arbitrary. 

105.  Passing  next  to  the  equations  which  relate  to  a  conic,  we  seek  for  (4,2)  (1), 
the  number  of  the  conies  which  satisfy  any  four  conditions  4Z  and  besides  touch  a 
given  curve,  (3^)  (2)  and  (3£)(1,  1),  the  number  of  the  conies  which  satisfy  three 
conditions,  and  besides  have  with  the  given  curve  a  contact  of  the  second  order,  or 
(as  the  case  may  be)  two  contacts  of  the  first  order;  and  so  on  with  the  conditions 
2Z,  Z,  and  then  finally  (5),  (4,  !),...(!,  1,  1,  1,  1),  the  numbers  of  the  conies  which 
have  with  the  given  curve  a  contact  of  the  fifth  order,  or  a  contact  of  the  fourth 
and  also  of  the  first  order..,,  or  five  contacts  of  the  first  order. 
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106.  As   regards   the   case   (42)  (1),  taking  P  an  arbitrary  point  of  the  given  curve 
m,   and   for   the    curve    <*>    the   system   of    the   conies   (42)  (1)   which   pass   through    the 
given    point   P   and    besides    satisfy   the    four    conditions,   then    the    curve    ®    has    with 
the    given    curve    (42)  (1)    intersections    at    P,   and    the    points    P'    are    the    remaining 
(2m  —  1)(42)(1)   intersections:  in  the  case   of  a  united  point  (P,  P')>  some   one   of  the 
system    of    conies   becomes   a   conic   (42)  (1);    and  the   number  of   the   united   points   is 
consequently  equal  to  that  of  the  conies  (42)  (1)  ;   we  have  thus  the  equation 

{(42)  (1)  -  2  (2m  -  1)  (42)  (1)}  +  Supp.  (42)  (1)  =  (42)  (I)  .  2D. 

107.  It    is    in    the    present    case    easy   to    find    a    priori    the    expression    for    the 
Supplement.     1°.    The  system  of  conies  (42)  contains  2(42-)  —  (42  /)   point-  pairs  (J);   each 
of   these,   regarded   as   a  line,  meets  the  given   curve   in  m  points,   and   each  of   these 
points   is   (specially)   a   united  point   (P,    P');    this   gives   in   the    Supplement   the  term 
m  [2(42  •)  —  (427)}.     2°.   The  number  of  the   conies   (42)   which   can  be   drawn   through 
a   cusp   of  the   given   curve   is   =(42-);    and   the   cusp   is   in   respect   of  each   of   these 
conies   a    united   point;    we   have   thus   the   term  «(42-),    and   the   Supplement   is   thus 
=  in  {2  (42  •)  -  (42/)}  +  K  (42  •)•     We  have  moreover  (42)  (1)  =  (42  •),  W  =  n  -  2m  +  2  +  #  ; 
and  substituting  these  values,  we  find 

(42)  (1)=     (4m  -2)  (42-) 


which  is  right. 

108.  It    is    clear    that    if,   instead    of    finding    as    above    the    expression    of    the 
Supplement,  the  value   of  (42)  (1),  =?i(42-)+m(42/),  had   been  taken   as  known,  then 
the  equation  would  have  led  to 

Supp.  (42)  (I)  =  m  {2  (42  •)  -  (42/)}  +  *  (42  •)  ; 

and  this,  as  in  fact  already  remarked,  is  the  course  of  treatment  employed  in  the 
remaining  cases.  It  is  to  be  observed  also  that  the  equation  may  for  shortness  be 
written  in  the  form  _ 

(42)     {(!)-  2  (8m  -!)(!)} 

+  Supp.  (1)=(T)2D; 

viz.  the  (42)  is  to  be  understood  as  accompanying  and  forming  part  of  each  symbol; 
and  the  like  in  other  cases. 

109.  We  have  the  series  of  equations 

(42)     {(1)  -  (1)  (2m  -!)-(!)  (2m  -1)} 

+  Supp.  (T)  =(1)2#; 

i  The  expression  a  point-pair  is  regarded  as  equivalent  to  and  standing  for  that  of  a  coincident  line-pair: 
see  First  Memoir,  No.  30. 
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(8Z)    {(2)-(2)(2m-2)-(l,  1)} 

4  Supp.  (2)  =  2(2)2Z); 


(82) 

+  {2  (1,  1)  -(1,1)  (2m  _  3)  -  (1,  1  )  (2»»  -  3)} 

+  Supp.  (I.  1)  .  -(I, 

(22)   {(8)  -(8)  (2m  -3)  -(I,  2)] 

+  Supp.  (3)  =3(3)2D; 

(22)  2  {(8)  -(2,  l)-(2,  1)} 

+  {(2,  1)  -  (2,  1)  (2m  -  4)  -  (I,  1,  1)  2} 

+  Supp.  (2,  1)  =2(2,  1)2Z>; 

(-22)  3  {(3)  -(T,  2)  -(3)  (2m  -3)} 

+  {(1,  2)-(l,  2)(2m-4)-(l,  2)  (2m  -4)} 

+  Supp.  (I,  2)  =  (T,  2)2D; 

(22)  2  {(2,  1)  -  (I,  1,  1)  2  -  (2,  1)  (2m  -  4)} 

+  {8(1,  1,  l)-a  1,  l)(2m-5)-(T,  1,  l)(2m-5)} 

+  Supp.  (1,  1,  1)  =(1,  1,  1)2D; 

(Z)   {(4)-(4)(2m-4)-(l;  3)} 

+  Supp.  (I)  =  4  (4)  W  • 

(Z)  2  {(4)  -(3,1)  -(2,  2)} 

+  {(3,  1)  -  (3,  1)  (2m  -  5)  -  (T,  1,  2)} 

+  Supp.  (3,  1)  =3(3,  1)2D; 

(Z)  3{(4)-(2,  2)-(3,  1)}. 

+  {2  (2,  2)-  (2,  2)  (2m  -  5)  -  (T,  1,  2)} 

+  Supp.  (2,  2)  =2(2,  2)2D; 

(Z)  2  {(3,  l)-(2,  1,  1)2  -(2,  1,  1)2} 

+  {(2,  1,  l)-(2,  1,  l)(2m-6)-(I,  1,  1,  1)3} 

+  Supp.  (2,  1,  1)  =2(2,  1,  1)2D; 

(Z)  4  {(4)  -(1,  3)  -(4)  (2m  -4)} 

+  {(1,  3)  -  (T,  3)  (2m  -  5)  -  (T,  3)  (2m  -  5)} 

+  Supp.  (T,  3)  =(1,3)2.0; 
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(Z)     3  {(3,  !)-(!,  1,  2)  -(5,  l)(2m-5)} 
+  2  {2  (2,  2)  -(I,  1,  2)  -(5,  2)  (2m  -5)} 
+     {2(1,  1,  2)  -(I,  1,  2)  (2m  -6)  -(I,  1,  2)  (2m  -6)} 
+     Supp.  (I,  1,  2)  =  (I3  i,  2)2Z>; 

(Z)     2  {(2,  1,  !)-(!,  1,  1,  1)3  -(2,  1,  l)(2m-6)} 

+     (4  (1,  1,  jl,  1)  -  (I,  1,  1,  1)  (2m  -  7)  -  (I,  1,  1,  1)  (27?i  -  7)} 

4-     Supp.  (I,  1,  1,  1)  =(T,  l,  i,  1)21). 

110.     I  content  myself  with  giving  the  expressions  of  only  the  following  supplements. 
Supp.  (4Z)(I)       =m[2  (.)-(/)]  +  *(•)• 
Supp.  (3Z)  (2)       =  in  [2  (:)-(•/)]+  **  (-  /). 
Supp.  (3£)  (T,  1)  =     (  2mn  -  3w2  -   n  +  na)(:) 

+  (2??^2  -  4tmn  -  2m  +  2n  +  (m  —  i)  «)(•/) 

+  (-m'  +   m 

Supp.  (2Z)  (3)      =  -|m  [2  (.'.)-(:/)] 


Supp.  (  ^)  (I)      =  a*  +  b  (2*  +  2*), 

where  a,  6  are  the  representatives  of  the  condition  Z. 

It  may  be  added  that  we  have  in  general 

Supp.  (£)(4aT)    =  a  Supp.  (4T  -)  4-  6  Supp.  (4X/), 
where  (4X)  stands  for  any  one  of  the  symbols  (4),  (3,  !)....(!,  1,  1,  1). 

111.  The  expression  of  Supp.  (4tZ)  (1)  has  been  explained  supra,  No.  108.  That 
of  Supp.  (SZ)  (2)  may  also  be  explained.  1°.  The  point-pairs  of  the  system  of  conies 
(3-Z),  regarding  each  point-pair  as  a  line,  are  a  set  of  lines  enveloping  a  curve;  the 
class  of  this  curve  is  equal  to  the  number  of  the  lines  which  pass  through  an 
arbitrary  point,  that  is,  as  at  first  sight  would  appear,  to  the  number  of  point-pairs  in 
the  system  (3^-),  or  to  2(3^:)-  (3Z-/):  it  is,  however,  necessary  to  admit  that  the 
number  of  distinct  lines,  and  therefore  the  class  of  the  curve,  is  one-half  of  this,  or 
=  £[2(3^:)  —  (3#-/)];  which  being  so,  the  number  of  the  point-pairs  (3Z)  which,  regarded 
as  lines,  touch  the  given  curve  (of  the  order  m  and  class  ri)  is  =^n[2(SZ:)  —  (BZ-/J]. 
The  point  of  contact  of  any  one  of  these  lines  with  the  given  curve  is  (specially)  a 
united  point,  and  we  have  thus  the  term  Jrc,[2(3J?:)  —  (3Z-  /)]  of  the  Supplement. 
2°.  The  number  of  the  conies  (BZ)  which  touch  the  given  curve  at  a  given  cusp 
thereof,  or,  say,  the  conies  (3Z)  (2*-!),  is  =-J-(3^-/),  and  the  cusp  is  in  respect  of  each 
of  these  conies  a  united  point;  we  have  thus  the  remaining  term  $/c(3Z'/)  of  the 
Supplement. 
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Article    Nos.    112    to    135. — Application    to    the    Conies    which    satisfy  five   conditions   of 

contact  with  a  given  Cuwe. 

112.     We    have    twelve    equations,    which    I    first    present    in    what     I    call    their 
original  forms;   viz.  these  are — 

First  equation: 

{(5) -(5) (2m -5) -(I,  4)} 

+   Supp.  (5)  =  5  (5)  2D. 

Second  equation: 

2  {(5)  -  (4,  1)- (2,  3)1 

+     {(4,  l)-(4,  l)(2m-6)-(l,  1,  3)} 

+    Supp.  (4,  1)  =4(4,  1)21). 

Third  equation: 

3  {(5) -2  (3,  2)  -2  (3,  2)} 

+     {(3,  2)  -  (5,  2)  (2m  -  6)  -  2  (I,  2,  2)} 

+     Supp.  (8,  2)  =3  (3,  2)  2Z>. 

Fourth  equation: 

2  {(4,  l)-2(3,  ],  l)-(2,  2,  1)} 

+     {(3,  1,  l)-(3,  1,  l)(2m-7)-(I,  1,  1,  2)} 

+     Supp.  (3,  1,  1)  =3(3,  1,  1)2£>. 

Fifth  equation : 

4{(5)-(2,  3)-(4,  1)} 

+    {(3,  2)  -  (2,  3)  (2m  -  6)  -  (T,  1,  3)} 

+    Supp.  (2,  3)  =2  (2,  3)  W. 

Sixth  equation: 

3  {(4,  l)-2(2,  2,  l)-2,  (3,  1,  1)} 
+  2  {(3,  2) -(2,  2,  l)-(2,  2,  1)} 

+    {2(2,  2,  l)-(2,  2,  1)  (2m -7) -2(1,  1,  1,  2)} 

+     Supp.  (2,  2,  1)  =2  (2,  2,  1)  2D. 

Seventh  equation: 

2  {(3,  1,  l)-3(2,  1,  I,  l)-3(2,  1,  1,  1)} 
+     {(2,  1,  1,  l)-(2,  1,  1,  1)  (2m -8) -4(1,  1,  1,  1,  1){ 
+    Supp.  (2,  1,  1,  1)  =2(2,  1,  1,  1)2Z>. 
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Eighth  equation: 

5  {(5) -(1,4) -(5)  (2m -5)} 
+     {(4,  1)  -  (I,  4)  (2m  -  5)  -  (I,  4)  (2m  -  5)} 
+     Supp.  (T,  4)  =(1,  4)2D. 

Ninth  equation : 

4  {(4,  !)-(!,  1,3) -(4,  l)(2i»-8)j 
+  2  {(3,  2)  -  (I,  1,  3)  -  (2,  3)  (2m  -  6)} 
+     {2(3,  1,  !)-(!,  1,  3)  (2m -7) -(1,  L  3)  (2m -7)] 
+     Supp.  (I,  1,  3)  =(1,  1,  3)21). 

Tenth  equation : 

3  {(3,  2)  -2(1,  2,  2) -(5.  2)  (2m -6)} 
+     {(2,  2,  !)-(!,  2,  2)(2m-7)-(l,  2,  2)  (2m -7)} 
+     Supp.  (T,  2,  2)  =(I,  2,  2)2I>. 

Eleventh  equation: 

3  {(3,  1,  !)-(!,  1,  1,  2) -(3,  1,  1)  (2m -7)} 
+  2  {2  (2,  2,  1)-2(1,  1,  1.  2) -(2,  2,  l)(2m-7)} 
+     {3(2,  1,  1,  !)-(!,  1,  1,  2)(2m-8)-(T,  1,  1,  2)  (2m -8)} 
+     Supp.  (I,  1,  1,  2)  =  (I,  1,  1,  2)2.0. 

Twelfth  equation : 

2  {(2,  1,  1,  1)-4(1,  1,  1,  1,  l)-(2,  1,  1,  l)(2m-8)} 
+     {5(1,  1,  1,  1,  !)-(!,  1,  1,  1,  l)(2m-9)-(I,  1,  1,  1,  l)(2m-9)} 
+    Supp.  (T,  i,  1,  1,  1)  =(I,  i,  i,  i,  i)  w. 

113.     I    alter    the    forms    of    these    equations    by    substituting    for    2Z)    its    value 
=  n  -  2m  -f  2  +  /c,  and  by  writing  for  the  expressions  with  (T)  their  values, 

(T,  4)  =  (.4) -5  (5),  &c., 

and  except  in  the  terms  {Supp.  (5)  —  K  (5)},  &c.,  by  writing  for  K  its  value  —  3n  +  a. 
The  resulting  equations,  if  the  Supplements  were  known,  would  serve  to  determine 
the  values  of  (5),  (4,  1),  &c. ;  but  I  assume  instead  that  the  last-mentioned  expressions 
are  known  (First  Memoir,  No.  50),  and  use  the  equations  to  determine  the  Supple- 
ments, or,  what  comes  to  the  same  thing,  the  values  of  the  terms  in  {  }  which 
contain  these  Supplements.  We  have  thus  the  twelve  reduced  equations,  with  resulting 
values  of  the  supplements. 

c.  vi.  35 
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-  15m-15?i  +  9a 
-3m  +   « 

8m  +    7n-4.ci 
+  10m  +    Sn  -  60. 


114.  First  equation: 

=  0  = 

(5) 
+  {Supp.  (5)-« 

+  (5)  (8m  +  7re  - 

-(.4) 

(that  is,  we  have 

Supp.  (5)-tf 

and  so   in    the    subsequent    cases,   the   equation    gives   the    value    of    the   term   in    {     } 
which  contains  the  Supplement). 

115.  Second  equation: 


2(5) 


1) 

+  {Supp.  (4,  !)-*(?,  1)} 


,  1)  (6m  +  5?i  -  3a) 
-(•I,  3) 


-    30m-    30?2,  +  a(  18) 

-  8m2  -  20ww  -  8n2  +  104m  +  104n,  +  a  (     6m  +  6w  -  66) 


-6m3-    Srnii 


+    18m  + 


9n+a(    3m          -    9) 

+  6m*  +  Ilmn  +  5n*  -   36m-    30n  +  a(-3m-3n  +  18) 
+  8m2  +  I2mn  +  3?z2  -    56m-    5Bn  +  a  (-  6m  -  8w  +  39). 

I  stop  for  a  moment  to  notice  a  very  convenient  verification  of  the  term  in  {  }  ; 
putting  therein  a  =  Snt  the  term  is 

-  6m2  -  Smn  +  18m  +  9n  +  (Qmn  -  27^)  ; 

and  if  in  this  we  write  m  =  w  =  l,  m2  =  mn  =  7i2  =  2,  and  when  any  higher  terms  enter 
m*  =  m*n=*mn*=*n*  =  4it  m4  —  msn  =  mW  =  mn8  =  ?i4  =  8,  &c.,  the  value  is  —12  —  6  +  18  +  9 
+  18  —  27,  =0,  viz.  we  should  always  obtain  a  sum  =0.  The  reason  is  that  the  term 
in  question  should  always  admit  of  being  expressed  in  the  form  pS  +  q/c  +  ?T  +  st>  ; 
the  reduction  to  this  form  might  be  effected  by  the  substitutions  m  =  %(m  +  ri)  +  ^(tc  —  i), 
n  =  %(m  +  n)  -£(*-t),  ma~2.  %(m  +  ri)  +  2S  +  3*;,  n*  =  2  .  -J-  (m  +  n)  +  2r  +  3  6,  giving  a  result 
=  J.  (m  +  n)  +  terms  in  (8,  K,  r,  *),  where  A  is  a  numerical  coefficient  calculable  as 
above  by  simply  writing  m  =  n  =  l,  m2  =  m??,  =  ^2  =  2,  &c.,  and  which  is  =0  when  the 
term  is  of  the  proper  form  pS  +  q/c  +  rr  +  54.  The  complete  reduction  to  the  form  in 
question  is  material  in  the  sequel,  but  I  advert  to  the  point  here  only  for  the  sake 
of  the  numerical  verification. 

116.     Third  equation: 


3(5) 

(3,2) 

{Supp.  (3,  2)  -*(S,  2)} 

(3,  2)  (4m  +  3w  -  2a) 

2(-2,  2) 


—    4i5m  —    45n  +  a  ( 

+  120m  +  120?i  +  a  (-  4m 

+   15m  +a( 

-  36w-    27n+a( 

-  54m- 


+27) 

-  78)  +  3a2 

—7) 

18)  -  2a2 
+40)-    a2. 


Verification  is  15  +  3  (1 . 2  -  7)  =  0. 
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117.     Fourth  equation: 
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2(4,  1) 

(3,  1,  1) 

{Supp.  (8,  1,  l)-*(8,  1,  1)} 

(3,  1, 


0  = 

-fms- 


-  (•  2,  1,  1) 


-  16m2-    40mn-    16??2  d) 
-  Wmn*  - f  ?^3  +  ^m2  +  116m?i  +  J-jaw9  (2) 

2mn?           +  *£-m*+    tymn-     *7nr  (s) 

|7i3-   26m2-    ^LTWTO-   ^na  (4) 

-  24m2-    36 w?*-    12?i2  (s) 


(i) 
(2) 
(8) 
(4) 
(5) 


+  208m  -f  208?i  4-  a  (  +  12m  +  I2n  -  132) 

-  434m  -  434ra  +  a  (    f  m2  +  6ww  +  f?i2  -  -^m  -  ^w-  +  291)  -  fa2 

-  50m-    28w  +  a(    ^m2  ™j^m-    ^  +    33) 

+  108m  4-    81rc,  +  a  (-   m2  -  4mw  -    w3  4-    7m  4-  ^w  —    54)  -f  3a2 
+  168m  +  168^  4-  a  (-   m2  -  2m?i  -  £n2  4-  25m  +  2£.n  -  138)  -f-  fa2. 


"Verification  is  (— 

118.  Fifth  equation: 

=  0  = 
4(5) 

+  (8,  2) 

+  {Supp.  (2,  3)  -  K  (2,  3)} 

+  (2, 
-(.1,  3) 

Verification  is  2  +  8  -  1  +  3  (-  3)  =  0. 

119.  Sixth  equation: 


-7)  2-50-234-3  (j.4-(^  +  ^)  2  +  33)  =  0. 


-  8m2  - 


-  60m-    60tt+a(  36) 
+  120m  +120n+  a  (-    4ra  -  4n  -  78) 

2+      8m—        w  +  a(  —    3) 

-  12m-      6^+a(     10m  +  7rc,+    6)  -So2 

-  56m-    53n  +  a(-    6m  -3^+39). 


3(4,  1) 
4-  2  (3,  2) 
+  2(2,  2,  1) 

+  {Supp.  (2,  2,  l)-*(2,  2,  1)} 
+  (2,  2, 
-2(-2,  1,  1) 


-24m9- 

+  48m3 
+  12m2  + 


-  48m2  - 


(D 

(2) 
(3) 
(4) 
(5) 

+  336m  +  336n    (6) 
35—2 


+  240m  +  240^ 
-936m-( 
-  60m- 
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a) 
(2) 


(i) 
(2) 
(3) 
(4) 
(5) 


+  ct( 
+  a( 
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+  18m  +  ISrc,  -198) 

-  8m-   8tt- 

-  16m  -16rc,  +  654)  +  a3  ( 
mn        -   8m-   2</&  +   30) 


6) 


3). 


Verification  is  (12  +  6  -6)2  -60-6  +  3  (4  -(8  +  2)2  +  30)  =  0. 


120.    Seventh  equation: 


=  0  = 


2(3,  1,  1) 
+  (2,  1,  1,  1) 

+  {Supp.  (2,  1,  1,  l)-*(2,  1,  1,  1)} 
+  (2,  1,  1, 
-(•1,  1,  1,1) 


(i) 

(2)  6m8  +  30m%  +  30mn2  +  6n*  -  174m2 

(3) 


(5) 


-   868m 


80m  + 
150m- 


[407 


(1) 

(2) 
(3) 

(5) 

(1) 
(2) 
(3) 
(4) 


7i2-  69m-  69^+582)  +  a2(  -   9) 

-^ 

2+   19m+     f^-    54) 


2-    86m- 


Verification  is 


-  20-5  +  ^)  2  +  80  +  26  +  3  ((-l- 
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121.    Eighth  equation : 

=  0  = 
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5(5) 

+  (4,  1) 

+    Supp.  (1,  4)-«(l,  4) 


-    75m-   75/t +  a(  45) 

-  8m3  -  20»ro  -  Sn?  +  104m  +  lOfe  +  a  (6m  +  6»  -  66) 

+     1m  —     4w  +  a  (  1) 


8m2  +  lOmn, 


-  ifm  -   *£n  +  a  (-  6m      +  10) 


+  on  (5) 
Verification  is  1-4  +  3.1  =  0. 
122.    Ninth  equation  : 


=  0  = 


4(4,  1) 
+  2(3,  2) 
+  2  (3,  1,  1) 
+  fSupP.  (1,  1,  3)-*(l,  1,  3) 

l-(m-2)(2(.l,  3) -(/I,  3)) 

+    (~m  +  2)(/l,  3) 
l)  +  2(2,  3)) 


-    32m2-   SQmn-    32w2    (i) 


-  3m3  - 


109m2  +  2S2mn 

-  2m2  + 

-  16m2- 

-  59m2- 


109n2 


(4) 

(s) 
(6) 
(7) 


(i) 
(2) 

(3) 

(4) 

(5) 
(6) 
(7) 


+  416m  -f  416%  +  a  ( 
+  240m  +  240ft  +  a  ( 

-  868m  -  868^  +  a  (    3m3  4- 

-  6m  + 

+  112m  +  106^  -1-  a  (  -    &mn  - 

+  106m  +  112n  +  a  (-  3m2  —    6mn 


+  24m  +  24w  -  264) 

-  8m-   8?i-156)  +  6a2 

-  69m  -  69n  +  582)  -  9a2 


+  12m  +  45%  -   78) 
-f  45m  +  I2n  —    78) 


Verification  is  (-2  +  12  +  2)  2-  6  +  30  +  3  ((-4-  10)2-6)  +  3.9.2  =  0. 
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123.    Tenth  equation: 

=  0  = 


3  (3,  2) 
+  (2,  2,  1) 

+  jSupp.  (1,  2,  2)-«(l,  2,  2)    I 
U(m-2)(2(.2,  2)-</2,  2))J 
,  2) 
2,  2) 
,  2) 


24m2 


-  24n2 


—  24m2  — 


(i) 


9) 


-    8n  +  327)  +  a2  (£m  +  ^  -  12) 


+20n-    40)  +  a2( 
(s)         +a(     20m  -    40)  +  a?  (Jm 

(6)  +a(  +372  ). 

Verification  is  +  33  +  3  (-  3  .  2  -  13)  +  9  .  2  =  0. 


+    1) 


[407 


+  360m  +  360n        (i) 
2  -  468m  -  468u        (2) 

+      6wi+    33ft        (3) 


(5) 
(6) 


124.     Eleventh  equation: 

3(3,  1,  1) 
+  4(2,  2,  1) 
+  3(2,  1,  1,  1) 

+  fSupp.  (I,  1,  1,  2)-*  (I,  1,  1,  2)    \ 
t-(m-f)(2(.l,  1,  2) -(/I,  1,  2))J 
+  (-»  +  *)(•  1*  1,  2) 
,  1,  2) 
2(2,  2U1)) 


=  0  = 

-      m3  - 


+  18m3  + 

-  fm8- 

- 

-  12ms  - 


(2) 

(*> 


(3) 


o 


407] 

(i) 
(2) 
(3) 

W 

(5) 
(6) 
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348wn  +  s^i3  -  1302m  - 


+    96m2  +    216mn  +   96^2  -  1872m  -  1872^  +  a  ( 
-  522m2  -  1044mra  -  522n2  +  3960m  +  3960»  +  a  ( 


4- 


-       2m- 


+   56m2  +    252m^  +  196n3-    392m- 

+  196m2  4-    252m<n+    56n3-    392m-    392»  +  a  (-  Jm8  -  2m2w  - 
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<« 
(2) 
(s) 

(4) 

(5) 
(6) 


a) 
(2) 
(3) 

(4) 

(5) 
(6) 
(7) 


m2-M8m^+  fw2-    ajim-  a^n+   873)  +  a2  (  -  ^jt) 

-     32m-     32»  +  1308)  +  <&  (    2m+2?i-48) 
^2-f   358m  +  358%  -  2880)  +  a2  (-  fm  -  $a  +  84) 


322)  +  a2  ( 


-    J) 


Verification  is  4(-f  -f-6  -3)  + 


-2-  191 


125.     Twelfth  equation: 


2(2,1,1,1) 
+  5(1,  1,  1,  1,  1) 


+  C    Supp.  (1,  1,  1,  1,  1)  -  *  (1,  1,  1,  1,  1)  \ 
t-  (m  ~  f)  (2  (•  1,  1,  1,  1)  -  (/  1,  1,  1,  1))  J 
+    (-71  +  §)(•!,  1,  1,  1) 


2,  1,  1,  1) 


(1) 

(2) 
(3) 


-   mW- 


«) 
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CD  +  12m3  +     60maw+     60?>w2  +    12?i3  d) 

(2)          -  ^m4  -  J^wzto  -  lOmV  -  ^mns  -  -^4  -  ^m3  -  ^  ^  -  -4f*  wn2  -  4&X  (a) 

4-     4m3  +     ¥mS'l  +     ¥m?^+      9?l3  (;i) 

^-?is  (4) 

X  CO 

57^3  (0 


CD         -  348m2-  696mrc-  348n2  +  2640m  4-  2640w  +  «  (    ^m8  + 

wa  -  3159m  -  3159??.  +  a  (-  |m3  -  tym*n  -  Jjf  mw*  -  fw8         (8) 


i|Aw  +  a  (    f  m3 

(6)  + 


(i)         -  15m2-    52m^-    15%2+  ^-m+  ^?i  -  1920)  +  a2  (-    3m-  3^  +  56) 

+  2430)  +  a2  (     *f.m  +  *£n  -  75) 


-      m  - 

(4)         -     4m2-    §j-mn-  S£n*+    ipm  +  i^n-    238)  +  a2  (  -    |w+    3) 

(Bj         -   ^2  __   ^mn  _     4^2  +  j^|im  +  i|ATO  -    238)  +  a2  (-    |??i  +    3) 

(6)  3ww-     3n2  + 

Verification  is 


126.  It  will  be  observed  that  in  the  eighth  and  following  equations,  viz.  those 
wherein  the  expression  of  the  Supplement  contains  the  symbol  (I),  I  have  included 
along  with  the  Supplement  within  the  {  },  the  terms  —  (m-|)  {2(«  4)  —  (/  4)},  &c.,  viz, 
these  are  —  (m  —  |)  into  number  of  point-pairs  (4),  &c.  :  this  is  for  convenience  only; 
it  simplifies  the  calculation,  both  from  the  symmetrical  form  under  which  the  remaining 
terms  present  themselves  in  the  several  equations,  and  because  the  expressions  of  the 
terms  in  question,  (these  terms  being  mere  multiples  of  a  number  of  point-pairs)  are 
by  Zeuthen's  theory  known  in  terms  of  the  Capitals.  It  is  to  be  noticed  that  for  any 
equation,  to  find  the  system  to  which  the  Capitals  belong,  we  diminish  by  unity  the 
barred  number  and  then  remove  the  bar;  thus  for  the  seventh  equation,  where  we 
have  Supp.  (2,  1,  1,  1),  the  Capitals  belong  to  the  system  (1,  1,  1,  1). 


a) 

(2) 
(4) 

(3) 


(3) 
(3) 
(6) 

(2) 
(1) 

(2) 
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127.    Referring  to  Nos.  41  to  47  of  the  First  Memoir,  for  convenience  I  collect  the 
capitals  which  belong  to  a  single  curve,  giving  the  values  in  terms  of  my  n,  a  as  follows. 

(1,  1,  1,  1) 

+  a(-fm2  +  fro- 

+  a(          -fmrc-j-  6ro+  6?i-24); 
C   =  T  .  J  (m  —  4)  (m  —  5)  =  Jm^i2  +  2m3  —  JmM  —  f  wm2  —  18m2  +  |row  +   5n2  +  40m  — 

D  =  «.i(ro-3)(ro-4)  =  -fm3  +  ^m2  -18m 


(2,  1,  1) 

-   2m2- 

-|w+   6); 

F  =2S(m  —  3)               =                                m3                       —   4m2  +  8m?i  +  3m  -J 

+  a(                   -  3m  +   9); 

G  =2r(m-4)               =                                                   mw2  +  8m2-     m?i-4n2  -32m  + 

+  «(                   -  3m  +12); 
D[-*.i(«i-8)(i»-4) 


J    =«(n-3)(m-4)      = 

+  a  (  mn  -  3m  -  4ra  +  12) ; 

j   =t(m-3)  =  -3m2  +9m+a(m-3). 


(2,2) 

(9)     Z=r  J 

(3)     L  =K(n  —  3)  =  -  3n2          +9w  +  a(      n  —  3); 

(2)     j\r=*  =  -3m         +a(  1); 

(1)     0  =fc  =  -3w  +  a(  1). 

c.  vi.  36 
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[4=07 


(3,  1) 

<2) 

P  =2S 

(2) 

Q   =2r 

(5) 

J  [=  i  (rti  — 

(4) 

R  =*(m- 

(     -3); 
2  +  8m  —   n  +  a.  (     -  3)  ; 


(4) 


(4) 


0  [-=  K,  supra]. 


128.     I  make   the  following   calculations,  serving  to   express  in   terms   of  Zeuthen's 
Capitals,  the  terms  in  {   }  contained  in  the  twelve  equations  respectively. 


2J~ 


—  3ra-f-a  (first  equation). 
-6w2 


+I8m          +a(2w-6) 
+    9n  +a(  m-3) 


—  6m2—  8mn  4-  18w  4-  9n  +  a  (3??i  —  9)  (second  equation). 


6K  = 


20= 


-9) 


-    9m          +a(        3) 
-6w-fa(        2) 


15m          +  a(n  —  7)  (third  equation). 


m3 


-    2m?i  -  8n*  -  64m  + 
2  -18m 

9ma  -f27m 


-  7ri*  -  50m  - 


-  3m 

-  6m 
£m 
3m 


6) 
+    9) 

-1-24) 
+    6) 

-  9) 

-  3) 


-  ^  4-  33) 
(fourth  equation) 
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4  8m  —  n—  SOL  (fifth  equation). 


3(?  =     3mn*  4  24m2  -  3mrc  -  12n2  -  96m  4  12?i  +  «  (       -9m          +  36) 
4    /  =  -  3mn2  4-  9mn  4  12?22  -  8671  4  a  (mrc,  —  3m  —  4w  4  12) 

•4-  4/  =  -  12m2  +  36m  +  a  (  4m          -  12) 

42J~'  =  -    6??2  4l8n4«(  2n-    6) 


12m94-6mw-    6n2 

-  60?72-  -    6^  4  a  (7. 

nn  —  8-7/i  —  2n  4  30) 

(sixth 

equation). 

5  =  £ms 

{n          —  2??i3  —  fm2?*,  4  4?wi2           4  10m2  —  14m?&  —  16%2  —      8m  4  6 

'4n         (i) 

+  40  = 

mV  4  8ms  —   wfin  —  9m 

?i2           —  72-??i2  4 

9??i?7  4  20ft3  4  160m  —  2Qn          (2) 

+  40  = 

-  6rn* 

4  42m2 

-    72m 

(3) 

+   D'  = 

-  f  »' 

4^2                 -1 

.8w.          (4) 

-Jm%- 

fmW             -fm^-5W 

m2-^-20m2-    j 

5??m  4  2£n2  4    80m  4  2 

6w         (s> 

(i) 

4  a  (            -  fwwi 

4    6m  4  6^-  24) 

(2) 

4  a  (-  3??t2 

4  27m          -  60) 

(3) 

4  a  (    2??i2 

-  14m          4  24) 

(4) 

+  «(                           4~! 

1              -ln+    6) 

(5) 

+  a(-    m2-fm?z4^2 

1  4  19m  4  f?i-  54) 

(seventh  equation). 

—  4rz  4  a  (eighth  equation). 

(2,  3)  =  -4m-47i-   643a 
42(4,  1)=     2m  +  2w-  12 


—  2m  —  2?i  -  18  -»-  3a  (used 

_2P  =-2??i2  42m—  16^4  a(  6) 

_    Q  =  -   '7i2-8??i4     ^4«(  3) 

_2JS  =  6m?z  -18n4a(-2m  4   6) 

+   j'  =  -3?i3          4    9n4-a(  w—    3) 

A:  {(2,  3)  4  2  (4,  1)}  =  Qmn  +  6^2          +  54n  4  a  (-  2m  -  lira  -  18)  4  3a2 

-  2m2  4  12wm  4-  2u2  -  6m4  30?i  4  a  (—  4m  —  lOn  -   6)4  3a2 

(ninth  equation), 
36—2 
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3L  =  -  9n2  -f  2*7n  +  a  (    3n  -    9) 


+  2M"  ==     9n*  4 

-2N          =  +6m  +a(         -    2) 

-     0  =  3n  +  a(          -    1) 


6m  +  33n  +  a  (-  3?i  —  13)  4-  a*  (tenth  equation). 

ie  (2,  2,  1)  =                                                          -18m7i-^2             -  162?i  (i) 

4m2  4-    lm?i  —    8n?  —    4?/i  4-    32?i  <s) 

8m2—  16m?i             —   Qm  +   48?i  (4) 

8m2  4-   lm?i-|-    4^24-32m—      4<n  (5) 

4-    4mn—    47^3  (6) 

-l-15m?^4-20?^2              —    60^  (7) 

—  30m  (8) 

(9) 


J  —  3n2  —     97i  (10) 

(ii) 


-|K-f^-6™ 

2  —  3%3  4-  -^-m2  —  ^mn  +  18n*  —    2m  —  191?i 

(i)             +«(          -3^ 

nn  —  3ft2  4-    6m  4-   5l7i  4-  54)  +  a2  (m  +  n  —  15 

(2)              +a(-im2 

4-   $m              —    2) 

(3)             +  a  ( 

3n~12) 

(4)              +  a  ( 

6m              -  18) 

(5)              +a( 

3m             -  12) 

(fi)              +  a  (    ^m2 

-   £m  +  ^7  n        )  +  *(          -    4 

(7)              +  a  (                i 

wi^         -    5m-  ^n+20) 

(8)              +a( 

-^Ti  +  10) 

0)              4-  a  ( 

In3            ~     7n  4-  12) 

do)             4-  a  ( 

-       n+    3) 

(ii)             4-  a  (           —  ±mn  —  27?2  -i-  -fca-m  -j-  IA^-W  j_  fcpc\   •  ^  /^  ,  „      Q  1  > 

(eleventh  equation). 
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(i) 
(2) 
(3) 

£0  -  Jwtfw9  -  fms  +  ^m^-h  3mw2          +  24m2-  3??i??.~  ^w2      (4) 

2D        =  3m8  -21m1  (5) 

V       =  w3  -      7i2      (6) 

(7) 


(i) 

m2  -    m+     8n-   l)-l-a2(  -  f) 


m2  -   9m  +20) 

(5)  +  36m  +a(  -m2  +   7m  -12) 

(6)  +    18ra  +  a(  -ffi  +     |w-   6) 


(twelfth  equation)' 
129.    We  have  consequently,  by  means  of  the  results  just  obtained, 

Supp.  (5)  =    ic  (I) 

+  N  (first  equation). 

Supp.  (4,  1)  =    *(4,  1) 

+  2/+E  (second  equation). 

Supp.  (3,  2)          =    /c(3,  2) 

+  6^  +  1  +  3^+20  (third  equation). 

Supp.  (5,  1,  1)      =    ^(3,  1,  1) 

(fourth  equation). 


Supp.  (2,  3)  =    *(2,  3) 

+  Q  (&Kh  equation). 

Supp.  (2,  2,  1)      =    ^(2,  2,1) 

+  3(?  +  /  +  4/+  2  /'  (sixth  equation). 

Supp.  (2,  1,  1,  1)=     *(2,  1,  1,  1) 

(seventh  equation). 
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Supp.  (1,  4)  =    ic  (1,  4)        +  (m  -  f  )  (4JT  +  20) 

_  jjy  +  |0 

Supp.  (1,  1,  3)       =    *(1,  1,  3)  +  *(2,  3)  +  *.  2  (4,  1) 
+  (m  -  2)  (2P  +  2Q  +  5  J 
-2P  —  Q-2R 

Supp.  (1,  2,  2)       =    *(1,  2,  2) 
+  (™-2)(9# 

+  3Z  +  2^-2-^-0 
Supp.  (I,  1,  1,  2)=    *(1,  1,  1,  2)+*  (5,  2,  1) 


[407 
(eighth  equation). 

(ninth  equation). 
(tenth  equation). 


5J) 


(eleventh  equation). 


Observe  that 


relations  which  may  be  used  to  modify  the  form  of  the  last  preceding  result. 

Supp.  (I,  1,  1,1,  1)-     *(1,  1,  1,  I,  l)  +  *(2,  1,  1,  1) 
+  (m-$)(A  +  25+40+  3D) 

-|J.-|J5-|0-   D'  (twelfth  equation). 

130.     We  may  in  these   equations  introduce  on  the  right-hand  sides  in  place  of  a 
symbol  such  as  p  the  symbol  _p/cl:   for  example,  in  the  fifth  equation,  writing 

(2,  8)«(2ir,  8)  +  [(2,  8)  -(SI,  3)], 
and  therefore  also  _ 

[(2,  S)-(2S,  3)], 


the  second  term  >c[(2,  3)-(2/cl,  3)]  can  be  expressed  in  terms  of  Zeuthen'  s  Capitals. 
The  remark  applies  to  all  the  twelve  equations;  only  as  regards  the  first  four  of  them, 
inasmuch  as  (5/cl)  =  0,  .  .  (3/el,  1,  1)  =  0,  it  is  the  whole  original  terms  K  (5)  .  .  tc  (3,  1,  1) 
which  are  thus  expressible  by  means  of  Zeuthen's  Capitals.  By  the  assistance  of  the 
formulae  (First  Memoir,  Nos.  69  and  *73)  we  readily  obtain 


(5) 
e  (3, 


—  6) 


=  R  +  J7 


Referring  to 
(first  equation). 

(second  equation). 
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ic  (5,   2) 


=  BL  +  2  M  +  0 


=  #+27+  D' 

viz.  /e-1   JT   =£ra2 

/e-1.  27  =  2mn 


Inferring  to 

(third  equation). 
(fourth  equation). 


-   6771  - 


«(2,  3)  =*(S£I,  8) 

/c(2,  2,  1)      =^(fil,  2, 


,  2,  I)-!-/' 


,  1,  1,  1)4-  D' 


4) 


1,  3) 


=  A;  (171,  4)+  0 


,  3)     +je(w-8) 

+  A:  (2*1,  3) 

+  *  (2m  +  2%  -  6) 

«Ar(l*i,  1,  3)  +  2*  (2*1,  3)4-212  +  3^ 


2,  2)      =/c(ia,  2,  2)  +  *{8(n 

=  *  (iZ,  2,  2)  +  3i  +  2M 


1,  1,  2)  +  *  (2,  2,  1) 

-*(l*i,  1,  1,  2)  +  *(2a,  2, 
"1,2, 


=  /c(]Ui,  1,  1,  2)  +2*  (2S,  1,  2) 


(fifth  equation). 
(sixth  equation). 

(seventh  equation). 
(eighth  equation). 


(ninth  equation). 
(tenth  equation). 


(eleventh  equation). 
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«(1,  I,  I,  1,   !)  +  *<§,  1,  1.   1) 

,  1,  1,  1,  1)+   *(2il,  1.  1.  !> 
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Beferring  to 


(twelfth  equation). 


=  «(!*!,  I,  1,  1,  1)  +  2*(2*1,  1,  1, 
131.     Hence,  substituting  in  the  expressions  of  the  several  Supplements,  we  have 
Supp.  (5) 


0 

+  N 

R  +  J1 

+  2J  +  R 


=     3L  +  2M+0 


+  Q 


Supp.  (4,  1) 
Supp.  (3,  2) 
Supp.  (3,  1,  1) 

Supp.  (2,  3) 

Supp.  (2,  2,  1) 

Supp.  (2,  1,  1,  1)      =      ic  (2*1,  1,  1, 

Supp.  (1,  4) 

Supp.  (1,  1,  3) 
Supp.  (T,  2,  2) 


2G  +  D+3J+J' 
,  3) 


K  (1*1,  1,  3)  +  2*  (2*1,  3)  +  25  + ! 
.  (m  -  2)  (2P  +  2Q  +  5/+  45) 
-2P-   Q-2R  +  J' 

/e(Ld,  2,  2)  +  3£  +  2J¥ 


(first  equation), 
(second  equation), 
(third  equation). 

(fourth  equation), 
(fifth  equation), 
(sixth  equation), 
(seventh  equation). 

(eighth  equation), 
(ninth  equation), 
(tenth  equation). 
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Supp.  (I,  1,  1,  2)      =      /e(l^T,  1,  1,  2)  +  2*(IZ,  1,  2) 

H+2I+5J) 


(eleventh  equation). 

Supp.  (I,  1,  1,  1,  1)=     *(Ld,  1,  1,  1,  1)  +  2*  (2^1,  1,  1,  1)+J7 
+  (™>  ~f)  (A  +  25  +  4(7+  3D) 
-fd.-£B-fa-2Z>-iy. 

(twelfth  equation). 

132.    Hence  finally,  merely  collecting  the  terms,  we  have  the  following  expressions 
of  the  Supplements  in  the  twelve  equations  respectively. 

Supp.  (5)  =  N+0  (first  equation). 

Supp.  (4,  1)  =  2Jr+2J2  +  Jr/  (second  equation). 

Supp.  (3,  2)  =  6E+4sL  +  2M  +  3N+30  (third  equation). 

Supp.  (3,  1,  1)  =  jD  +  #+J?T+2(?  +  Jff+2/+3/+D/  +  2/'  (fourth  equation). 

Supp.  (2,  3)  =  K  (2*1,  3)  +  Q  (fifth  equation). 

Supp.  (2,  2,  1)  =  /c(2*l,  2,  l)  +  3ff  +  r+4/+3J'  (sixth  equation). 

Supp.  (2,  1,  1,  1)      =  ^(2^1,  1,  1,  l)  +  £  +  4a  +  4D  +  2D'  (seventh  equation). 

Supp.  (I,  4)  =  K  (Lda  4)  +  (4m  -  7)  N+  (2m  -  1)  0  (eighth  equation). 

Supp.  (I,  1,  3)          =.     «(LS,  1,  8)  +  2*  (2*1,  3) 

+  (2m-6)P+(2m-5)Q+(5m-10)Jr+(4m-8)-E+4tf    (ninth  equation). 


Supp.  (1,  2,  2)          =     *(L5,  2,  2) 

+  (9m-18)iT+3mi+(m+2)Jlf+(2m-6)Jr+(77i-3)0    (tenth  equation). 

Supp.  (I,  1,  1,  2)      =     *(LS,  1,  1,  2)  +2*  (Si,  1,  2) 


+  (  m  —  1)  H+(2m  —  1)  /+  (5m  —  15)  ,7+  SIX  (eleventh  equation). 


Supp.  (1,  1,  1,  1,  1)=    *(I3,  1,  1,  1,  l)  +  2*(5l,  1,  1,  1) 

+  (m  -  4)  A  +  (2m  -  7)  B  +  (4m  -  12)  C  +  (3m  -  10)  D,    (twelfth  equation). 

where  I  recall  the  remark,  ante,  No.  126,  that  in  each  equation  the  Capitals  belong 
to  the  system  obtained  by  diminishing  the  barred  number  by  unity  and  removing  the 
bar;  (4)  for  the  first  equation,  (3,  1)  for  the  second,  and  so  on. 
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133.  These    are,   I    think,    the    true    theoretical    forms    of   the    Supplements,    viz. 
(attending  to  the  signification  of  the  Capitals)  the  expressions  actually  exhibit  how  the 
Supplement  arises,  whether  from  proper  conies  passing  through   or  touching  at  a  cusp, 
or  from  point-pairs  (coincident    line-pairs)  or    line-pairs  (including    of   course    in    these 
terms  line-pair-points).     Thus,  for  instance,   Supp.  (5)  =  N  +  0.      Referring    to    the    ex- 
planations, First  Memoir,  Nos.   41   to  47,  JT(=*)  is  the  number  of  the  line-pair-points 
described    as    "inflexion    tangent    terminated  each    way  at    inflexion,"   and   0  (=/c)  the 
number  of  the  line-pair-points   described   as   "cuspidal  tangent  terminated   each   way  at 
cusp,"   or  in  what  is    here    the    appropriate    point    of    view,  we    have   as   a    coincident 
line-pair  each  inflexion  tangent  and  each  cuspidal  tangent.     Reverting  to  the  generation 
of  the  first  equation,  when  the  point  P  is  a  point    in    general    of   the  given  curve, 
the  curve   ®  is  the  conic  (5),  having  with   the  curve   5   intersections  at  P,  and  besides> 
meeting   it   in    the    2m  —  5    points    P'.    When    the    point    P    is    at    an    inflexion,  the 
curve    ®    becomes    the    coincident    line-pair    formed   by  the    tangent    taken    twice,  the 
number  of  intersections  at  P  is  therefore  =6,  and  the  inflexion  is  therefore  (specially) 
a  united  point.     Similarly,  when  the  point  P  is  at   a  cusp,  the   curve   ®  becomes  the 
coincident   line-pair  formed  by  the  tangent   taken   twice,  the  number  of  intersections  at 
P  is   therefore   =6,  and  the  cusp  is   thus  (specially)  a  united  point:  we  have   thus  the 
total  number  of  special  united  points   =  K  +  1,  agreeing  with  the   foregoing  A  posteriori 
result,  Supp.  (5)  =  N  +  0. 

134.  Or  to  take  another  example;  for  the  fifth  equation  we  have 

Supp.  (2,  3)  =  * 


Q(=2r)  is  the  number  of  the  line-pair-points  described  as  "double  tangent  terminated 
each  way  at  point  of  contact,"  or,  in  the  point  of  view  appropriate  for  the  present 
purpose,  we  have  each  double  tangent  as  a  coincident  line-pair  in  respect  to  the  one 
of  its  points  of  contact,  and  also  as  a  coincident  line-pair  in  respect  to  the  other  of 
its  points  of  contact.  Reverting  to  the  generation  of  the  equation,  when  the  point  P 
is  a  point  in  general  on  the  given  curve,  the  curve  ®  is  the  system  of  conies  (2,  8) 
touching  the  curve  at  P,  and  having  besides  with  it  a  contact  of  the  third  order; 
since  for  each  conic  the  number  of  intersections  at  P  is  =2,  the  total  number  of 
intersections  at  P  is  =2(2,  3),  and  the  remaining  (2m  —  2)  (2,  3)  intersections  are  the 
points  P.  Suppose  that  the  point  P  is  taken  at  the  point  of  contact  of  a  double 
tangent  ;  of  the  (2,  3)  conies,  1  (I  assume  this  is  so)  becomes  the  coincident  line-paii 
formed  by  the  _double  tangent  taken  twice,  and  gives  therefore  4  intersections  at  P, 
the  remaining  (2,  3)  —  1  conies  are  proper  conies,  giving  therefore  2  (2,  3)  —  2  intersections 
at  P,  or  the  total  number  of  intersections  at  P  is  2(2,  3)  +  2  intersections;  or  there 
is  a  gain  of  2  intersections.  As  remarked  (No.  96),  this  does  not  of  necessity  imply 
that  the  point  in  question  is  to  be  considered  as  being  (specially)  2  united  points  ; 
I  do  not  know  how  to  decide  d  priori  whether  it  is  to  be  regarded  as  being  2  united 
points  or  as  1  united  point,  but  it  is  in  fact  to  be  regarded  as  being  (specially)  only 
1  united  point;  and  as  the  points  in  question  are  the  2r  points  of  contact  of  the 
double  tangents,  we  have  thus  the  number  2r  of  special  united  points.  Again,  when 
the  point  P  is  at  a  cusp,  all  the  (2,  3)  conies  remain  proper  conies  ((2*1,  3)  =  (2,  3), 
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First  Memoir,  No.  73),  but  each  of  these  (quA  conic  touching  the  cuspidal  tangent)  has 
with  the  given  curve  at  the  cusp  not  2  but  3  intersections,  so  that  the  total  number 
of  intersections  at  P  is  3(2*1,  3),  =3(2,  3),  and  there  is  a  gain  of  (2,  3)  =  (2*1,  3) 
intersections.  Each  cusp  counts  (specially)  as  (2«1,  3)  united  points,  and  together  the 
cusps  count  as  K  (2/el,  3)  united  points;  we  have  thus  the  total  number  /c(2fel,  3)  +  2r 
of  special  united  points,  agreeing  with  the  expression,  Supp.  (2,  3)  =  K  (2*1,  3)  +  Q. 

135.  As  appears  from  the  preceding  example,  or  generally  from  the  remark,  ante, 
No.  96,  I  have  not  at  present  any  A  priori  method  of  determining  the  proper  numerical 
multipliers  of  the  Capitals  contained  in  the  expressions  of  the  several  Supplements. 
I  will  only  further  remark,  that  the  reason  is  obvious  why  (while  in  the  first  seven 
equations  the  multipliers  are  mere  numbers)  in  the  eighth  and  following  equations 
the  multipliers  are  linear  functions  of  m;  in  fact  in  these  last  equations  the  barred 
symbol  is  1,  that  is,  when  P  is  a  point  in  general  on  the  given  curve,  each  of  the 
conies  which  make  up  the  curve  ©  has  with  the  given  curve  not  a  contact  of  any 
order,  but  an  ordinary  intersection  at  P.  Imagine  a  position  of  P  for  which  one  of 
these  conies  becomes  a  coincident  line-pair;  this  regarded  as  a  single  line  has  with 
the  given  curve  (m  — a)  ordinary  intersections  (a  a  number,  =4  at  most,  depending  on 
the  contacts  which  the  line  may  have  with  the  curve) ;  for  each  of  the  m  —  a.  points, 
taken  as  a  position  of  P,  one  of  the  conies  which  make  up  the  curve  ®  becomes  the 
coincident  line-pair,  and  there  are  in  respect  of  this  conic  two  intersections  at  P 
instead  of  one  intersection  only.  We  have  thus  in  respect  of  the  particular  coincident 
line-pair  a  group  of  (m— a)  special  united  points,  viz.  these  are  the  m  —  a  ordinary 
intersections  of  the  coincident  line-pair  regarded  as  a  single  line  with  the  given  curve, 
and  we  thus  understand  in  a  general  way  how  it  is  that  the  order  m  of  the  given 
curve  enters  into  the  expressions  of  the  multipliers  of  the  several  Capitals  in  the  last 
five  equations.  The  object  of  the  present  Memoir  was,  however,  the  A  posteriori 
derivation  of  the  expressions  (ante,  No.  132)  of  the  twelve  Supplements;  and  having 
accomplished  this,  but  being  unable  to  discuss  the  results  with  any  degree  of  com- 
pleteness,  I  abstain  from  a  forther  discussion  of  them. 
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408. 

ADDITION    TO    MEMOIR    ON    THE    RESULTANT    OF    A    SYSTEM 

OF    TWO    EQUATIONS. 

[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CLVIII.  (for  the 
year  1868),  pp.  173—180.     Received  August  6, — Read  November  21,  1867.] 

THE  elimination  tables  in  the  Memoir  on  the  Resultant  of  a  System  of  two  Equations, 
Phil.  Trans.  1857,  pp.  703 — 715,  [148],  relate  to  equations  of  the  form  (a,  b...*$a),  y)m  =  Q, 
without  numerical  coefficients;  but  it  is,  I  think,  desirable  to  give  the  corresponding 
tables  for  equations  in  the  form  (a,  &,  .  .  $#,  y)m  =  0  with  numerical  coefficients,  which 
is  the  standard  form  in  quantics.  The  transformation  can  of  course  be  effected  without 
difficulty,  and  the  results  are  as  here  given.  It  is  easy  to  see  a  priori  that  the  sum 
of  the  numerical  coefficients  in  each  table  ought  to  vanish  ;  these  sums  do  in  fact 
vanish,  and  we  have  thus  a  verification  as  well  of  the  tables  of  the  present  Addition 
as  of  the  tables  of  the  original  memoir.,  by  means  whereof  the  present  tables  were 
calculated. 

Table  (2,  2).  Table  (3,  2). 

Resultant  of  Resultant  of 

(a,  b9  C$30,  y)*,  (a,  6,  c,  d^jx,  y)s, 

**sJt 
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Table  (4,  2). 
Resultant  of 
(a,  b,  c,  d,  e$x,  y)\ 
(P,  3,  r$a,  y)*. 


Table  (3,  8)» 
Resultant  of 


* 


*  N.B.  In  the  corresponding 
table  of  the  memoir,  there  is  an 
error  in  the  signs  of  the  last 
two  terms  ;  they  should  be 
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Table  (4,  3). 
Resultant  of 
(a,  I,  c,  d,  e$at  y)*, 
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Table  (4,  ^4). 

Resultant  of 
(a,  5,  c,  d,  efaic,  y)\ 
(p,  q>  r,  s,  t$x,  y)*. 
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c,  vi 
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RESULTANT    OF    A   SYSTEM   OF    TWO   EQUATIONS. 
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ON  THE  CONDITIONS  FOR  THE  EXISTENCE  OF  THREE  EQUAL 
ROOTS,  OR  OF  TWO  PAIRS  OF  EQUAL  ROOTS,  OF  A  BINARY 
QUARTIC  OR  QUINTIC. 

[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CLVttl.  (for  the 
year  1868),  pp.  577—588.    Eeceived  November  26,  1867,— Bead  January  9,  1868.] 

[!T  is  remarked,  Proc.  It.  Soc.  vol.  xvn.  p.  314,  that  the  above  title  is  a  misnomer: 
I  had  in  fact  in  regard  to  the  quintic  considered  not  the  twofold  relations  belonging 
to  the  root-systems  311  and  221  respectively,  but  the  threefold  relations  belonging  to 
the  root-systems  41  and  32  respectively.  The  proper  title  would  have  been  "  On  the 
conditions  for  the  existence  of  certain  systems  of  equal  roots  of  a  binary  quartic  or 
quintic."] 

In  considering  the  conditions  for  the  existence  of  given  systems  of  equalities 
between  the  roots  of  an  equation,  we  obtain  some  very  interesting  examples  of  the 
composition  of  relations.  A  relation  is  either  onefold,  expressed  by  a  single  equation 
?7=0,  or  it  is,  say  A-fold,  expressed  by  a  system  of  k  or  more  equations.  Of  course, 
as  regards  onefold  relations,  the  theory  of  the  composition  is  well  known:  the  relation 
J7F=0  is  a  relation  compounded  of  the  relations  J7—0,  F=0;  that  is,  it  is  a 
relation  satisfied  if,  and  not  satisfied  unless,  one  or  the  other  of  the  two  component 
relations  is  satisfied.  The  like  notion  of  composition  applies  to  relations  in  general; 
viz.,  the  compound  relation  is  a  relation  satisfied  if,  and  not  satisfied  unless,  one  or 
the  other  of  the  two  component  relations  is  satisfied.  I  purposely  refrain  at  present 
from  any  further  discussion  of  the  theory  of  composition.  I  say  that  the  conditions 
for  the  existence  of  given  systems  of  equalities  between  the  roots  of  an  equation 
furnish  instances  of  such  composition;  in  fact,  if  we  express  that  the  function  (*]£#,  y)n, 
and  its  first-derived  function  in  regard  to  #,  or,  what  is  the  same  thing,  that  the 
first-derived  functions  in  regard  to  a,  y  respectively,  have  a  common  quadric  factor, 
we  obtain  between  the  coefficients  a  certain  twofold  relation,  which  implies  either  that 
the  equation  (#]£#,  y)n  =  0  has  three  equal  roots,  or  else  that  it  has  two  pairs  of 
equal  roots;  that  is,  the  relation  in  question  is  satisfied  if,  and  it  is  not  satisfied 
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unless,  there  is  satisfied  either  the  relation  for  the  existence  of  three  equal  roots,  or 
else  the  relation  for  the  existence  of  two  pairs  of  equal  roots;  or  the  relation  for 
the  existence  of  the  quadric  factor  is  compounded  of  the  last-mentioned  two  relations. 
The  relation  for  the  quadric  factor,  for  any  value  whatever  of  n,  is  at  once  seen  to 
be  expressible  by  means  of  an  oblong  matrix,  giving  rise  to  a  series  of  determinants 
which  are  each  to  be  put  =  0  ;  the  relation  for  three  equal  roots  and  that  for  two 
pairs  of  equal  roots,  in  the  particular  cases  n  =  4  and  n  =  5,  are  given  in  my  "  Memoir 
on  the  Conditions  for  the  existence  of  given  Systems  of  Equalities  between  the  roots  of 
an  Equation,"  Phil.  Trans,  vol.  CXLVII.  (1857),  pp.  727  —  731,  [150]  ;  and  I  propose  in  the 
present  Memoir  to  exhibit,  for  the  cases  in  question  n  =  4  and  n  —  5,  the  connexion 
between  the  compound  relation  for  the  quadric  factor  with  the  component  relations 
for  the  three  equal  roots  and  for  the  two  pairs  of  equal  roots  respectively. 


Article  Nos.  1  to  8,  the  Quartic. 

1.     For  the  quartic  function 

(a,  6,  c,  d,  e$x,  y)\ 

the  condition   for   three  equal  roots,  or,  say,  for   a  root   system  81,  is   that   the  quadrin- 
variant  and  the  cubinvariant  each  of  them  vanish,  viz.  we  must  have 


2bcd  -  c?  =  0. 


=  ace-  ad2  - 


2.     The   condition  for  two  pairs   of  equal  roots,   or  for  a  root  system   22,  is  that 
the  cubicovariant  vanishes  identically,  viz.  representing  this  by 


we  must  have 


(A,  B,  5(7,  10D,  5E,  F,  G%e,  y)'  =  0 

A  =     a?d  -  Sabc  +  26s  =  0, 

B  =     a?e  +  2abd  -  9ac2  4-  662c  =  0, 
0  =     ale  -  Sacd  +  2b*d  =  0, 

JD  =  -ad3+    b*e  =0, 

E  =  -  ade+  Bbce  -  26d2  =  0, 


2d3  =  0, 

3.     But  the  condition  for  the  common  quadric  factor  is 

a,     36,     3c,    d    =0, 
6,     3c,    3d,    e 

a,  36,     3c,      d 

b,  3c,     3d,      e 

and  the  determinants  formed  out  of  this  matrix  must  therefore  vanish  for  (I,  «7)  =  0, 
and  also  for  (A9  B}  C,  D,  E,  F,  (?)  =  0,  that  is,  the  determinants  in  question  must  be 
syzygetically  related  to  the  functions  (J,  J"),  and  also  to  the  functions  (A,  B,  C,  D,  E,  F,  (?). 
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4.     The  values  of  the  determinants  are 
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1234=  3  x 

1235  =  3  x 

1245  = 

1345  =  3  x 

2345  =  3  x 

a?ce  4-    1 

Me  -  1 

aV  -  1 

ab<?  -  1 

ace2  +    1 

oW-    3 

abce  +  4 

abde+  2 

aafe  +  4 

ad?e  -    1 

db*e  -    1 

abd*  +  1 

ac3^  +  9 

a^    -  3 

6V    -    3 

dbcd+  14 

ac3^  -  3 

acd*  -  9 

We  +  1 

6cd(S  +  14 

acs    -    9 

b*e     -  3 

62ce   -  9 

6c2e   -  3 

6^-8 

Vd    -    8 

Mrf  +  2 

6W  -f  8 

Jc^2  +  2 

cse     -    9 

6V    +    6 

cV   +    6 

5.     The  syzygetic  relation  with  (7,  J")  is  given  by  means  of  the  identical  equation 


a  ,  36  ,  3c    ,    d! 

6    ,  So  ,  3d  ,    e 

a,       36    ,  3c  ,          d  , 

6,       3c    ,  3d  ,          e  , 

or,  as  this  may  be  written, 

(1234,  1235,  1245,  1345,  2345&Z?,  y) 
^<  __ 
where  £"17  is  the  Hessian  of  £7, 


-  67.  £77+  9/.  J7, 


#c  +  1 

ad  +  2 

ae  +  I 

fo  +2 

ce  +  1 

b*  -I 

6c  -2 

bd+  2 

erf-  2 

d"-l 

ca  -  3 

6.  That  is,  we  have 

1234  =  (  oc-  62  ,  a$-67,  9J), 

4  .  1235  =(2ad-  26c  ,  46$-  67,  9/), 

6  .  1245  =  (  ae  +  26d  -  Sc2,  6c  $-  67,  9 J), 

4  .  1345  =  (260  -  2cd  ,  4dJ-  67,  9J), 

2345  =  (  ce  -  ^2    ,   e£-67,  9J). 

7.  The  determinants  thus  vanish  if   (7,  J)  =  0,  that  is,  for  the  root  system   81; 
they  will  also  vanish  without  this  being  so,  if  only 


BJ   \ac-b*  _ad-bc_ae  +  %bd  ~ 


le-cd 


a  26  6c  2<Z  e     ' 

(Q  7"      \ 
5^  =),  since  if  the  remaining  terms  are   equal 
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SJ 

to  each  other  they  will  also  be  =  ^  •     The  equations  may  then  be  written 


ac-62,     ad-bc, 

a    ,        26     , 


-3c2,    be-cd,    ce- 


6c 


=  0, 


and  the  ten  equations  of  this  system  reduce  themselves  (as  it  is  very  easy  to   show)  to 
the  seven  equations 

(A,  Bt  C,  D,  JE,  F,  (?)  -  0, 

which,  as  above  mentioned,  are  the  conditions  for  the  root  system  22. 
8.    It  may  be  added  that  we  have 

A          B         C         D          S  F         G 


|.1234- 

£.1235  = 

0     = 

1245  = 

0     = 

0     = 

*-T: 

£.2345  = 


C 

-46 

+  3a 

c 

-36 

+    a 

d 

-3c 

+    a 

—  e 

+  ±d 

-So 

—  Q 

+  6c 

—  a 

-    d 

+  3c 

-    b 

—      6 

+  3^ 

—    c 

—    e 

+  3c 

-6 

-36 

+  ±d 

—  c 

where  it  is  to  be  noticed  that  the  four  equations  having  the  left-hand  side  =0,  give 
B  :  0  :  D  :  E  :.  F  proportional  to  the  determinants  of  the  matrix 

d9    —  3c,  .  ,          a 

—  e,        .   ,  6c,          . ,     —  a 

-  d  ,  3c,  -   b 

|  -e  ,  .  ,  +3c,    -6  j 

the  determinants  in  question  contain  each  the  factor  c,  and  omitting  this  factor,  the 
system  shows  that  B,  0,  D,  E,  F  are  proportional  to  their  before-mentioned  actual 
values. 

Article  Nos.  9  to  15,  the  Quintic. 
9.     For  the  quintic  function 

(a,  b,  c,  d,  e,  /$#,  y)V 

the  condition  of  a  root  system  41  is  that  the  covariant,  [5=]  No.  14,  shall  vanish, 
viz.  we  must  have 


B  =      a/-  Sbe  +2cd  =0, 


10.    The  condition  of  a  root  system  32  is  that  the  following  covariant,  viz. 
[3.42.B-25O,  =]3(No.  IS)1  (No.  14)  -25  (No.  15)2, 
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12.  The  conditions  for  the  common  [cubic]  factor  are 

a,  46,  6c,  4d,    e     =0, 

a,    46,  6c,  4<d}  e 

6,  4c,  6d,  40,    j 

6,    4c,  6cZ,  4e,  y 

the   several   determinants  whereof  are   given  in  Table  No.   27  of  my  "Third   Memoir  on 
Quantics,"  Philosophical  Transactions,  vol.  CXLVI.  (1856),  pp.  627 — 647,   [144]. 

13.  These    determinants    must    therefore    vanish,  for    (A,   B,   O)  =  0,    and    also    for 
(81,  93, ...  S,  9R)  =  0,  that  is,  they  must  be  syzygetically  connected  with   ( A,  £,  C),  and 
also   with  (SI,   93,  ...S,  2ft).     The  relation   to   (A,  B,   0)  is  in  fact  given  in  the  Table 
appended  to  Table  No.  27,  viz.  this  is 

+  A  x 


1234  = 

+    6  a2 

-  12  a& 

+  16  ac  -  10  b* 

1235  = 

+    6  ab 

-    2  ac  -  10  62 

+    6ad 

1236  = 

-    2ac  +    8b* 

+    6  ad  -  18  6c 

-    2<^+    862 

1245  = 

+  18  ao 

-    6  ad  -  30  be 

+    8  ae  +  10  Id 

1246  = 

+  12  be 

+    4:ae  -    4:bd~24:c* 

4-    4  6e  +    8  cd 

1345  = 

+  24.  ad 

-    Sae  -40bd 

+    4  a/+  20  fo 

1256  = 

-    1  ae+    ±bd  +    3  c2 

+    1  of  +    5  be  -  18  cd 

-    1  6f+    4ce+    3  c?2 

2345  = 

+  20  ae  +  40  Id  -  30  c2 

-  80  fo  +  20  cd 

+  20i/+40ce-30^ 

1346  = 

+    4  ae  +    8  6cZ  +    6  c2 

-SGcd 

+    4  bf+    8  ce  +    6  ti2 

2346  = 

+    4  a/  +  20  6e 

-    8  6/  -    4  ce 

+  24c/ 

1356  = 

+    4  be  +    8  cc£ 

+    4  &/  -    4  ce  -  24  & 

+  12cfe 

2356  = 

+    8  &/  +  10  ce 

-    6  c/  -  30  de 

+  18  c^ 

1456  = 

+    6  ce 

+    6  c/  -  18  de 

-    2df+    Se* 

2456  = 

+    6  c/ 

-    2  df  -  10  e2 

+    6e/ 

3456  = 

+  16  df-  10  e2 

-12e/ 

+   e/2 

14.     Between   the   expressions   21,  93,  &c.,  and  1234,  1235,  fee.,  there   exist  relations 
the  form  of  which  is  indicated  by  the  following  Table : 
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15.  Assuming  the  existence  of  these  relations,  we  have  for  the  determination  of 
the  numerical  coefficients  in  each  relation  a  set  of  linear  equations,  which  are  shown 
by  the  following  Tables,  viz.  referring  to  the  Table  headed  cSl,  633,  aS,  a  .  1234,  [first  of 
the  seven  tables  infrdJ]  if  the  multipliers  of  the  several  terms  respectively  be  A,  B,  G,  X, 
then  the  Table  denotes  the  system  of  linear  equations 


3    A     +05    -102  G    ~16JT=0, 

&c., 

that  is,   nine   equations  to  be  satisfied  by  the  ratios  of   the    coefficients  A,  B,   G,  X, 
and  which  are  in  fact  satisfied  by  the  values  at  the  foot  of  the  Table,  viz. 

A  :  S  :  G  :  Z=  +  66  :  -11  :  +1  :  +6. 

There  would  be  in  all  fourteen  Tables,  but  as  those  for  the  second  seven  would 
be  at  once  deducible  by  symmetry  from  the  first  seven,  I  have  only  written  down  the 
seven  Tables;  the  solutions  for  the  first  and  second  Tables  were  obtained  without 
difficulty,  but  that  for  the  third  Table  was  so  laborious  to  calculate,  and  contains  such 
extraordinarily  high  numbers,  that  I  did  not  proceed  with  the  calculation,  and  it  is 
accordingly  only  the  first,  second,  and  third  Tables  which  have  at  the  foot  of  them 
respectively  the  solutions  of  the  linear  equations. 

16.     The  results  given  by  these  three  Tables  are,  of  course, 

66c3l-   11633+    la(£  +  6a.  1234  =  0, 
330  cZ2l+  110  cS3  -  55  6(5  +  9  a£>  -  105  a.  1235  =  0, 

+  266478575  e2l 

-617359490  d33 

+  144200810  c(£ 

+     9656911  62) 

+     9090785  a(g 

-  721004050  c  .  1234 

+   90914175  6.1235 

-160758675  a.  1245 

+    11559295  a.  1236  =  0. 

It  is  to  be  noticed  that  the  nine  coefficients  of  this  last  equation  were  obtained 
from,  and  that  they  actually  satisfy,  a  system  of  fourteen  linear  equations;  so  that  the 
correctness  of  the  result  is  hereby  verified. 
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17.    The  seven  Tables  are 


First  Table. 
62B 


a. 1234 


+  66 


-   11 


Second  Table. 


a. 1235 


a*de 
a?bce 


ab*cd 

Vd 

bW 


+  330        +  110 


-   55 


Third  Table. 


-105 
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+  3 

+  33 

+  3 

-102 

-  16 

-216 

+  36 

+  21 

+  135 

+  16 

-12 

-144 

+  120 

-152 

-16 

+  480 

+  96 

+  30 

-150 

+  80 

+  50 

+  240 

-300 

-  60 

-25 

-150 

6.1234 


+  3 

+  10 

-  4 

+  3 

-  390 

+  24 

+  33 

+  155 

+  4 

+  21 

-102 

+  100 

-84 

-  16 

-12 

-216 

-  600 

-24 

+  36 

-16 

-144 

+  1600 

+  64 

+  16 

+  135 

+  125 

+  60 

+  50 

+  30 

+  120 

-1000 

-40 

-152 

+  240 

+  480 

+  96 

-25 

-150 

+  80 

-150 

-300 

-  60  • 

eg 

c£B 

& 

62) 

a® 

c.1234 

6.1235 

a.  1245 

a.  1236 

Mf 

+     3 

-     90 

-  6 

+    6 

tf# 

+  3 

-  195 

+  16 

aFbcf 

+  33 

+     10 

+   360 

-    4 

+  6 

-22 

a?bde 

-12 

+  21 

-  390 

-1500 

+  24 

-26 

-   6 

a?<?e 

-16 

-102 

+  900 

-  16 

-96 

+  16 

a?cd? 

-144 

-216 

+  1800 

+  36 

+  96 

atff 

+  155 

,+  225 

+   4 

+  16 

TO 

acrce 

+  50 

+  135 

+  100 

+  16 

-84 

+  90 

-10 

•atftf 

+  30 

-  600 

-1500 

-24 

-80 

aWd 

+  240 

+  120 

+  1600 

-152 

+  64 

«c4 

+  480, 

+  96 

Ve 

-25 

+  125 

+  60 

Vcd 

-150 

-150 

-1000 

+  80 

-40 

W 

-300 

-  60 

+266478575 

-617359490 

+144200810 

+9656911 

+9090785 

-721004050 

+90914175 

-160758675 

+11559295 
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Fourth  Table. 


cU234  0.1235  &.1236  &.1245  a.  1246  a.  1346 


«Y 

+  3 

+     3 

-   114 

+   4 

a2^ 

-12 

+   33 

-     90 

-   264 

+    6 

-   6 

-  4 

-   24 

aW 

+   21 

-   195 

-   990 

+  16 

-  4 

+    64 

«V/ 

-16 

+     10 

+   468 

-   4 

-24 

+   24 

a?cde 

-144 

-102 

-   390 

+  1320 

-   16 

+  24 

+  24 

-208 

aW 

-216 

+  1080 

+   36 

+  144 

ab*cf 

+  50 

+    155 

+   360 

+   900 

+   4 

-22 

+   6 

+  24 

atfde 

+    30 

+  135 

-1500 

-2700 

+    16 

-   6 

-26 

-20 

-  40 

dbc?e 

+  240 

+   100 

+   900 

+   900 

-84 

+  16 

-96 

+   60 

abed? 

+  120 

-  600 

+  1800 

-  600 

-152 

-24 

+  96 

-  40 

a<?d 

+  480 

+  1600 

+   96 

+  64 

W 

-24 

+   225 

+  16 

Fee 

-150 

+    125 

+  60 

-10 

+  90 

Vffi 

-150 

-1500 

+   80 

-80 

5W 

-300 

-1000 

-   60 

-40 

Fifth  Table. 
e.1234  rf.1235  c.1236  e.1245  5.1246  &.1345  a.  1256  a. 2345  a.  1346 


+  3 

-  19 

+  1 

+  21 

+  33 

-  114 

-  608 

+  4 

-  2 

+  16 

-144 

+  10 

-  90 

+  537 

-  4 

+  6 

-  6 

-16 

+  20 

-36 

-102 

-  195 

-  245 

-  16 

+  16 

+  16 

-  80 

-16 

-216 

-  390 

+  1740 

+  36 

+  24 

+  16 

+  60 

+  36 

+  30 

+  155 

-  264 

-  245 

i  +  4 

-  4 

-  24 

-15 

-  80 

-16 

+  135 

-  990 

-1700 

+  16 

—  4 

+  64 

+  240 

+  240 

+  360 

+  468 

+  1740 

-22 

+  6 

-24 

+  24 

+  60 

+  36 

+  120 

+  100 

-1500 

+  1320 

-2000 

-152 

-84 

-  6 

-26 

+  24 

-208 

-860 

-20 

-  600 

+  1080 

+  600 

-24 

+  144 

+  960 

+  480 

+  900 

+  600 

+  96 

+  16 

-96 

+  960 

+  1600 

+  1800 

-  400 

+  64 

+  96 

-320 

-150 

+  225 

+  900 

+  16 

+  24 

-150 

+  125 

-2700 

+  80 

+  60 

-20 

-  40 

-300 

+  900 

-  60 

-10 

+  90 

+  60 

-1000 

-1500 

-  600 

!-40 

-80 

-  40 
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And  the  remaining  seven  Tables  might  of  course  be  deduced  from  these  by  writing 
(/>  e>  d,  c,  b,  a)  instead  of  (a,  6,  c,  d,  e,  /),  and  making  the  corresponding  alterations 
in  the  top  line  of  each  Table. 

18.  The  equations  21  =  0,  33  =  0,....,  931  =  0  consequently  establish  between  the 
fifteen  functions  1234,  1235,...  3456  a  system  of  fourteen  equations,  viz.  the  first  and 
last  three  of  these  are 

1234  =  0, 

1235  =  0, 
- 160758675 . 1245 

+  11559295.1236  =  0, 


+  11559295.1456 
-  160758675 . 2356  =  0, 

2456  =  0, 

3456  -  0. 

To  complete  the  proof  that  in  virtue  of  the  equations  21  =  0,  33  =  0, ..,  9Jl  =  0  all 
the  fifteen  functions  1234,  1235,  ...3456  vanish,  it  is  necessary  to  make  use  of  the 
identical  relations  subsisting  between  these  quantities  1234,  &c.;  thus  we  have 

a .  1345  +  46  . 1245  +  6c  .  1235  +  4cZ .  1234  =  0, 
6  . 1345  +  4c  .  1245  +  6d .  1235  +  40  .  1234  =  0, 
which,  in  virtue  of  the  above  equations  1234  =  0  and  1235  =  0,  become 

a.  1345 +46. 1245  =  0, 
6. 1345  +  4c.  1245  =  0, 

giving  (unless  indeed  ac-&2  =  0)  1245  =  0,  1345  =  0;  the  equation  1245  =  0  then 
reduces  the  third  of  the  above  equations  to  1236  =  0,  and  so  on  until  it  is  shown 
that  the  fifteen  quantities  all  vanish. 


312  [410 


410. 

A  THIED  MEMOIK  ON  SKEW  SUBFACES,  OTHEEWISE  SCROLLS. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CLIX.  (for 
the  year  1869),  pp.  111—126.    Received  May  30,— Read  June  18,  1868.] 

THE  present  Memoir  is  supplementary  to  my  "Second  Memoir  on  Skew  Surfaces, 
otherwise  Scrolls/'  Phil  Trans,  vol.  CLIV.  (1864),  pp.  559 — 577,  [340],  and  relates  also  to 
the  theory  of  skew  surfaces  of  the  fourth  order,  or  quartic  scrolls.  It  was  pointed  out  to 
me  by  Herr  Schwarz(1j,  in  a  letter  dated  Halle,  June  1,  1867,  that  in  the  enumeration 
contained  in  my  Second  Memoir  I  have  given  only  a  particular  case  of  the  quartic 
scrolls  which  have  a  directrix  skew  cubic;  viz.  my  eighth  species,  8(1,  32),  where 
there  is  also  a  directrix  line.  And  this  led  me  to  observe  that  I  had  in  like 
manner  mentioned  only  a  particular  case  of  the  quartic  scrolls  with  a  triple  directrix 
line;  viz.  my  third  species,  $(13,  I,  4),  where  there  is  also  a  simple  directrix  line. 
The  omitted  species,  say,  ninth  species,  8(ls),  with  a  triple  directrix  line,  and  tenth 
species,  $(32),  with  a  directrix  skew  cubic,  are  considered  in  the  present  Memoir;  and 
in  reference  to  them  I  develope  a  theory  of  the  reciprocal  relations  of  these  scrolls, 
which  has  some  very  interesting  analytical  features. 

The  paragraphs  of  the  present  Memoir  are  numbered  consecutively  with  those  of 
my  Second  Memoir  above  referred  to. 

Quartic  Scroll,  Ninth  Species,  S(13),  with  a  triple  directrix  line. 

54.  Consider  a  line  the  intersection  of  two  planes,  and  let  the  equation  of  the 
one  plane  contain  in  the  order  3,  that  of  the  second  plane  contain  linearly,  a  variable 
parameter  0 ;  the  equations  of  the  two  planes  may  be  taken  to  be 

(p,  q,  r,s%6,  1)'  =  0,     (u,v$0,l)  =  0, 

1  I  take  the  opportunity  of  referring  to  his  paper  on  Qnintic  Scrolls,  Schwarz,  "  Ueber  die  geradlinigen 
Flaohen  funften  Grades,"  Crelle,  t.  i*vn.  (1867),  pp.  23—57. 


410]  A    THIRD    MEMOIR    ON   SKEW    SURFACES,    OTHERWISE  SCROLLS.  313 

where  (p,  q,  r,  s,  u:  v)  are  any  linear  functions  whatever  of  the  coordinates  (#,  y,  z,  w). 
Hence  eliminating  6  we  have  as  the  equation  of  the  scroll  generated  by  the  line  in 
question 

(P>  2>  r,  s^v,  -w)3=0, 

viz.  this  is  a  quartic  scroll  having  the  line  u  —  0,  v  =  0  for  a  triple  line  ;  that  is, 
the  line  in  question  is  a  triple  directrix  line. 

55.  Taking  #  =  0,  y  =  0  for  the  equations  of  the  directrix  line,  or  writing  u  =  cc, 
v  =  y,  and  moreover  expressing  (p,  q,  r,  s)  as  linear  functions  of  the  coordinates 
(#,  y,  z,  w),  the  equation  of  the  scroll  takes  the  form 


and  we  may,  by  changing  the  values  of  z  and  w,  make  the  term  in  (#,  y)4  to  be 
(*  $>»  2/)4  +  («*?  +  J3y)  (*$#,  y)s  +  (70  +  Sy)  (*'$>,  2/)3, 

where   the   arbitrary  constants   a,  f}9  7,  8  may  be   so   determined  as  to  reduce   this  to  a 
monomial  k&,  kx*y,  or  kx?y-. 

56.     The  coefficient  k  may  vanish,  and  the  equation  of  the  scroll  then  is 

£(*$>,  y)3  +  w  (*'$>,  2/)3  =  0, 

or,  what  is  the  same  thing,  it  is 

(*$>>  y?  (*>  w)  =  °« 


viz.  the  scroll  has  in  this  particular  case  the  simple  directrix  line  z  =  Q,  w  =  Q,  thus 
reducing  itself  to  the  third  species,  S  (I3,  1,  4),  with  a  triple  directrix  line  and  a  single 
directrix  line.  It  is  proper  to  exclude  this,  and  consider  the  ninth  species,  S(ls),  as- 
having  a  triple  directrix  line,  but  no  simple  directrix  line. 

57.  The  scroll  $(ls)  may  be  considered  as  a  scroll  S(m,  n,  p)  generated  by  a 
line  which  meets  each  of  three  given  directrices;  viz.  these  may  be  taken  to  be  the 
directrix  line,  and  any  two  plane  sections  of  the  scroll  The  section  by  any  plane  is 
a  quartic  curve  having  a  triple  point  at  the  intersection  with  the  directrix  line; 
moreover  the  sections  by  any  two  planes  meet  in  four  points,  the  intersections  of  the 
scroll  by  the  line  of  intersection  of  the  two  planes.  Conversely,  taking  any  line  and 
two  quartics  related  as  above  (that  is,  each  quartic  has  a  triple  point  at  its  inter- 
section with  the  line,  and  the  two  quartics  meet  in  four  points  lying  in  a  line),  the 
lines  which  meet  the  three  curves  generate  a  quartic  scroll  S(ls).  This  appears  from 

the  formula 

8  (m,  n,  p)  =  Zmnp  —  am  —  ffn  —  yp  (Second  Memoir,  No.  5)  ; 

we  have  in  the  present  case 

w  =  l,  n  =  4,  p=4<,    a  =  4,  /S  =  3,  7  =  8, 

and  the    order    of   the   scroll  is   32-4-12-12,   =4,   that  is,   the  scroll    is   a   quartic 

scroll-   there  is  no   difficulty  in   seeing   that  through   each  point  of  the   line  there  pass 

c.  vi.  40 
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three  generating  lines,  but  through  each  point  of  either  of  the  plane  quartics  only"  a 
single  generating  line;  that  is,  that  the  line  is  a  triple  directrix  line,  but  each  of 
the  plane  quartics  a  simple  directrix  curve. 

58.  We  may  instead  of  the  section  by  any  plane,  consider  the  section  by  a  plane 
through  a  generating  line,  or  by  a  plane  through  two  of  the  three  generating  lines 
which  meet  at  any  point  of  the  directrix  line ;  if  (to  consider  only  the  most  simple 
case)  each  of  the  planes  be  thus  a  plane  through  two  generating  lines,  the  section 
by  either  of  these  planes  is  made  up  of  the  two  generating  lines,  and  of  a  conic 
passing  through  the  directrix  line;  the  directrices  are  thus  the  line  and  two  conies 
each  of  them  meeting  the  line ;  we  have  therefore  in  the  foregoing  formula 

m  =  I,  7i  =  2,  #  =  2,     a  =  0,  £  =  1,  7=1, 
and  the  order  of  the  scroll  is  8  —  2  —  2,  =  4  as  before. 


Quartic  Scroll,  Tenth  Species,  (32),  with  a  directrix  skew    cubic   met  twice  by  each 

generating 


59.  Consider  a  line,  the  intersection  of  two  planes  ;  and  let  the  equation  of  each 
plane  contain  in  the  order  2  a  variable  parameter  6]  the  equations  of  the  two  planes 
may  be  taken  to  be 

(p,  q,  r£0,  1)3  =  0,     (p'9  q',  r'£0,  1)2  =  0, 

where  (p9  q,  r,  p',  q',  r)  are  linear  functions  of  the  coordinates  (#,  y,  z,  w)\  hence 
eliminating  0,  we  have  as  the  equation  of  the  scroll  generated  by  the  line  in  question, 
D  =  0,  where  D  is  the  resultant  of  the  two  quadric  functions.  The  equation  may  be 
written 

4}  (pq'  -p'q)  (rqf  -  r'q)  -  (prf  -  pVP  =  0  ; 


and  the  scroll  has  thus  as  a  nodal   (double)  line  the   skew  cubic  determined   by  the 
equations 

=  0. 


It  is  easy  to  see  (and  indeed  it  will  be  shown  presently)  that  this  curve  is  met  twice 
by  each  generating  line  of  the  scroll,  and  that  the  scroll  is  consequently  a  quartic 
scroll  as  described  above. 

1  I  have  worded  this  heading  in  accordance  with  that  of  the  eighth  species,  Second  Memoir,  No.  47,  but 
the  two  headings  might  be  expressed  more  completely  thus : 

Eighth  Species,   S(lt    32a),  with  a    directrix   line  and   a  double    directrix    skew    cubic   met   twice   by  each 
generating  line; 

Tenth  Species,  S  (332),  with  a  double  directrix  skew  cubic  met  twice  by  each  generating  line  ; 

viz.  the  subscript  2  would  indicate  that  the  skew  cubic  is  a  nodal  (double)  line  on  the  scroll,  the  exponent 
2  indicating  that  it  is  met  twice  by  each  generating  line. 
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60.     The   coordinates   (x,  y,  z}  w)  may  be   fixed   in   such  manner  that  the   equations 
of  the  skew  cubic  shall  be 


y> 

or,  what  is  the  same  thing, 


-o, 


each  of  the  equations  pq'—p'q  =  Q,  rq'  —  r'q  =  Q,  pr'—p'r  =  Q  is  then  the  equation  of  a 
quadric  surface  passing  through  the  skew  cubic,  or,  what  is  the  same  thing,  each  of 
the  functions  pq'—p'q,  rq'  —  r'q,  pr'—p'r  is  a  linear  function  of  yw  —  z*,  zy  —  xw,  xz  —  y*] 
and  the  equation  of  the  scroll  is  given  as  a  quadric  equation  in  the  last-mentioned 
quantities.  It  will  be  convenient  to  represent  the  equation  in  the"  form 

(H,  F,  C,  5,  A-F,  -Cflfcyw--*,  zy-xiv,  ^-y2)2  =  0, 

or,  writing  for  shortness 

yw-z\  zy  —  ocw,  xz-y*=p,  q,  r, 

which  letters  (p,  q,  r)  are  used  henceforward  in  this  signification  only,  the  equation 
will  be 

(H,  F,  C,  B,  A-F,  -G*$j>,  q,  r)2=0, 


viz.  this  is  a  quadric  equation  in  (jp,  q,  r),  with  arbitrary  coefficients. 

61.  Comparing  with   the  result,  Second   Memoir,  Nos.   47  to   50,   we   see  that  in 
the    particular    case    where    the    coefficients    (A,  B,   0,  F,   G,  H)    satisfy   the    relation 
AF+BG+  GH=  0,   we   have   the   eighth   species,   8(1,   32),  with    a    directrix   line  and  a 
directrix  skew   cubic  met  twice   by  each  generating  line.     We  exclude  this  particular  case, 
and   in   the   tenth   species  consider  the  relation  AF+BG-^-OH^O   as   not   satisfied,  and 
therefore  the  scroll  as  not  having  a  directrix  line. 

62.  I   consider  how  the  scroll   may  be   obtained  as  a   scroll   S(m*,ri)  generated  by 
a   line  meeting   a  curve   of  the  order  m  twice  and  a  curve  of  the   order   n  once.     The 
first   curve   will   be  the  skew  cubic,  that   is  ra=3;  the  second   curve   may  be   any  plane 
section   of  the   scroll  ;  such   a   section   will  be   a  quartic   curve   having  three  nodes,  one 
at  each   intersection   of  its  plane   with   the   skew  cubic.     Conversely,  if  we  have  a  skew 
cubic,  and  a   plane    quartic  meeting  the  skew  cubic  in  three  points,   each  of  them  a 
node    on   the    quartic,   then  the   scroll   generated    by  the    lines    which   meet    the   skew 
cubic   twice   and   the  quarbic  once   will  be  a  quartic  scroll.     In   fact  (see   First   Memoir, 
No.  10,  [339],  and  Second  Memoir,  No.  5)  the  order  of  the  scroll  is  given  by  the  formula 
8  (m2,  ri)  =  n  ([m]2  +  M)  —  reduction,    =  16  —  reduction.     And    in    the    present    case    the 
reduction   arises   (Second   Memoir,  No.   4)   from  the   cones  having   their  vertices  at    the 
intersections  of  the  skew  cubic  and  the  quartic,  and  passing  through   the  skew  cubic. 
Each   cone  is  of  the   order  2,  and  each  intersection   qucb  double  point  on    the  quartic 
gives    a    reduction    2  x  order    of   cone,   =  4  ;    that    is,    the    reduction    arising    from    the 
three  intersections  is  =  12  ;    or  the  order  of  the  scroll  is  16  —  12,  =4*. 

40—2 
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63.  We  may,  instead  of  the   section  by  a  plane  in  general,   consider  the   section 
by  a  plane  through  a  generating  line;   the   section  is  here   made  up  of  the  generating 
line   and  of  a  plane   cubic  passing   through   each   of  the   two   points   of  intersection   of 
the   generating  line  with  the   skew   cubic,  and   having  a   node   at   the  remaining  inter- 
section  of  its  plane   with  the   skew  cubic.     Or   we  may  consider  the   section  by  a  plane 
through  the   two   generating   lines  at  any  point  of  the   skew  cubic  ;    the   section  is  here 
made   up    of    the    two    generating    lines    and    of   a   conic    passing    through    the    second 
intersections   of   the   two   generating   lines   with  the   skew   cubic;    that   is,   meeting    the 
skew  cubic  twice. 

64.  Conversely,  consider  a   skew   cubic,  and   a   conic    meeting  it   twice  ;    the   lines 
which  meet  the  skew   cubic  twice,  and  also  the  conic,   generate   a  quartic  scroll;   this 
appears    by  the    before-mentioned    formula    $(m2,  ?^)  =  9^([m]2-^•  M)  —  reduction;    viz.    we 
have    m  =  3,   n  =  2,  and   the    order    is    =  8  —  reduction  ;    the    reduction    arises    from    the 
cones    having    their    vertices    at   the    intersections    of    the    skew    cubic    and    the    conic. 
Each  cone  is  of   the  order   2,   and  (qud,  simple  point   on   the   conic)   each  intersection 
gives  a  reduction  =  order  of   the  cone  ;    that  is,  the    total   reduction    is   =  4,   and  the 
order  of  the  scroll  is  8  —  4,  =4  as  above. 

65.  But  a  more  elegant  mode    of   generation  of    the   scroll   may  be    obtained  by 
means  of   the    skew  cubic  alone;    viz.    considering    the    system    of   lines    which   are   in 
involution  with  five  given  lines,  or  say  simply  the  lines  which  belong  to  an  involution^), 
I  say  that  the  locus  of  a  line  belonging  to  the  involution,  and  meeting  the  skew  cubic 
twice  is  the   quartic  scroll,  tenth  species,  $(33).     In   the   particular   case   where   the   line 
{instead  of  belonging  to  a  proper  involution)  meets  a  given  line,  the   locus  is  a  quartic 
scroll,  eighth  species,  S(l,  32). 

66.  The  analysis  is  almost  identical  with  that  given  (Second  Memoir,  Nos.  47  to  50) 
in  regard  to  the  scroll  8(1,  32).     Considering  a  line  defined   by  its  "six   coordinates" 
(a,   6,   c,  /,  ff,  A),   the    condition    which    expresses    that    the    line    shall    belong    to    an 
involution  is 

(A,  B,  C,  F,  G,  H%a,  b,  c,  /,  g,  A)  =  0, 


where  (A,  B,  C,  F,  (?,  H)  are  arbitrary  coefficients  ;  if  they  are  the  coordinates  of  a  line, 
that  is,  if  AF+BG  +  CH  =  Q,  then  the  condition  expresses  that  the  line  (ct,  6,  c,  /,  g,  A), 
instead  of  belonging  to  a  proper  involution,  meets  the  line  (F}  G,  H,  A,  B,  G). 

1  The  theory  is  explained  in  my  memoir  "On  the  Six  Coordinates  of  a  Line,"  Camb.  Phil.  Trans,  vol.  xi. 
1868,  [848].  In  explanation  of  the  subsequent  analytical  investigations  of  the  present  memoir,  it  is  convenient  to 
remark  that  if  on  a  given  line  we  have  the  two  points  (a,  £,  7,  5)  and  (a7,  j8',  7',  S'),  and  through  the  given 
line  two  planes  Ax+By  +  Cz+Dw=Q  and  Afx+B'y+C'z  +  D'w=Q;  then  we  have 


Py'  ~Py    '•  7«'   -7'*     :  *F  -a'P     -  *#   -»'*    :  &   -ft    :  7?  -7'S 
-AD'-A'D  :  BD'-B'D  :  CD'-C'D  :  BC'-B'C  :  CA'-G'A  :  AB'-A'B; 

and  denoting  either  of  these  sets  of  equal  ratios  by 

a         :          &          :          c          :         /          :          g         :          h, 

then  (a,  &,  c,  /,  g,  h)  satisfy  identically  the  relation  o/+J<7  +  c/i=0,  and  are  said  to  be  the  six  coordinates  of 
the  line. 
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We   have    to    determine    the    locus    of   the  line  (a,   b,  c,  /,  g,  h)  the    coordinates 
whereof  satisfy  the  relation 


(A,  £,  C,  F,  G,  H%a,  6,  c,  /  g,  A)  =  0, 

and  which  besides  meets  the  skew  cubic  yw  —  z*  =  0,  yz  —  scw  =  Q,  scz  —  y*  =  0. 
The  equations  of  the  skew  cubic  are  satisfied  by  writing  therein 

x  :  y  :  z  :  w  =  I  :  t  :  tf  :  t3', 

and  hence  taking  6,  <p  for  the  parameters  of  the  points  of  intersection  of  the  line 
(a,  I,  c,  /,  g,  h)  with  the  skew  cubic,  we  have 

1,     0,    0*,    0s', 
1,     *,     #    <£3, 

as  the  coordinates  of  two  points  on  the  line  in  question  ;  whence  forming  the 
expressions  of  the  six  coordinates  of  the  line,  and  omitting  the  common  factor  <f>  —  6, 
these  are 

(a,  6,  c,  /,  g,  A)-  %  -  (6  +  <£),  1,  fr  +  6$  +  <f>*,  0<j>  (0  +  <£),  ffitf, 

and  hence  the  condition  of  involution  gives  between  the  parameters  6,  <f>  the  equation 
(A,  By  (7,  F,  ff,  JSTgfy,  -0-<£,  1,  02  +  0<£  +  <£2,  <?<£(0  +  £), 

Moreover  the  coordinates  of  any  point  on  the  line  in  question  are  given  by 
&  :  y  :  z  :  w  —  l  +  m  :  10  +  m^>  :  10*  +  m<£2  :  10s  + 


and  writing  as  above  p,  q,  r  —  yw  —  zP,  yz  —  xw,  xz  —  y*,  we  thence  find,   omitting  the 
common  factor  (0  —  <£)2, 

p  :  q  :  r  =  0$  :  -(0  +  <f>)  :  1; 

and  eliminating  0<f>,  0  +  <f>,  we  at  once  obtain 

(A,  B,  0,  F,  G,  HQpr,  qr,  r>,  (£-pr,  -pq,  jp2)  =  0, 
or,  what  is  the  same  thing, 

(H,  F,  C,  JB,  A-F,  -ff$p,  q,  r)*  =  0 

as   the   equation    of   the   scroll  generated   by   the    line    in    involution  which    meets  the 
given  skew  cubic  twice. 

Reciprocal  of  the  Quartic  Scroll  $(32). 

67.     I  propose  to    reciprocate   in   regard  to  the  quadric  surface 

the  foregoing  scroll 

(E,  F,  C,  B,A-F,-G%p,  q,  r)»-a 

If  the  coordinates  (a,  b,  c,  f,  g,  h)  of  a  line  satisfy  the  condition  of  involution 

(A,  B,  C,  F,  G,  H%a,  b,  c,  f,  g,  A)  =  0, 
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then  the  coordinates  (a,  b,  c,  f,  g,  K)  of  the   reciprocal   curve   will   satisfy  the   condition 
of  involution 

(F,  Q,  H,  A,  B,  C$a,  &,  c,f,  g,  A)  =  0. 


The  reciprocal  of  the  before-mentioned  skew  cubic  a:  :  y  :  z  :  w  =  I  :  t  :  &  :  t?  is  the 
quartic  torse  having  for  its  edge  of  regression  the  skew  cubic  3XZ  —  Y*  =  0,  YZ—  9XW  =  0, 
3TW  -#2  =  0;  or,  what  is  the  same  thing,  the  skew  cubic  X  :  Y:  Z  :  W=  I  :  St  :  3?  :  Z3; 
see  my  paper  "On  the  Reciprocation  of  a  Quartic  Developable,"  Quart.  Math.  Journ. 
vol.  VIL  (1866),  pp.  87—92,  [372]. 

68.     Hence   the  reciprocal   of  the   quartic   scroll  is  the   scroll   generated   by  a  line 
(a,  &,  c,  /,  g,  h)  the  coordinates  of  which  satisfy  the  condition  of  involution 


(F,  0,  H,  A, 


>,  6,  c,/,  g,  A)  =  0, 


and  which  is  moreover  the  intersection  of  two  osculating  planes  of  the  skew  cubic 
X  :  Y  :  Z  :  W=  1  :  St  :  3^  :  P.  For  the  point  the  parameter  whereof  is  t,  the 
equation  of  the  osculating  plane  is 

X,     7,    Z  ,     W    =  0, 
1  ,     3*,     St3,    f 
I,    2t,    f 
1  ,    t 
or,  what  is  the  same  thing,  the  equation  is 

(*,  -t\  t,  -1$X,  Y,  Z,  F)-0. 

Hence  for  the  line  which  is  the  intersection  of  the  two  osculating  planes 

(fr,  -&t  0,-l^X,  Y,Z,  TT)  =  0, 

(V,-V,i,  -rpr,  T,Z,  wy=o, 

forming  the  expressions  of  the  six  coordinates,  but  omitting  the  common  factor  0  —  0, 
these  are 


a,  i,  o,f,  g,  A  = 
we  have  thus  between  the  parameters  6,  <j>  the  relation 
(F,  ff,  H,  A,  B, 


and  the  equation  of  the  scroll  is  obtained  by  eliminating   0,  <£  between  this  equation 
and  the  last-mentioned  two  equations  satisfied  by  0,  0  respectively. 

; 

69.     We  see  that  0,  <f>  are  two  of  the  roots  of  the  equation 

(X,  -F,  Z,  ~ 
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let  p  be  the  third  root,  then  we  have 


.p  =  -, 


and  thence 


Substituting  for  6  +  $  and  d<f>  their  values  in  terms  of  p,  we  find 

Fp  {P  -ZX-pXY}-  QpX  (7-  PX)  +  HpX* 

+  W  {(AX  +  £Y+CZ)-p  (BX  +  CY)  +  p*CX}  =  0, 
or,  what  is  the  same  thing, 

p*X(GX-FY+CW) 
-  p  {F(Y*  -  ZX)  -  GXY+  HX*  -  SXW-  GYW} 


from  which  and  the  equation 

(X,  -Y,  Z,  - 
we  have  to  eliminate  p. 

70.    Writing  for  shortness 

(     .,      H,  -G,  A-&X,  Y,Z, 


(    G,  -F,       .,0$          „          )  =  7, 
(-A,-B,  -G,  .J          „          )  =  S, 

and  therefore  ctX+ftY+yZ+  SW  =  0  :   the  two  equations  are 

ryY  -  0X)  -  $W  =  0, 
-    W=0. 

Writing  the  first  equation  in  the  form 


multiplying  by  —p,  and  reducing  by  the  other  equation, 

£  (p*X  -  p  Y)  -  paX  -  <yTT=  0, 

or,  as  this  may  be  written, 

ft  (p*X-PY+Z}  - 
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From    this    and    the    preceding    equation   we    deduce    the   values    of   p*X  —  pY+Z  and 
pX  —  Y;  viz.  writing  for  shortness 

/3S-72,  #y-«S,  wy-^-p,  q,  r, 

•we  find 

p*X-pY+Z  :  pX-Y  :  l  =  -r£+qTF  :  rF-pTT  :  -r, 

or,  what  is  the  same  thing, 

p*X-pY+Z  =     Z-^W, 

pX  -    Y  = 

whence  also 

p*X-p*Y+pZ  -W=     0, 


and  thence 


and  we  have  therefore 


r 


or  omitting  the   first  equation,  we  have   (independent   of  p)  a   system  which  it  is   clear 
must  be  equivalent  to  a  single  equation. 

71.     I  take  any  one  of  these  equations,  for  instance  the  equation 


r  q 

or,  what  is  the  same  thing, 

-  ^F-f  (pr  -  q2)  TF=  0, 


and  I    proceed  to    reduce  it  so   as  to  obtain  the   result  in  a  symmetrical  form.     For 

this  purpose  I  observe  that  from  the  values  of  OL,  ft,  7,  S.  if  only  A  F  +  BG  +  OH  not  =  0, 
we  have 

X  :  Y  :  Z  :  W=   (     .  ,    -  C,  B,    -  F~$a,  ft,  %  S) 

:(     G,         .,  -A,    -<?$        „        ) 

:  (-  B,        A,  .  ,    -  H%       „        ) 

:(    F,        G,  H,         .J        „        ); 
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and  substituting  these  values,  the  equation  in  question  becomes 

qr   (-  Ba  +  Aft  -  HS) 
-r2  (     da-Ay  -08) 
+  (pr-q2)( 


This  becomes 

AT  (q/3  +  r7)  =      AT  (-  pa)         =  0 

-  -Bqra  —  JSqra 


-  q2)  a  +  jF(pr  -  q2)  a 

+  G  {T*§  +  (pr  -  q2)  ft]  +  £pqa 

+  H  {-  qrS  +  (pr  -  q2)  7}  -  #p2a, 

viz.  the  whole  equation  divides  by  a;    and,  omitting  this  factor,  the  equation  is 
ApT  +  JSqr  +  Or2  +  -F(q2-  pr)  -  #pq  +  J?p2  =  0, 

or,  what  is  the  same  thing,  it  is 

(JET,  F9  C,  B,  A-F,  -fl^p,  q,  r)2  =  0, 

where  I  recall  that  we  have 

p,  q,  r  =  £S-72,  /37-aS,  «y-0", 

a,  ft,  7,  S  being  linear   functions   of  the  current  coordinates  (X,  F,  Z,  W),  viz.  we  have 

«=(     .  ,        H,    -0,    ^£X,  F,  ^,  F),  * 
/3  =  (-#,         .,        JP, 
7  =      0,    -Jf,        .  , 


72.  It  thus   appears   that   when   J..F  +  BG  +  CH  is  not  =  0,  the   reciprocal  of  the 
scroll 

(H,  F,  0,  B,  A-F,  -ff$ip9  q,  r)*  =  0 

has  an  equation  of  the  very  same  form, 

(H,  F,  C,B,A-F9-  03fo  q,  r)2  =  0;  (Rec.  L) 

so  that  in  fact  the  scroll,  tenth  species,  £(32),  defined  as  the  scroll  generated  by  a 
line  in  involution  which  passes  through  two  points  of  a  skew  cubic,  may  be 
reciprocally  defined  as  the  scroll  generated  by  a  line  in  involution  which  lies  in  two 
osculating  planes  of  a  skew  cubic. 

73.  If  for  (a,  ft,  %  8)  we   substitute  their  values   in  terms  of  (X,  Y,  Z,  W),  the 
foregoing   equation   of   the  reciprocal    scroll    is   obtained  as  an   equation    of   the  fourth 
order  in  the   coordinates   (X,  Y3  Z,  W),  and  (in  the   first   instance)  of  the   fifth   degree 
in  the  coefficients  (A,  B3  C,  F,  6r,  H).     It  is  a  remarkable  circumstance  that  the  whole 

c.  vi.  41 
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equation   contains  the    constant   factor  AF  4-  BG  +  GHt  so  that   throwing   this  out,   the 
reduced  equation  will  be  only  of  the  third  degree  in  the  coefficients. 

74.  The  transformation  is  a  very  troublesome  one,  but  I  will  indicate  the  steps 
by  which  I  succeeded  in  accomplishing  it.  Each  of  the  functions  (p,  q,  r)  is  a  quadric 
function  of  (Z,  Y3  Z>  W),  say, 

p  =  (o>  6,  c,  d,  f,  g,  h,  I,  m,  ri$X,  7,  Z,  TF)2, 
q  =  (a'>   .    •  5  )2> 

r=(a",  .    .  $          „  )25 

we  have  to  form  the  value  of 

(H,  F,  0,  B,  A  -  F,  -  <?$p,  q,  r)2, 

viz.  representing  this  for  shortness  by 

(a,  b,  c,  d,  f,  g,  h,  I,  m,  ri\ 
a',.. 
a",.. 
the  coefficient  of  -5T4  is 

(H,  F,  0,  B,  A-F,  ~GJa?,  a'»,  a!'*,  a!  a!',  a"a,  aa"), 
that  of  Xs  Y  is 


(Hi  F,  C,  B,A-F,  -<?W>  2^,  2<T,  a'f"  +  a"f,  a"f+af",  af'  +  a'f), 

and  so  on,  the  successive  terms  a2,  a'2,  &c.,  2&/1,  2c&y/,  &c.  being  derived  by  an  obvious 
law  from  the  first  terms  a2,  2a/j  &c.  ;  and  these  first  terms  are  merely  the  coefficients 
of  the  terms  Z4,  Zs,  Y,  &c.  in  the  development  of 


fr  =  {(a,  6,  c,  d,  /,  g,  h,  I,  m,  n*$X9  7,  Z,  TF)2}2; 
viz.  this  is 


X*YZ  X*YW  X*Z*,  X*ZW,  X*W*,  XY*,  XY*Z,  XY*W,  XYZ* 


2a/       2am       2ac       2an        2ad       2bh       2bg         2bl         2ch 

+1* 


XYZW,  XYW\  XZ\  XZ*W,  XZW\  XW*,  F4,  Y*Z,  YSW,  Y*Z\  Y*ZW,  Y*W\  YZ*> 


2lf          2dh      2cg      2ol        2dg        2dl,      &,    Zbf,    2lm,     2bc,      Zbn,      2bd,     2cf 


YZ*W,  YZW\  FTP,  Z\  Z*W,  Z*W\  ZW\ 

2cm    +  2df    2dm,   c2,     2cn,      2cd,     2dn, 
2fn     -f-  2mn  +  n* 
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and  the  values  of  the  coefficients  a,  b,  ...   which  enter  into  the  formulae  are  given  by 
means  of  the  following  values  of  p,  q,  r ;  viz.  these  are 

&       Y*        Z*      W*      YZ      ZX        XY       XW      YW       ZW 

p=  /    AH,  -F\  -CF,  -C3,  -BF,  -  AF,        BE,  -   AB,    -  B";  -  BC\X,  Y,  Z,  Wy, 
\-ffi  +CH  +  2FG    -  2CG      +  2CF 

q  =  (-##,   BH,   -CG,   BC,   -BG,    - AG,     AH,        A*,      AB,       AC  ^ 

+  CH    +FG  +FH    +BG  -BF     +  CF*         "         >' 

-   I*  -CH 

r=(-H»,     -FH,     -F\    AC,   FG,    ZFH,    GH,    2AG,    -AF,    -2BF*,  y 

-B*  -  G*  +BH    +CH     -   CG*         "         }~' 

75.    As  an  instance  of  the  calculation  of  a  single  term,  the  coefficient  of  X*  is 

(H,  F,  C,  B,  A  -  F,  -  GJ.AE-  ffi,  -  GH,  -  H*)» ; 
viz.  this  is 

H(AH-G*y  =     A*H*  -  2  A  G*H*  +  &H* 

+  FH'ffi  =     FG*Ha 

+  CH'  =     CH' 

+  BGH*  =     BGH3 

+  (A-F)(-  AH3  +  &*&)  =  -  A*H*  +  AQsH* 


-G(-AGH*  +  G*H)        -     AfflH*  -  G*H*  ; 

the  whole  term  is   thus  =  (A  F  +  BG  +  CH)  H3,  viz.  there  is   the  factor  AF+BG  +  CH 
as  mentioned  above. 

76.    Throwing    out   the    factor   in   question,  AF+BG  +  CH,    the    equation    of   the 
reciprocal  scroll  is  found  to  be 

0=     X'.H*  (Rec.  H.) 


+  X3Z      .     AH3  -  3FH*  +  Q*H 
+  X°W     .-BAGH-  3BH*  +  G* 


+  X*YZ   .- 

+  X*YW  .     A*H  +  3AFH  +  AG*  +  BGH  -  2CH*  -3FG* 

+  X*Z*      .-ZAFH+AGP  +  Cffi-FCP  +  SPH 

+  X*ZW  .  -  2A*G  -  2ABH  +  BAFG  +  6BFH  -  BG*  -  CGH 

.     A>  +  3ABG-  BACH  +  3&H  +  3CG* 

41—2 
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+  XY3 
+  XY*Z 
+  XY*W 
+  XYZ* 
+  XYZW 
+  XYW* 
+  XZS 
+  XZ*W 
+  XZW* 
+  XW* 


+  Y*W 
+  Y*Z* 
+  Y*ZW 
.+  F2Fa 
+  YZ> 
+  YZ*W 
+  YZW 
+  YW 
+  Z* 
+  Z*W 


2FGH 

AFH  -  BGH  -  SF*H  + 

ZABH  -  2AFG  -  BFE  +  2CGH  +  8F*G 

AFG-2BFH+BG*-CGH 

A*F  -  3AF*  -  3ABG  +  AGH-  2B*H  +  BFG  +  50FH-  2CG* 

2A*B  -  3ABF+  2ACG  +  B*G  +  BOH  -  QOFG 


2ABF  -2ACG-  2BCH  -  3BF*  +  CFG 


SABC- 
FSH 


AF*  +  B*H  -  ZGFH  -  F* 

BFG+CFH+F* 

ASF  -&G+  BGH  +  WFG 

A&-  2AOF-  &F+  Q*H+  30F* 

BF*-CFG 

AOF+  2&F-  BOG  r- 

ABO  +  B3-  2BOF  -C*G 


CF* 
2BOF 


+  ZW* 


2BO> 


where,  in  regard  to  the  symmetry  of  this  equation,  it  is  to  be  observed  that  we  may 
interchange  X  and  W,  and  Y  and  Z,  leaving  A,  F  unaltered  but  interchanging  B 
and  -0,  and  also  C  and  JJ;  thus  the  coefficient  of  X*Z  being  AH2  -  SFH2  +  GPH, 
that  of  TWS  is  AC2-3FC2  +  B*C,  =  AC*  +  B*C  -  3C*F.  Or,  again,  the  coefficient  of  Y3Z 
being  BFH-F*G,  that  of  FZ3  is  -GFC  +  F*B,  =BF*-CFG. 

77.    But  the  equation  may  be  written  in  the  much  more  simple  form 

X  (-  a33  +  3a/3y  -  2/33  )  (Eec.  III.) 

+  Y  (—  a^SS  +  2ay2  —  /927) 
+  Z  (  aryS  —  2/32S  +  ftty*) 
+  W(  aS2  -  3/37S  +  27*  )  =  0, 
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or,  what  is  the  same  thing, 

-  £  (SXds  -  Ydy  +  Zdp-S  ma)  (a*  -  6a#yS  +  4ay  +  4/S3S  -  3/3y)  =  0,        (Rec.  III.) 
as  may  be  verified  by  actual  substitution  of  the  values  of  the  coordinates. 

78.     By  what   precedes,  substituting  for   p,  q,  r  their  values   in  terms  of  a,  0,  %  8, 
it  appears  that  we  have  the  remarkable  identity 

(H,  F,  C,  B,  A-F,  -(T&8S-72,  fly- 
=  (AF+BG+CH)x 


F  (- 

I  +  ^  (     «7S  -  2/3^  + 
1+  Tf  (     aS2   -3^878  4-  27s  )> 

79.  In  the  case  above  considered  of  the  tenth  species,  $(32),  for  which 
AF+BG  +  CH  not  =  0,  the  three  forms  of  the  reciprocal  equation  are  of  course  absolutely 
equivalent  to  each  other.  The  first  form  has  the  advantage  of  putting  in  evidence 
the  fact  that  the  reciprocal  scroll  is  also  of  the  tenth  species;  the  other  two  forms 
do  not,  at  least  obviously,  put  in  evidence  any  special  property  of  the  reciprocal  scroll. 


Reciprocals  of  Eighth  Species,  8(1,  32),  and  Ninth  Species,  8  (1s). 

80.     If  A  F+BG  +(75  =  0,  then  the  equation 
(ff,  F,  C,  B,  A~F,  - 


is  a  scroll  of  the  eighth  species,  8(1,  32).  The  first  form  of  the  reciprocal  equation 
becomes  identically  0  =  0,  on  account  of  the  evanescent  factor  AF+BGr+CH,  but  the 
second  and  third  forms  continue  to  subsist,  and  either  of  them  may  be  taken  as  the 
equation  of  the  reciprocal  scroll.  Taking  the  third  form,  and  calling  to  mind  the 
significations  of  (a,  ft,  7,  S),  viz. 


a=(    .   ,  IT,  -0,    £$X,  7,Z,  F), 

£  =  (-#,  .,        F,    B%          „  ), 

7=(     0,  -F,        .,     C$          „  ), 

S  -(-4,  -B,  -<?,.£          „  ), 


it  is  to  be  observed  that  a  =  0,  /3  =  0,  7  =  0,  8  =  0  are  the  equations  of  four  planes 
passing  through  a  common  line,  viz.  the  line  whose  coordinates  are  (A,  B,  C,  F,  G,  H)} 
and  the  equation  thus  puts  in  evidence  that  this  line  is  a  triple  line  on  the  reciprocal 
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scroll;  that  is,  the  reciprocal   scroll  is   a  scroll  of  the   ninth   species,  S  (I3).     Or  stating 
the  theorem  more  completely:   For  the  scroll,  eighth  species,  8(1,  32), 


(H,  F9  C,  B,  A-F,  -G$p,  q,  r)2  =  0, 

generated  by  a  line  meeting  the   line   (F,  Gr,  H,  A,  B,  C\  and   the   skew   cubic   p  =  0 
q  =  0,  r  =  0  twice,  the  reciprocal  scroll  is  of  the  ninth  species,  8  (I3), 


X   - 


-  2/328  +   /372) 


having  for  its  triple  line  the  reciprocal  line  (A,  B,  C,  F,  Gr,  H). 
81.     It  should  of  course  be  possible,  starting  from  the  equation 


of   a    scroll    8(1*),  to    obtain    the    equation    of   the   reciprocal    scroll    8(1,   3a).     But    I 
content  myself  with  a  very  particular  case.     I  consider  the  equation 


which  belongs  to    a    scroll  $(18)  having  the   line    F—  0,  Z~Q   for  its    triple    line.     To 
find  the  equation  of  the  reciprocal  scroll,  write 


we  find  without  difficulty,  reducing  by  means  of  the  equation  of  the  scroll, 

4-f3Z 
[YZ  - 
X2(^-2/2)  =  -3F2{ 

Hence  writing  for  a  moment 


-^^ 
we  have 

O  =     Y*Z*  +  3F5F(FF-  Z*)  +  SZ6X  (XZ  -  F2)  +  9XF£TF(F2^2  -  F3F  -  Z*X  +  XYZW) 
-  Y'Z*  +  6  F*#*X  F-  9  Y*Z*X*  TT2, 
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that  is 


-  Z*)  (XZ- 
-  Y*)(YW-Z*)-XYZW}, 


=  0,  by  the  equation  of  the  scroll  ; 

and  we  thus  see  that  the  equation  of  the  reciprocal  scroll  is 

(yw  —  z2)  (%z  —  y2)  -  (yz  —  awf  =  0, 


or  say  q2  —  pr  ==  0,  viz.  it  is  a  scroll  5(1,  S2)  generated  by  a  line  meeting  the  line 
x  =  0,  w  =  0,  and  the  cubic  curve  p  =  0,  q  =  0,  r  =  0  twice.  The  equation  is  obviously 
included  in  the  general  equation 


(H9F,  C,B3A-F,  -Gftp,  q,  r)2  =  0, 

where  A  F+  EG  +  OH  =  0  ;  viz.  writing  A=B  =  C=G=H=Q3  this  becomes  F(cf  -  pr)  =  0. 

82.  Returning  to  the  general  case  of  the  scroll,  eighth  species,  5(1,  32),  it  is 
proper  to  show  geometrically  how  it  is  that  the  reciprocal  is  a  scroll,  ninth  species, 
8  (I3).  Consider  in  the  scroll  5(1,  32)  any  plane  through  the  directrix  line;  this 
contains  three  generating  lines  of  the  scroll,  viz.  these  are  the  sides  of  the  triangle 
formed  by  the  three  points  of  intersection  of  the  plane  with  the  skew  cubic:  hence 
in  the  reciprocal  figure  we  have  a  directrix  line  such  that  at  each  point  of  it  there 
are  three  generating  lines;  that  is,  we  have  a  scroll  S  (I3)  with  a  triple  directrix  line. 
Conversely,  starting  with  the  scroll  5  (1s),  each  plane  through  the  triple  directrix  line 
meets  the  scroll  in  this  line  three  times,  and  in  a  single  generating  line;  whence 
there  is  in  the  reciprocal  scroll  a  simple  directrix  line;  but  in  order  to  show  that 
it  is  a  scroll  5(1,  32),  we  have  yet  to  show  that  there  is,  as  a  nodal  directrix,  a 
skew  cubic  met  twice  by  each  generating  line;  this  implies  that,  reciprocally,  in  the 
scroll  5  (I5)  each  generating  line  is  the  intersection  of  two  osculating  planes  of  a 
skew  cubic  (tangent  planes  of  a  quartic  torse),  each  such  plane  containing  two 
generating  lines  of  the  scroll  —  a  geometrical  property  which  is  far  from  obvious;  and 
similarly  in  the  scroll,  ninth  species,  5(32),  where  the  reciprocal  scroll  is  of  the  same 
form,  the  property  that  each  generating  line  is  a  line  joining  two  points  of  a  skew 
cubic  leads  to  the  property  that  each  line  is  also  the  intersection  of  two  osculating 
planes  of  a  skew  cubic  (or,  what  is  the  same  thing,  two  tangent  planes  of  a  quartic 
torse). 

ADDITION,  May  18,  1869. 

Since  the  foregoing  Memoir  was  written  I  received  from  Professor  Cremona  a 
letter  dated  Milan,  November  20,  1868,  in  which  (besides  the  ninth  and  tenth  species 
considered  above)  he  refers  to  two  other  species  of  quartic  scrolls.  He  remarks  that 
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there  is  a  bitangent  torse  which   should   in  the  classification  be  considered  along  with 
the  nodal  curve;   and  he  enumerates  in  all  12  species  as  follows: 


Deficiency. 

No.  of 
species. 

Nodal  curve. 

Bitangent  torse. 

Corresponding 
to  my  species. 

1 

r, 

ss 

10 

2 

HI+RL 

KS+BI 

7 

3 

Bf 

Kt+£i 

-  (say,  12) 

4 

.Sa  +  2?! 

Bf 

-  (say,  11) 

5 

JS-i  +  Hi  +Sj 

S1  +  Sl'  +  A^ 

2 

p=Q 

6 

Sf+Si 

^H-xSi 

5 

7 

r, 

Bf 

8 

8 

•#i8 

ss 

9 

9 

Bf 

JZ.O 

3 

10 

A3 

A3 

6 

11 

Bl  +  Bl' 

jB!*^' 

1 

P  = 

12 

Bf 

Bf 

4 

where  F3  denotes  a  skew  cubic,  2S  a  torse  of  the  3rd  class  (or  quartic  torse),  JE?2  a 
conic,  -ZT2  a  quadric  cone,  JR^  JR/,  /Sx  different  right  lines,  -R^,  Ex3  a  line  counted  twice 
or  three  times,  &c.  I  have  in  the  last  column  added  the  references  to  my  species 
9  and  10;  Professor  Cremona  notices  (what  I  knew,  but  did  not  recollect)  that  the 
species  10  had  been  considered  by  M.  Chasles,  Comptes  Rendus,  June  3,  1861. 

I  have  not  yet  examined  the  two  new  species  mentioned  in  this  enumeration; 
viz.  these  are  (Cremona  3),  say  twelfth  species,  a  scroll  having  a  triple  line,  but  a 
bitangent  torse  made  up  of  a  quadric  cone  and  a  line;  and  (Cremona  4),  say  eleventh 
species,  a  scroll  having  a  nodal  conic  and  line,  but  for  its  bitangent  torse  a  triple 
line:  the  two  species  are,  it  is  clear,  reciprocal  to  each  other;  although  properly 
treated  as  distinct,  species  11  may  be  considered  as  a  subform  of  8,  and  species  12 
as  a  subform  of  9. 
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411. 

A  MEMOIR  ON   THE  THEORY   OF  RECIPROCAL   SURFACES. 

[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  voL  CLIX.  (for  the 
year  1869),  pp.  201—229.     Eeeeived  November  12,  1868,— Eead  January  14,  1869.] 

THE  present  Memoir  contains  some  extensions  of  Dr  Salmon's  theory  of  Reciprocal 
Surfaces.  I  wish  to  put  the  formulae  on  record,  in  order  to  be  able  to  refer  to  them 
in  a  "Memoir  on  Cubic  Surfaces,"  [412],  but  without  at  present  attempting  to  com- 
pletely develope  the  theory. 

Article  Nos.  1  to  5.    Extension  of  SALMON'S  Fundamental  Equations. 

1.  The  notation  made  use  of  is  that  of  Salmon's  Geometry,  [2nd  Ed.]  pp.  450 — 459, 
[but  reproduced  in  the  later  editions,  see  Ed.  4.  (1882),  pp.  580 — 592],  with  the 
additions  presently  referred  to ;  the  significations  of  all  the  symbols  are  explained  by 
way  of  recapitulation  at  the  end  of  the  Memoir.  I  remark  that  my  chief  addition  to 
Salmon's  theory  consists  in  a  modification  of  his  fundamental  formulae  (A)  and  (B) ; 
these  in  their  original  form  are 

o.(n-2)  =    «+    p  +  2<7, 

b  (n  -  2)  =   p  4-  25  +  87  +  3£r 

c  (TO-  2)  =  2o--f-4/9+   7, 
a  (n  -  2)  (n  -3)  =  2S  +  3  [ac]  +  2  [06], 
b  (w-2)(w-3)-4i  +    [o6]  +  8[6c], 

c  (n-2)(w-3)  =  6A-f     [oc]  +  2  [ic], 
where 

[ah]  =  ab-2p, 

[ac]  =  ac  —  So-, 

[be]  =  6<5-3#-27-£ 
c.  vi.  42 
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2.  I  take    account    of   conical   and  biplanar  nodes,   or,   as   I   call  them,   cnicnodes, 
and  binodes;  of  pinch-points^)   on  the  nodal  curve;  and  of  close-points   and  off-points 
on  the  cuspidal  curve  :   viz.  I  assume  that  there  are 

G9  cnicnodes, 
JB,  binodes, 
j  ,  pinch-points, 
^,  close-points, 
6,  off-points, 

deferring  for  the  present  the  explanation  of  these  singularities.  The  same  letters, 
accented,  refer  to  the  reciprocal  singularities.  Or  using  "trope"  as  the  reciprocal  term 
to  node,  these  will  be 

(7,  cnictropes, 

B',  bitropes, 
/  ,  pinch-planes, 
^',  close-planes, 
ff,  off-planes; 

but  these  present  themselves,  not  in  the  equations  above  referred  to,  but  in  the 
reciprocal  equations. 

3.  The  resulting  alterations  are   that  we   must  in  the   formulae  write  /c  —  B,  S—C 
in  place  of  K  ,  S  respectively  ;  and  change  the  formulae  for  c  (n  —  2),  [ob],  [be],  into 

c  (n  -  2)  =  2<r  -j-  4/3  +  y  4-  0, 
[ah]  =  ab-2p  -  j, 

[ac]  =  ac  —  3<r  -  %, 
respectively. 

4.  Making    these    changes,   and    substituting    for   [a&J,   \ac\,   [be]   their   values,   the 
formulae  become 

a  (n  -  2)  =    K  -    B+    p  +  2<r, 


c  (n  -  2)  =  2o-  +  4/3  +   7  +    ft 
a  (n  -  2)  (n  -  3)  =  2  (S  -  0}  +  3  (ac  -  So-  -  %)  +  2  (a&  -  2p  -j), 


c  (w-2)(w-3)=  6A+     (ac  -  So--  #)+  2  (bo  ~3£-2y-i), 

which  replace  the  original  formulae  (A)  and  (B). 

1  This  addition  to  the  theory  is  in  fact  indicated  in  Salmon,  see  the  note,  p.  445  ;  the  i  there  employed, 
which  is  of  course  different  from  the  i  of  his  text,  is  the  j  of  the  present  Memoir. 
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5.     For  convenience  I  annex  the  remaining  equations;   viz.  these  are 


the  equations 

2=&2-6-2&-37--6£, 

r  =  c2  -  c  -  2A  -  3£, 

(q,  r  in  place  of  Salmon's  R,  S  respectively);   the  equation 
a  =  a'; 

and  the  corresponding  equations,  interchanging  the  accented  and  unaccented  letters,  in 
all  23  equations  between  the  42  quantities 

n,  a,  S,  K  ;     6,  k,  t,  q,  p,j  ;     c,  A,  r,  <r,  0,  #  ;     £,  7,  i  ;     JS,  (7, 
<  a',  S',  *';     V,  k',  if,  q',  p'.  /;     c',  A',  r',  </,  ff,  %';     /S',  y,  »v  ;     S,  C'. 

Article  Nos.  6  to  12.     Developments. 

6.  We  have 

(a-    &-    o)(»-2)  ^(jiff-jB-^-e^-^y-St 

(a  -  26  -  3c)  (n  -  2)  (w  -  3)  =  2  (8  -  G) 

-  8A  -  ISA-  6  (6c  -  3)8-  2«y-i)  ; 
and  substituting  these  values  of  S,  AT  in  the  formula 

w/  =  a(a-l)-2S-3A;, 
and  for  a  its  value,  =  /&  (n  —  1)  —  26  —  3c,  we  find 

rc'  =  tt  (n  -  ly-  w  (7J  +  12c)  +  462  +  86  +  9C2  +  15o 
-  8fc  -  ISA  +  18y3  +  127  +  12£  -  9t 
-  2(7-35-35, 

where  the  foregoing  equations  for  a  —  b  —  c  and  a  —  26  —  3c  show  clearly  the  origin  of 
the  new  terms  —  2(7—  3  J?—  30;  these  express  that  there  is  in  the  value  of  n'  a  reduction 
=  2  for  each  cnicnode,  =  3  for  each  binode,  and  ~  3  for  each  off-point. 

7.  We  have  (?^-2)(7^-3)  =  n2-?^-h(-4w^-  6)  =  a  +  26  +  3c  +  (--4n4-6);  and  making 
this  substitution  in  the  equations  which  contain  (n  —  2)  (n  —  3),  these  become 


-0)-   a2  -  4/>  -  9<r  -  2/  -  3%, 
6  (_  4^  +  6)  =  4*  -  262  -  9/8  -  67  -  3i  +  2/>  -J, 

c  (-4/1  +  6)=  6A-3c2-6je-47-2i-3o--^, 

42—2 
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(Salmon's   equations   (C));    and    adding    to    each    equation    4    times    the    corresponding 
equation  with  the  factor  (n  —  2),  these  become 


2*  _  3*  -i-  2/3  -  ;, 
Sc2  -  2c  =  6A  +  10/S  +  40  -  2i  +  5<r  -  #• 

Writing  in   the  first  of  these  a2-  2a  =  a(a-l)-  a,  =n'  +  2S-h  3/e-  a,  and  reducing  the 
other  two  by  means  of  the  values  of  q,  r>  the  equations  become 

n1  -  a  =  -  2(7  -  45  4-  *  -  <r  -  2j  -  3%, 


=  5<7  -h  £  +  40, 
(Salmon's  equations  (D)). 

I   attend  in  particular  to   the  first  of  these,   or  rather  to   the   reciprocal    equation, 
which  will  be 

^  =  a-  ?i  +  *'-  2-3'  -  2(7  - 


which,  writing  therein  a  =  n  (n  —  1)  -  26  —  3c,  and  K  =  3n  (n  —  2)  —  6&  —  8c,  becomes 


The  singularity  </  is  not  explicitly  defined  in  Salmon;  a-'  is  the  reciprocal  of  <r,  and 
(as  such)  it  denotes  the  number  of  common  tangent  planes  of  the  spinode  torse  and 
of  the  torse  generated  by  the  tangent  planes  along  a  plane  section  of  the  surface  ; 
or,  what  is  the  same  thing,  it  is  the  number  of  the  spinode  planes  which  touch  the 
plane  section;  that  is,  it  is  equal  to  the  number  of  points  of  intersection  of  the 
spinode  curve  and  the  plane  section;  or,  finally,  o-'  is  the  order  of  the  spinode  curve. 
The  spinode  curve  is  in  fact  for  a  surface  of  the  order  n  without  singularities  the 
intersection  of  the  surface  by  the  Hessian  surface  of  the  order  4  (n  —  2),  and  is  thus 
a  curve  of  the  order  4w  (n  —  2),  which  agrees  with  the  formula. 

8.  But  the  formula  shows  that  there  is  in  the  order  a  reduction  86+  lie  arising 
from  the  nodal  and  cuspidal  curves  of  the  surface,  or,  what  is  the  same  thing,  that 
the  Hessian  surface  meets  the  surface  in  the  nodal  curve  taken  8  times,  and  in  the 
cuspidal  curve  taken  11  times  —  a  result  which  I  had  arrived  at  by  other  means,  and 
also  as  appears  post,  No.  44.  The  formula  shows  further  that  there  is  a  reduction 
2j'+3%'-f-  2(7  -f  45',  or  say  there  are  reductions  =2,  3,  2,  4,  for  the  reciprocals  of  a 
pinch-point,  a  close-point,  a  cnicnode,  and  a  binode  respectively.  Geometrically  this 
must  signify  that  the  surface  and  its  Hessian  partially  intersect  in  certain  curves 
which  are  not  regarded  as  belonging  to  the  spinode  curve.  It  will  at  once  suggest 
itself  that  for  the  reciprocal  of  a  cnicnode  this  curve  is  a  conic,  and  for  the 
reciprocal  of  a  binode  it  is  a  line  counting  4  times  ;  while  for  the  reciprocal  of  a 
pinch-point  it  is  a  line  counting  2  times,  and  for  the  reciprocal  of  a  close-point,  a 
line  counting  3  times. 
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9.  It   is   clear  that  p'  will  in  like   manner   denote  the   order    of   the  node-couple 
curve. 

10.  I  express  in  terms  of 

n,  b,  o,  h,  k,  ft,  7,  j,  0,  x,  C,  B 

such  quantities  and  combinations  of  quantities  as  can  be  so  expressed.     We  have 
a  =  a'  =   n(n—  l)-26-3c, 


4t  =  12k  +  c  (5n  -  6)  -  6c2-  5y  +  30  - 
24^  =  (-8w+8)6  +  (15^-18)c  +  862- 

y  =  62  -  b  -  2k  -  87  -  (it,    (t  supra), 

r  =  c2-c-2A-3/3, 
2<r  =  c  (%  -  2)  -  (4^  +  7)  -  «, 


-  32?i  +  40)  6  +  (-  21n  +  30)  c+  86s-  18c2 


267  =  -  a  +  ft7  (n'  -  1)  -  3c',        «  c'  supra), 
</  +  2/H-  3^'  +  2(7'  +  4^=       4n(»-  2)  -  8&  -  llo, 

-2)  +  a(7^/-2)4•226^-30c,        «  a  supra), 
«  c'  supra), 

4^  -  3  (ir  +  SyS'  +  277)  -  2p'  -  j'  -  (-  4mf  +  6)  6X  +  26/2,  «  6'  supra), 
6A-2(i'  +  3/S/  +  27/)~3(7/-X/  =  (~4n/4-6)c/  +  3c/2,  «  c7  supra); 
{or  in  place  of  either  of  these, 

8Jfc'  -  IShf  -  V  +  9^  -  2/  +  3X7  =  (25X  -  80')  {(»'  -  2)  (n7  -  3)  -  a},        «  V,  c',  a  supra)}, 
p7  +  2/37  4-  377  +  3^-6'  (»'  -  2),        (7^/,  67  supra), 


3r'  +  2i7  +  %7  -  5o-7  -  &  -  4^  =  c7,        (c7  supra), 

(twenty-three   equations,  being  a  transformation  of  the  original  system  of  twenty-three 
equations). 
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11.     Forming   the  combinations   4i+6r,  24it-Sq+18r  (the  last  of  which  introduces 
on  the  opposite  side  the  term  +  48i),  we  obtain 


_  24£  -  Sq  +  18r  =  -  (8??  T-  16)  b  +  (15w  -  36)  c  -  34jS  +  9y  +  4;  +  90  +  6%, 
equations  which  are  used  post,  No.  53. 

12.  I  remark  that  if  there   be   on  a  surface   a  right   line   which  is  such  that  the 
tangent  .  plane    is    different    at    different    points    of   the    line,    the    line    is    said    to    be 
scrolar:    the   section   of   the  surface  by  any  plane   through    the   line    contains  the   line 
once.     But  if    there  is  at  each   point    of    the   line    one   and  the    same   tangent   plane, 
then  the  section  of  the  surface   by  the  tangent  plane  contains   the  line  at  least  twice  ; 
if   it  contain  it  twice    only,   the   line   is    torsal  ;    if   three    times    the    line    is    oscular  ; 
and  the  tangent    plane  containing  the    torsal  or  oscular  line  may  in   like  manner  be 
termed   a  torsal   or  an  oscular  tangent  plane.     These  epithets,  scrolar,  torsal  and  oscular, 
will  be  convenient  in  the  sequel. 

Article  Nos.  13  to  39.     Explanation  of  the  New  Singularities. 
I  proceed  to  the  explanation  of  the  new  singularities. 

13.  The    cnicnode,   or  singularity   (7=1,  is  an  ordinary  conical  point;    instead    of 
the  tangent  plane  we  have  a  proper  quadricone. 

14.  The   cnictrope,  or  reciprocal   singularity  £7'  =  1,   is   also   a   well    known   one  ;   it 
is  in  fact  the  conic  of   plane    contact,  or   say  rather   the   plane   of   conic   contact,   viz. 
the  cnictrope  is  a  plane  touching  a  surface,  not  at  a  single  point,  but  along  a  conic. 

15.  Consider  a  surface  having  the  cnicnode  (7-1,  and  the  reciprocal  surface  having 
the    cnictrope   C"  =  l.     There   are   on   the   quadricone   of    the    cnicnode    six   directions   of 
closest  contact  (*),   and  reciprocal   thereto   we   have   six    tangents   of  the   cnictrope   conic, 
touching  it  at   six   points.     The   plane   of  the   cnictrope   meets   the    surface  in  the  conic 
twice,  and  in  a  residual  curve  which  touches  the   conic   at   each  of  the   six  points.     It 
would  appeal^  that  these  six  contacts  are  part  of  the  notion  of  the  cnictrope. 

16.  We  may  of  course   have  a   surface  with  a   conic   of  plane   contact,   but   such 
that  the   residual  curve   of  intersection  in   the  plane   of  the   conic   does  not   touch   the 
conic  six  times  or  at  all;  for  instance  the  general  equation  of  a  surface  with  a  conic 
of  plane  contact  is  PM  +  V*N  =  0,  where  P  =  0  is  a   plane,    V  =  0   a  quadric  surface  ; 
and   here  the  conic  P  =  0,  F=0   does  not  touch  the  residual  curve  P  =  0,  N=0.     The 
reciprocal  surface  will  in   this  case   have  a  cnicnode,  but  there  is  some   special  circum- 
stance doing  away  with  the  six   directions  of  closest    contact   which   in    general    belong 
thereto.     I  do  not  further  pursue  this  inquiry. 

1  Taking  for  greater  simplicity  coordinates  x,  y,  z,  1,  then  for  a  surface  having  a  cnicnode  at  the  origin, 
the  equation  is  U«+  Z73+  &c.  =  0,  the  suffixes  showing  the  degree  in  the  coordinates;  the  equation  of  the 
quadricone  Is  J73:=0,  and  the  six  directions  are  given  as  the  lines  of  intersection  of  the  two  cones 
U-a=0,  17,=  0. 
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17.^  For  a  surface  having  the  cnictrope  C"=l,  the  Hessian  surface  passes  through 
the  conic,  which  is  thus  thrown  off  from  the  spinode  curve;  or  there  is  a  reduction 
=  2  in  the  order  of  the  curve,  which  agrees  with  a  foregoing  result 

18.  The  binode,  or  singularity  B  =  1,  is  a  biplanar  node,  where  instead  of  the  proper 
quadricone  we  have  two   planes;  these    may  be  called  the  biplanes,   and  their  line  of 
intersection,  the  edge  of  the  binode.     The  biplanes  form  a  plane-pair. 

19.  The  bitrope,  or  reciprocal  singularity  ff  =  l,  is  the  plane  of  point-pair  contact; 
but  this  needs  explanation. 

20.  Consider  a  surface  having  a  binode,  and  the  reciprocal  surface  having  a  bitrope. 
We  have  the   bitrope,  a  plane   the  reciprocal   of  the  binode;   in  this  plane   a  line,  the 
reciprocal   of  the  edge ;   in  the  line  two  points,  or  say  a  point-pair,  the   reciprocal  of  the 
biplanes:   these  points   may  be   called  the   bipoints.     There  are   in    each   biplane   three 
directions  of  closest   contact;   the  reciprocals  of  these  are  in  the  bitrope  three  directions 
through   each  of  the  two   points.     The   section  of  the  reciprocal   surface  by  the  bitrope 
is  made   up   of  the   line   counting  three  times  (or  the  line  is  oscular),  and  of  a  curve 
passing   in   the    three   directions   (having   therefore   a   triple   point)  through   each    of  the 
two   bipoints.     The  bitrope  contains  thus  an  oscular  line;    but   it   is   part   of  the   notion 
that   there   are  on   this   line   two   points   each   a   triple   point   on  the    residual    curve   of 
intersection. 

21.  We   may  however   have   on   a  surface  an   oscular  line  without  upon  it   two   or 
any  triple   points  of  the  residual  curve  of  intersection.     Such  a  surface  is  Ifa?  +  .Bfy*  =  0 ; 
the  intersections   of   the  line  #  =  0,   y  =  0   with   the    curve  #  =  0,  -^  =  0   will  be  all   of 
them   ordinary  points.     The  reciprocal   surface  will    have   a   binode,   but    there   will   be 
some   special   circumstance  doing  away  with   the  existence  of   the    directions  of   closest 
contact  in  the  two  biplanes  respectively.     I  do  not  at  present  pursue  the  question. 

22.  For   a  surface  having  a  bitrope  Bf  =  1,  it  appears  from  what  precedes,  that  the 
oscular   line  must  count   4  times  in  the  intersection  of  the  surface   with  the  Hessian; 
for  only  in  this  way  can  the  reduction  4  in  the  order  of  the  spinode  curve  arise. 

23.  The   pinch-point,  or  singularity  j==  1,  is  in  fact   mentioned  in  Salmon;   it  is  a 
point   on  the   nodal   curve   such   that   the   two  tangent  planes   coincide,  or    say  it    is    a 
cuspidal  point  on  the  nodal  curve.     If,  to  fix  the  ideas,  we  take  the  nodal  curve  to  be  a 
complete  intersection  P  =  0,  Q  =  0,  then  the  equation  of  the  surface  is  (A,B,  C%P,  Q)2=0 
(A,  B,  G  functions   of  the  coordinates);   we  have  a  surface  AC—  J?2  =  0,  which  may  be 
called    the    critic    surface,  intersecting    the    nodal    curve    in    the    points    P  —  0,    Q  =  0, 
AC—B&  =  0)    which    are    the    pinch-points    thereof;    or  if   there   be    a    cuspidal    curve, 
then  such    of    these  points  as  are  not   situate   on  the    cuspidal    curve    are    the    pinch- 
points  :  see  my  paper  "  On  a  Singularity  of  Surfaces,"  Quart.  Math.  Journ.  vol.  IX.  (1868) 
pp.   332 — 338,   [402].     The  single   tangent   plane   at   the    pinch-point   meets  the  surface 
(see  p.  338)  in  a  curve  having  at  the  pinch-point  a  triple  point,  =  cusp  +  2  nodes,  viz. 
there    is   a    cuspidal    branch  the  tangent    to  which    coincides    with   that    of   the  nodal 
curve;  and  there  is  a  simple  branch  the  tangent  to  which  may  be  called  the  cotangent 
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at  the  pinch-point.  In  the  particular  case  where  the  nodal  curve  is  a  right  line  the 
section  is  the  line  twice  (representing  the  cuspidal  branch),  and  a  residual  curve  of 
the  order  n  —  2,  the  tangent  to  which  is  the  cotangent. 

24.  The  pinch-plane,  or  reciprocal  singularity  /  =  ] ,  is  in  fact  a  torsal  plane  touching 
the    surface  along  a    line,  or  meeting  it    in  the  line  twice    and    in   a   residual    curve. 
Let   the   line   and   curve   meet  in    a   point   P;   for  the  reason   that  the   section  by  the 
plane  is  the  line  twice   and  the  residual   curve,    the  section  has   at  P  two   coincident 
nodes;  that  is,  the  plane  is  a  node-couple  plane  with  two  coincident  nodes.     The  plane 
meets  the  consecutive  node-couple  plane   in    a   line  p  passing  through  P  and  touching 
at  this  point  the   residual  curve.     Considering  now  the  reciprocal  figure,  the  reciprocal 
of   the   pinch-plane   is    thus    a    point    of   the    nodal    curve,   and    is    a    pinch-point;    the 
tangent  plane   at   the  pinch-point  is  the  reciprocal  of  the  point  P;   the  tangent  to   the 
nodal  curve  is  the  reciprocal  of  the  line  ^,  that  is,  of  the   tangent  at  P  to  the  residual 
curve ;   and  the  cotangent  at  the  pinch-point  is  the  reciprocal  of  the  torsal  line. 

25.  There   is   in   this   theory   the   difficulty   that   for   a  surface   of  the   order  ?^,  the 
torsal  plane  meets  the   residual  curve  of  intersection  in   (n—2)  points   P,   and  if  each 
of  these  be  a  point  on  the  node-couple  curve,  then  in  the   reciprocal  figure  the  pinch- 
point  would  be  a   multiple   point   on   the   nodal   curve.     I  apprehend   that   starting  with 
a   pinch-point,  a   simple  point  on   the   nodal   curve,  we   have   in   the   reciprocal  figure   a 
pinch-plane   or  torsal  plane  as   above,  but   with   some   speciality  in  virtue   of  which  only 
one   of    the   (n  —  2)   points   of    intersection   of   the   torsal   line    with    the    residual    plane 
curve  is  a  point   of   the   node-couple   curve   of   the  reciprocal   surface.     In  the   case    of 
a    pinch-plane   or   torsal  plane   of   a   cubic   surface,    n  —  2    is    =1,   and    the   question    of 
multiplicity  does  not  arise. 

26.  For  a  surface  with   a  pinch-plane  or  torsal  plane  as  above  (/  =  !),  the  Hessian 
surface  not  only  passes   through   the   torsal   line,  but  it  touches  the  surface  along   this 
line,    causing,  as    already    mentioned,    a    reduction    =  2    in    the    order    of   the    spinode 
curve.     That  the  surfaces  touch  along  the  line  is  an  important  theorem  (x),   and  I  annex 
a  proof. 

27.  Let  #=0,  y  =  0  be   the  torsal  line,  #  =  0  being  the  torsal  plane;   the  equation 
of  the  surface  therefore  is  a?$  +  2/2^  =  0;  and  if  A,  B,  C,  D  be  the  first  derived  functions 
of  <f>,  (a,  b,  c,  d,  /,  gt  h,  I,  m,  n)  the  second   derived  functions,  and   if  (A,  B',  C',  D'), 
(a!,  b'9  c',  d',  /',  g',  h',  V,  m1,  ri)  refer  in  like   manner   to   ^,  then  the   equation   of  the 
Hessian  is 

G  +  %g     +  y*g',    D 


,    xf  + 
+flf  ,    am  +  tfn'   +  2yD' 


1  See  Salmon,  p.  218,  where  it  is  only  stated  that  the  Hessian  passes  through  the  line. 
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and  representing  this  for  a  moment  by 

A,    H9     G,    L     =  0, 
JET,    B,    F,    M 
0,    F,    C,    N 

L,    M,    N,    L 
then  in  the  developed  equation 

D  (ABO  -  AF*  -  3G2  -  CH*  +  2  FGH) 
~(BC-F\    CA-G*,    AB-H*,     GH-AF,    HF-BG,    FG  -  OH  $£,  M,  .tf)2  =  0, 

observing   that    (7,  P,  If,  JV,  D  are   of  the   first   order   in  sc}   y,   the   only   terms  of  the 

first   order    are    contained  in  B  (-  DG*  -  CL*  +  2  jSTffi)  ;  and   since    G,   D,   N  are  of  the 

first   order,    we   obtain   all   the   terms    of   the   first   order    by  reducing   B,    <?,   L  to   the 
values  2i/r,  (7,  D  ;   viz.  the  terms  of  the  first  order  are 


Hence  the  complete  equation  is  of  the  form 

-  ZGDn)  oc 


=  0, 

or,  what  is  the  same  thing,  #<E>  4-  y*ty  =  0 ;  the  Hessian  has  therefore  along  the  line 
x  =  0,  y  =  0  the  same  tangent  plane  ac  =  0  as  the  surface ;  or  it  touches  the  surface 
along  this  line ;  that  is,  the  line  counts  twice  in  the  intersection  of  the  two  surfaces. 

28.  If  instead  of  the  right  line  we  have  a  plane  curve,  say  if  the  equation  be 
x<j>  +  P2^  =  0,  then  the  value  of  the  Hessian  is  #3>  -f  Pf  =  0  (viz.  the  second  term 
divides  by  P  only,  not  by  P2),  so  that,  as  before  mentioned  in  regard  to  a  conic  of 
contact,  the  surface  and  the  Hessian  merely  cut  (but  do  not  touch)  along  the  curve 
a}  =  0,  P  =  0.  To  show  this  in  the  most  simple  manner  take  the  equation  to  be 
#<£4-iP2  =  0;  let  A',  B'3  G',  D'  be  the  first  derived  functions  of  <£,  and  (A,  B,  (7,  D), 
(a,  6,  c,  d,  f,  g,  ht  lt  m,  n)  the  first  and  second  derived  functions  of  P ;  then  if  in  the 
equation  of  the  Hessian  we  write  for  greater  simplicity  x  =  0,  the  equation  is 

=  0. 


2,  B'  +  Ph+AB,  C'  +  Pg  +  AC,  D'  +  Pl+AD 

B'+Ph  +  AB,  Pb  +B*  ,  Pf  +  BC,  Pm  +  BD 

O'+Pg  +  AC,  Pf+BC,  Pc+0,  Pn  +  CD 

D'  +  Pl  +  AD,  Pm  +  BD,  Pn  +  CD,  Pd  +    X)2 

The  equation  contains  for  example  the  term 

_  (£'  +  pi  +  AD)*  {P2  (bo  -/•)  +  P  (6G2  +  cB2  -  2/BO)}, 

dividing   as  it  should  do  by  P,  but  not   dividing  by  P2  ;  and  considering  the  portion 

hereof  —  jD/2P  (bG*  +  cB*  —  2fBO)9  there   are  no  other   terms  in    D'2P   which   can   destroy 

this,  and  to  make  the  whole  equation  divide  by  P2;  which  proves  the  required  negative. 

C.  vi.  43 
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29.  For  the   off-point  or  singularity  9  =  1  ;   this  is   a  point   on   the   cuspidal  curve 
at  which  the  second  derived  functions  all  of   them  vanish.     In  further  explanation  hereof 
consider  a  surface  Z7=0,  and   the   second   polar   of  an   arbitrary   point   (a,  /?,  %  S)  ;   viz. 
this   is  (adz  +  /3dy  +  ydz  +  S3™)2  f/"=0,  or  say  for  shortness   A2tT=0,  where   the   coefficients 
of  the  powers  and  products  of  (a,  /3,  %  S)  are  of  course  the  second  derived  functions  of  U\ 
this  equation,  when  reduced  by  means  of  the  equations  of  the  cuspidal  curve,  may  acquire 
a  factor  A,  thus  assuming  the  form  A  (oP  4-  /3Q  +  y-R  +  &Sf)2  =  0,  and  if  so  the  intersections 
of  the   cuspidal  curve  with  the   second  polar  (==  2cr  -h  0,  if,  as  for  simplicity  is  supposed, 
there  is  no  nodal  curve)   will  be  made  up   of  the  intersections  of  the  cuspidal   curve 
with    the    surface    A  =  0,   and    of   those   with    the    surface    aP  +  /3Q  +  jR  +  $S  =  0    each 
twice;    the  latter   of  these,    depending  on  the   coordinates   (a,  /3,  y,  S)   of  the   arbitrary 
points,  are   the  points  cr  each  twice  ;   the  former  of  them,  or  intersections  of  the  cuspidal 
curve   with  the   surface  A  =  0,  are   the  points    6,   or    off-points    of    the    cuspidal   curve. 
If   there   is   a  nodal   curve,   the   only   difference  is  that   the  off-points   are   such   of  the 
above  points  as  do  not  lie  on  the  nodal  curve. 

30.  As   the   most  simple    instance   of  the   manner   in    which    this    singularity    may 
present  itself,  consider  a  surface   FP*  +  GQ*  =  0,  where  the   degrees  of  the  functions   are 
ft  P>  9>  2)  and   therefore  n=f+  %p=g  +  3g,  if  n  be  the  order  of  the  surface.     This  has 
a  cuspidal   curve  P=0,  Q  =  0   of  the   order  pq;  the   equation   A2  (  FP*  +  #Q3)  =  0  of  the 
second  polar,  when  reduced  by  the  equations  P  —  0,  Q  =  0  of  the  cuspidal  curve,  becomes 
simply  JT(AP)2-0;  and  we  have  thus  the   off-points  .F=0,  P  =  0,  Q  =  0,  consequently 


31.  But  suppose,  as  before,  the   case   of  a  surface  (A,  B,  CQP,  Q)2  =  0   having   a 
cuspidal  curve  P  =  0,  Q  =  0,  and  therefore  AC-B*  being    =0   for  P  =  0,    Q  =  0.     The 
equation  of  the  second  polar,  writing  therein  P  =  0,  Q  =  0,  becomes  (A,  B,  (/JAP,  AQ)3~0, 
and  if  for  any  given  surface  this  assumes  the  form  A  (If  AP  +  N&Q)*  =  0  (observe  that 
Mt  N  may  be  fractional  provided  only  the  MAJP  +  N&Q  is   integral),  then   there    will 
be  on  the  cuspidal  curve  the  off-points  A  =  0,  P  =  0,  Q  =  0, 

32.  An  interesting  example  is   afforded  by  a  surface  which  presents  itself  in   the 
Memoir  on  Cubic  Surfaces:    the  surface 


-f    zw  (3d?2  +  z<w    =  0 


has  the  cuspidal  conic  y  =  0,  3x*  +  2w  =  Q,  and  (as  coming  under  the  form  FP*  +  Q  Q3  =  0) 
has  the  off-points  zw=Q,  y=0,  &tf"  +  *M;  =  0;  that  is,  the  points  (a?«0,  y  =  0,  *  =  0), 
(#=0,  y=*0,  w  =  0)  each  twice;  5  =  4. 

But  writing  the  same  equation  in  the  form 

(4,  60,  So2  +  zwlfoj*  -  2s3,  «;>  -  zwf  =  0, 
where 

4  .  (8&  +  zw)  - 
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it  appears  that  there  are  also  the  three  cuspidal  conies  y3  —  2^  =  0,  a?2  —  zw  =  0.  Reducing 
by  means  of  these  two  equations,  the  equation  of  the  second  polar  is  at  first  obtained 
in  the  form 

(4,  6#,  &C2  +  zw$Zy*ky  -  6a?Ax,  2#A#  -  2Aa>  -  w&z)*  =  0  ; 


but  further   reducing  by  the   same  equations  and  writing  for  this  purpose  y  =  ax  (o>s  =  2), 
the  equation  becomes 


(4,  6#,  9^5^  (3o>3Ai/  -  6A#),  2#A#  -  zkw  -  wkz*f  =  0, 
that  is 

=  0, 


and  we  have  thus  the  off-points  ^=0,  ?/3  —  2#s  =  0,  tf2  —  ^  =  0,  in  fact  the  before- 
mentioned  two  points  each  6  times;  and  the  complete  value  of  d  is  0  =  (4  +  12=)  16; 
viz.  the  off-points  are  the  points  (#  =  0,  y  =  03  #  =  0),  (#  =  (),  y  —  0,  w  =  0)  each  8  times. 
On  account  of  this  union  of  points  the  singularity  is  really  one  of  a  higher  order,  but 
equivalent  to  6  =  16. 

I  am  not  at  present  able  to  explain  the  off-plane  or  reciprocal  singularity  9f  =  1. 

33.  As  to  the  close-point  or   singularity  %  =  1.     I  remark  that  at  an  ordinary  point 
of  the  cuspidal   curve   the   section  by  the  tangent  plane  touches,  at  the  point  of  contact, 
the   cuspidal   curve  :   the  point   of  contact  is   on   the   curve   of  section   a   singular  point 
(in  the  nature   of  a   triple   point,   viz.   taking   the  point   of  contact  as   origin,  the   form 
of  the   branch  in   the  vicinity  thereof  is  ys  —  &  —  0,  where  y  =  0  is  the   equation   of  the 
tangent   to   the   cuspidal   curve},  such   that  the  point   of  contact  counts  4   times  in   the 
intersection   of  the  cuspidal  curve  with   the  curve  of  section.    At  a  close-point  the  form 
of  the   curve   of  section  is   altered  ;   viz.   the  point   of  contact   is  here   in   the  nature  of 
a   quadruple   point  with  two   distinct  branches,  one  of  them  a  triple  branch  of  the  form 
ys  =  a?,   but   such   that   the   tangent  thereof,   y  =  Q,  is    not   the  tangent   of   the    cuspidal 
curve  ;   the   other   of  them  a   simple  branch,  the   tangent   of  which   is  also  distinct  from 
the   tangent   of  the   cuspidal   branch  :   the   point   of  contact   counts   34-1   times,   that   is 
4  times,   as  before,  in   the  intersection   of  the   cuspidal  curve  and  the  curve  of  section. 
The   tangent    to   the   simple  branch   may   conveniently  be  termed   the   cotangent  at  the 
close-point  ;    that  of  the  other  branch  the  cotriple  tangent. 

34.  We  may  look  at  the  question  differently  thus:  to  fix  the  ideas,  let  the  cuspidal 
curve    be     a    complete    intersection    P  =  0,    Q  —  0  ;    the    equation    of    the    surface    is 
(A,  B,  C£P,  Q)2  =  0,  where  A  C-B*  =  Q,  in  virtue  of  the  equations  P  =  0,  Q  =  0  of  the 
cuspidal  curve,  that  is,  AC  —  B*  is  =MP  +  NQ  suppose.     We  have  (as  in  the  investiga- 
tion regarding  the   pinch-point)  a   critic   surface  AC—  ^  =  0,  this   meets  the  surface  in 
the  cuspidal   curve  and  in  a  residual   curve   of  intersection  ;    the   residual   curve  by   its 
intersection   with   the   cuspidal    curve   determines   the  close-points  ;    the   tangent    at    the 
close-point  is   I   believe  the  tangent  of  the  residual  curve.     Analytically  the  close-points 
are  given  by  the  equations  P  =  0,  Q  =  0,  (A,  B,  CQjtf]  —  M  )2  «  0.     It  is  proper  to  remark 
that  if  besides  the  cuspidal   curve   there   be  a  nodal   curve,  only  such   of  the  points  so 
determined  as  do  not  lie  on  the  nodal  curve  are  the  close-points. 

43—2 
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35.  I   take   as  an   example  a  surface  which  is  substantially  the  same  as  one  which 
presents  itself  in  the  Memoir  on  Cubic  Surfaces,  viz.  the  surface  (1,  w,  xy$w*-xy,  ^)2  =  0, 
having   the   cuspidal   conic  w2-#3/  =  0,  *  =  0.     Since  in  the  present  case  AC-B*  =  P,  we 
have   Jf  =  l,  JV  =  0,  and   the   close-points  are  given  by  P=0,  Q  =  0,  (7  =  0;   that  is,  they 
are  the  points  (#  =  0,  w=Q,  #  =  0)  and  (#  =  0,  w=0,  2/  =  0). 

36.  I  first  however  consider  an  ordinary  point  on  the  cuspidal  curve,  or  conic  w2-#2/=0, 
&  =  0  ;   the  coordinates  of  any  point  on  the  conic  are  given  by  x  :  y  :  z  :  w  =  1  :  9*  :  0  :  6, 
where   6  is   an   arbitrary  parameter  ;    we    at    once    find    ffix  +  y  —  6  (z  +  2w)  =  0    for   the 
equation   of  the   tangent   plane   of  the   surface   or   cuspidal  tangent  plane   at   the   point 
(1,  ft,  0,  0).      Proceeding  to   find  the   intersection   of    this  plane   with    the   surface,   the 
elimination  of  z  gives 

(<92,  6w, 


which  is  of  course  the  cone,  vertex  (x  =  0,  y  =  0,  w  =  0),  which  passes  through  the 
required  curve  of  intersection.  In  place  of  the  coordinates  cc,  y  take  the  new  coordinates 
(fix  —  y  =  2p,  and  (Px  +  y  —  ZQw  =  2q  ;  we  have 

6*x=     dw+p  —  q, 

-y 
and  thence 

-  (fay  =_p2  -  (q 

e*  (w*  -  osy) 
and  the  equation  thus  is 

(0*,  0H0,  -_p2  +  ?2  +  20gw  +  62w*$p*  -<f-  Wqw,  20*q)  =  0, 
or,  what  is  the  same  thing, 

(1,  0w,  - 
viz.  this  is 


*  -    2  -          ;  -  p* 


or  reducing,  it  is 


the  equation  of  the  section  in  terms  of  the  coordinates  p,  q,  w.  The  equation  is 
satisfied  by  the  values  p  =  Q,  #  =  0  which  belong  to  the  assumed  point  (1,  0*,  0,  0)  of 
the  conic,  and  in  the  vicinity  of  this  point  we  have  p*  +  80fw  =  0,  which  is'  a  'triple 
branch  of  the  form  y*  =  tf,  the  tangent  S  =  0  being,  it  will  be  observed,  the  tangent 
of  the  conic.  But  at  the  close-points,  or  when  0=0  or  0=oo,  the  transformation 
fails  ;  and  these  points  must  be  considered  separately. 

37.    At  the  first  of  these,  viz.  the  point  *=0,  w=0,  #  =  0,  the  tangent  plane  of  the 
surface  or  cuspidal  tangent  plane  is  #  =  0,  and  this  meets  the  surface  in  the  curve  #  =  0, 


411]         A  MEMOIR  ON  THE  THEORY  OF  RECIPROCAL  SURFACES,         341 


Q,  that  is  in  the  line  #  =  0,  w  =  0  three  times,  and  in  the  line  #=0, 
(that  the  section  consists  of  right  lines  is  of  course  a  speciality,  and  it  is  clear  that 
considering  in  a  more  general  surface  the  section  as  defined  by  an  equation  in  (w,  z.  y), 
the  line  w  =  0  represents  the  tangent  to  a  triple  branch  ^3  =  ^+  &c.,  and  the  line 
w  +  2#  =  0  the  tangent  to  a  simple  branch)  ;  these  lines  are  each  of  them,  it  will  be 
observed,  distinct  from  the  tangent  to  the  cuspidal  conic,  which  is  #  =  0,  #  =  0.  And 
similarly  the  tangent  plane  at  the  other  of  the  two  points  is  y  =  0,  meeting  the  surface 
in  the  curve  y  =  0,  w3  (w  +  2*)  =  0,  that  is  in  the  line  y  =  0,  w  =  0  three  times,  and  in 
the  line  y  =  0,  w  +  2#  =  0. 

38.  The  close-plane  or  reciprocal  singularity  %'  =  1  is  (like  the  pinch-plane)  a  torsal 
plane,  meeting   the  surface   in   a  line  twice   and  in  a  residual   curve;   the  distinction  is 
that   the    line    and    curve    have    an    intersection    P    lying    on    the    spinode    curve;    the 
close-plane  is   thus  a   spinode  plane;  it   meets  the   consecutive  spinode  plane  in  a  line 
jj,   passing    through   P,   and  which    is   not  the   tangent   of   the  residual    curve.     In    the 
reciprocal   figure,   the   reciprocal   of   the   close-plane   is   on   the   cuspidal   curve,   and  is   a 
close-point  ;    the  reciprocal  of  the  point   P  is   the  cuspidal  tangent  plane  ;  that  of  the 
line  p  the  tangent   of  the  cuspidal  curve;    that   of  the   tangent   of  the  residual   curve 
the  cotriple  tangent  ;    that  of  the  torsal  line  the  cotangent. 

39.  The   torsal   line   of  a   close-plane   is   not   a  mere   torsal   line  ;    in  fact  by  what 
precedes    it   appears   that   the   surface   and   the   Hessian   intersect  in  this   line,,   counting 
not   twice   but   three    times,   and   it   is    thus    that    the    reduction    in    the    order    of   the 
spinode  curve  caused  by  the  close-plane  is  =  3. 


Article  Nos.  40  and  41.     Application  to  a  Glass  of  Surfaces. 

40.     Consider  the   surface  FP2  +  GR?Q*  =  0,  where  /,  p,  g,  r,   q   being  the   degrees 
of    the    several     functions,    and    n    the     order    of    the     surface,    we    have     of    course 


There  is  here  a  nodal  curve,  the  complete  intersection  of  the  two  surfaces  P  =  0,  R  =  0  ; 
hence  l=pr,  k  =  %pr  (p-  l)(r-l),  =£6  (b,~P  -r  +  1);  2  =  0;  whence  (q)  =  pr  (p  +  r  -  2). 
There  is  also  a  cuspidal  curve  the  complete  intersection  of  the  two  surfaces  P  =  0,  Q  =  0  ; 
hence  c=pq,  h  =  %pq  (p  -  I)  (q  -  I),  =  ic(c-jp-g  +  l);  whence  (r)  =  pq(p  ±q-  2):  I 
have  written  for  distinction  (q),  (r),  to  denote  the  q,  r  of  the  fundamental  equations. 
The  two  curves  intersect  in  the  pqr  points  P  =  0,  Q  =  0,  H  =  0,  which  are  not 
stationary  points  on  either  curve;  that  is,  yS  =  0,  7  =  0,  i=pqr. 

There  are  on  the  nodal  curve  the  j  =  (f+g)pr  pinch-points  F=0,  P  =  0,  JJ  =  0, 
and  0  =  0,  P  =  0,  -R  =  0.  There  are  on  the  cuspidal  curve  ff—fpq  off-points  P=0, 
p  —  0,  Q  =  0;  and  there  the  gpq  singular  points  G  =  0,  P  =  0,  <2  =  0.  I  find  that  these 
last,  and  also  the  6  points  each  three  times,  must  be  considered  as  close-points, 
that  is,  that  we  have  %  =  (g  +  3f)pq- 
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41.     We  ought  then  to  have 

6  (n  -  2)          =  p, 
c  (^  -  2) 


the  first  two  of  which  give  p,  <r,  and  then,  substituting  their  values,  the  other  two 
equations  should  become  identities.  In  fact,  attending  to  the  values  pr  =  6,  pq  =  c,  the 
equations  become 

«26(*-2), 


The  first  of  these  is 

2w  =  2p  +  2r  +  3j+/  +  $r,  =  (2p  +/)  +  (2r  +  3?  +  flr), 
and  the  second  is 

fn  =  3£>  +  32  +  2r  +  #  +  !/,  =  f  (2p  +/)  +  (2r  +  3g  +  $r), 
so  that  the  equations  are  satisfied. 

Article  No.  42.     The  Flecnodal  Curve. 

42.  A  point  on  a  surface  may  be  flecnodal,  viz.  the  tangent  plane  may  meet  the 
surface  in  a  curve  having  at  the  point  a  flecnode,  that  is,  a  node  with  an  inflexion 
on  one  of  the  branches.  Salmon  has  shown  that,  for  a  surface  of  the  order  n  without 
singularities,  the  locus  of  the  flecnodal  points,  or  flecnodal  curve,  is  the  complete 
intersection  of  the  surface  by  a  surface  of  the  order  lln  —  24,  which  may  be  called 
the  flecnodal  surface,  the  order  of  the  curve  being  thus  =  ft  (Ha  —  24).  I  have 
succeeded  in  showing,  in  a  somewhat  peculiar  way  by  consideration  of  a  surface  of 
revolution,  -that  if  the  surface  of  the  order  n  has  a  nodal  curve  of  the  order  b,  and 
a  cuspidal  curve  of  the  order  c,  then  that  the  order  of  the  flecnodal  curve  is 
=  n  (lift  -24)  —  226  -27c;  before  giving  this  investigation,  I  will  by  the  like  principles 
demonstrate  the  above-mentioned  theorem  that  the  order  of  the  spinode  curve  is 


Article  Nos.  43  to   47.     Surfaces    of  Revolution,  in    connexion  with  the    Spinode   Curve 

and  the  Flecnodal  Curve. 

43.  Consider  a  plane  curve  of  the  order  m  with  S  nodes  and  K  cusps,  and  let 
this  be  made  to  revolve  about  an  axis  in  its  own  plane,  so  as  to  generate  a  surface 
of  revolution.  The  complete  meridian  section  is  made  up  of  the  given  curve  and  of 
an  equal  curve  situate  symmetrically  therewith  on  the  other  side  of  the  axis ;  the 
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order  of  the  surface  is  thus  =  2m.  The  two  curves  intersect  in  m  points  on  the  axis 
and  in  m2  —  m  points,  forming  J(m2  —  m)  pairs  of  points,  situate  symmetrically  on 
opposite  sides  of  the  axes;  these  last  generate  J(m2  —  m)  circles,  nodal  curves  on  the 
surface  ;  the  nodes  generate  8  circles,  which  are  nodal  curves  on  the  surface,  and  the 
cusps  generate  K  circles,  cuspidal  curves  on  the  surface.  There  are  m2  —  m  —  28  —  3/e 
circles  of  plane  contact  corresponding  in  the  plane  curve  to  the  tangents  perpendicular 
to  the  axis.  Each  of  the  m  points  on  the  axis  gives  in  the  surface  a  pair  of 
(imaginary)  lines;  and  we  have  thus  two  sets  each  of  m  lines,  such  that  along  the 
lines  of  each  set  the  surface  is  touched  by  an  (imaginary)  meridian  plane;  viz.  these 
are  the  circular  planes  x  +  iy  =  0,  x  —  iy  =  Q  passing  through  the  axis.  I  assume 
without  stopping  to  show  it  that  these  2m  lines  are  lines  not  j'  but  %',  that  is,  that 
they  each  reduce  the  order  of  the  spinode  curve  by  3(l).  The  inflexions  generate 
3m2  —  6m  —  68  —  S/c  circles  which  constitute  the  spinode  curve  on  the  surface. 

44.  And   we   can   thus   verify   that   the   complete   intersection   of    the   surface   with 
the  Hessian  is  made  up  in  accordance  with  the  foregoing  theory;   viz. 

Order  of  surface    =  2m, 

Order  of  Hessian  =  4  (2m  —  2), 

whence  order  of  intersection  =  16ma  —  16m 

Nodal  curve,  -J-(m2  —  m)  +  8  circles,     8  times     8m2—    8m  4-  168 
Cuspidal  curve,  K  circles,  11  times  4-  22/c 

Circles  of  contact  m2  —  m  -  28  -  3*,  2m2  —    2m  —    48  -    6/e 

Lines  2m        ,  3  times  -f    6m 

Spinode  curve,  3m2  -  6m  -  68  -  SK  circles,        6m2  -  12m  -  128  -  16/c 

16m2  -16m. 

45.  We   may  by  a  similar  reasoning  show  that  the  surface  and  the  flecnode  surface 
intersect   in   the  nodal  curve  taken  22  times,  and  in  the  cuspidal  curve  taken  27  times; 
and  consequently  that  the  order  of  the  residual  intersection  or  flecnodal  curve  is 


To  effect  this,  observe  that  at  any  point  whatever  of  a  quadric  surface  the  tangent 
plane  meets  the  surface  in  a  pair  of  lines,  that  is,  in  a  curve  having  at  the  point  of 
contact  a  node  with  an  inflexion  on  each  branch,  or  say,  a  fleflecnode.  Imagine  in 
the  plane  figure  a  conic  having  its  centre  on  the  axis  of  rotation  and  its  axis 
coincident  therewith,  and  the  conic  having  with  the  curve  of  the  order  m  a  4-pointic 
intersection  at  any  point  P;  the  point  P  generates  a  circle,  such  that  along  this 
circle  the  surface  is  osculated  by  a  quadric  surface  of  revolution  in  such  wise  that 
the  meridian  sections  have  a  four-pointic  contact;  the  circle  in  question  is  thus  on 
the  surface  a  fleflecnode  circle  ;  and  I  assume  that  it  counts  twice  as  a  flecnode 
circle.  Hence  if  the  number  of  the  points  P  be  =9,  we  have  on  the  surface  0 
fleflecnode  circles,  =  26  flecnode  circles,  that  is,  a  flecnode  curve  of  the  order  40. 
I  wish  to  show  that  we  have  6  =  5w2  —  9m  —  108  — 


1  Observe  that  the  terms  in  ro  cannot  be  got  rid  of  in  a   different  manner,    by  any   alteration    of   the 
numbers  8  and  11  to  which  the  present  investigation  relates. 
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46.  The  problem  is  as  follows:  given  a  curve  of  the  order  m  with  8  nodes  and 
jc  cusps;  it  is  required  to  find  the  number  of  the  conies,  centre  on  a  given  line, 
and  an  axis  coincident  in  direction  with  this  line,  which  have  with  the  given  curve 
a  4-pointic  intersection,  or  contact  of  the  third  order.  This  may  be  solved  by  means 
of  formulae  contained  in  my  "Memoir  on  the  Curves  which  satisfy  given  Conditions," 
Phil.  Trans,  vol.  CLVIII.  (1868),  pp.  75—144;  see  p.  88;  [406]. 

Taking  #  =  0  for  the  given  line,  the  conic  (a,  b,  c,  f,  g,  h\%,  y,  1)2  =  0  will  have 
its  centre  on  the  given  line  and  an  axis  coincident  therewith,  if  only  &=0,  <7  =  0;  and 
denoting  these  two  conditions  by  2X,  it  is  easy  to  see  that  we  have 

(2Z.-.)-l,    (2^:/)  =  2,    (2X.//)  =  2,     (2Z  ///)  =  !. 

But   in  general  if  the   conic  satisfy  any  other  three  conditions  3Z,  then  the   number  of 
the  conies  (2JT,  3Z)  is 


where  a,  /3,  y,  S  denote  (2Z.\),  (2Z:/),  (2Jf  •//),  (22T///),  viz.  in  the  present  case  the 
values  are  1,  2,  2,  1  respectively,  and  where  a',  #,  7'  denote  (3#:),  (3#-/),  (3#//) 
respectively. 

47,  Substituting  for  a,  /3,  7,  S  their-  values,  the  number  of  the  conies  in  question 
is  =  -J-)3/,  that  is  =|-(3^-/).  Suppose  that  3#,  or  say  3,  denotes  the  condition  of  a 
contact  of  the  third  order  with  a  given  curve  (m,  S,  /c),  or  say  with  a  given  curve 
(m,  w.,  a)  (m  the  order,  n  the  class  =  m2  —  m  —  28  —  3/e,  a  =  3ra  +  #  ),  then  we  have 

(3  :    )  =  -  4m  -  Sn  +  3a, 


and  from  the  second  of  these  the  number  of  the  conies  in  question  is  =  —  4m  —  4?n- 
that  is,  it  is  =  -  4m  4-  5n  +  3/c,  or  finally  it  is  =5m2-  9?^  —  10S-  12*. 


Hence,  assuming  that  the  2m  lines  each  counts  6  times  (x), 

Order  of  surface  =2m 

Order  of  flecnode  surface  =11  (2m  —  24)  or  22m  -24 

Order  of  intersection  =  44ms  —  48m 


Nodal  curve,  £(m2-m)+S  circks,  11  times  22m2-22m+44S 

Cuspidal  curve                    K  circles,  27  times  + 

Circles  of  contact  m2  —  m  —  28  -  3#,  2m2  —    2m  —   4S  -    6/e 

Lines  of  contact           2m                  ,    6  times  +  12m, 

Flecnodal  curve,  5m2  -  9m  -  10S  -  12*  circles  each  twice  20m2  -  36m  -  40$  -  48/e 


44m2  -  48m. 

1  See  foot-note  p.   343 :  tlie  lite  remark  applies  to  the  present  terms  in  m,  which  cannot  be  got  rid  of 
by  an  alteration  of  the  numbers  22  and  27  to  which  the  investigation  relates. 
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Article  Nos.  48  and  49.     The  Flecnodal  Torse. 
48.     Starting  from 

226'  +  21  c'  =  6  (66'  +  Be')  -  7  (26'  +  3c') 


=  1  In'2-  29??'+  7  -6*, 
that  is 

lift'2  -  24n'  -  22Z>'  -  27c'  =  Sri  -78  +  6*, 
I  find 

ri  (llri  -  24)  -  226'  -  27c' 

=  »(»-!)  (lira,  -  24)  +  6  (-  59w  +  96)  +  c  (-  94n  +  156)  +  26Z>2  +  87c2 
-  52k  -  114A  +  141/3  +  947  +  77i  +  Sj  +  4%  -  150  -  45*  -  IOC  -  95. 


49.     For  a  surface  of  the  order  n  without  singularities  this  equation  is 
ri  (lln'  -  24)  -  22Z>'  -  27c'  =  n  (n  -  1)  (lira  -  24)  ; 


to  explain  the  meaning  of  it,  I  say  that  the  reciprocal  of  a  flecnode  is  a  flecnodal  plane, 
and  vice  versd:  the  reciprocal  of  the  flecnodal  torse  of  the  surface  n  (viz.  the  torse 
generated  by  the  flecnodal  planes  of  the  surface)  is  thus  the  flecnodal  curve  of  the 
reciprocal  surface  n'\  and  the  class  of  the  torse  must  therefore  be  equal  to  the  order 
of  the  curve.  The  flecnodal  torse  is  generated  by  the  tangents  of  the  surface  n  along 
the  curve  of  intersection  with  a  surface  of  the  order  Iln  —  24;  the  number  of  tangent 
planes  which  pass  through  an  arbitrary  point,  or  class  of  the  torse,  is  at  once  found 
to  be  n(n  —  l)(ll?i  —  24);  for  the  reciprocal  surface  the  order  of  the  flecnodal  curve 
is  by  what  precedes  ri  (llri  —  24)  —  226'  —  27c'  ;  and  the  equation  thus  expresses  that 
the  order  of  the  curve  is  equal  to  the  class  of  the  torse. 


Article  No.  50.     The  general  Surface  of  the  Order  n  without  Singularities. 
50.     In  the  general  surface  of  the  order  n  without  singularities,  we  have 

n  =  n, 

a  =  n*  —  n, 

8  =4»(w-l)(w-2)(w-3), 

K  =    n  (n  —  1)  (n  —  2), 

6=0, 

*-0, 

*  =0, 

2=0, 

0.  VI.  44 
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P  =0, 
j  =0, 
c  =0, 
h  =0, 
r  =0, 
<r=0, 
4-0, 


(7=0, 
5=0, 

£=0, 

7=0, 

t  =0, 

91'=  tt(ra-l)s, 

«'  =  w  (w  —  1), 


*'  =  3w  (w  -  2), 

V  =  %n  (n  -  1)  (n  -  2)  (w8  -  »2  +  n  -  1  2), 

#  =  jw  (»  -  2)  (re10  -  6w"  +  16w8  -  54w7  +  164n6  -  288w'  +  547ft4  -1058?i3+1068w3-1214«H-1464), 
(ra  _  2)  (n7  -  4ns  +  In'  -  45w*  +  114n,8  -  llln2  -h  548w  -  960), 


A'  =  £»  (w  _  2)  (16re4  -  64»i8  +  80na  -  108w  +  156), 


7'  =  4m  (n  -  2)  (n  -  3)  (KS  +  Bn  —  16), 
»v  =0. 
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Article  Nos.  51  to  64.     Investigation  of  Formula  for  p. 

51.     The    value    /3'  =  Zn  (n  -  2)  (lira  -  24)   for    a    surface    without    singularities    was 
obtained  by  Salmon  by  independent  geometrical  considerations,  viz.  he  obtains 


as  the  number  of  intersections  of  the  spinode  curve  (order  =  4?2(rc  —  2))  by  the  flecnode 
surface  of  the  order  Iln  —  24. 

52.     The  value  of  /3'  must   be  obtainable  in  the  case  of  a  surface  with  singularities, 
and  I  have  been  led  to  conclude  that  we  have 


-24) 

-(11071-272X6  +  442 
-(116^-  303)  c-h3fr 
+  6|i  j3  +  24  87  +198* 
+  linear  function  (i,  j,  0,  x,  C,  B,  i',  j'3  0',  %',  <7,  5'), 

but  I  have  not  yet  completely  determined  the  coefficients  of  the  linear  function.  The 
reciprocal  formula  in  the  case  of  a  surface  of  the  order  n  without  singularities^ 
i,  jy  0,  %,  C}  By  i!,  j\  6',  %',  C',  B1  then  all  vanishing,  is  the  identity 


0=     2?i'(7i' 

'  -  272)  V 


(ri,  V,  q',  c'}  r/,  {$',  y,  t'  having  the  values  in  the  foregoing  Table).  It  was  by  assuming 
for  ft  an  expression  of  the  above  form  but  with  indeterminate  coefficients,  and  then 
determining  these  in  such  wise  that  the  reciprocal  equation  should  be  an  identity> 
that  the  foregoing  formula  for  £}'  was  arrived  at. 

53.     I  assume 


-Gfi-Hy-It 

+  linear  function  (i,  j,  0,  X,  (7,  B,  »v,  j',  ff,  ^,  (7,  ff), 

where  it  is  to  be  remarked  that,  in  virtue  of  the  equations  obtained  No.  11,  two  of 
the  coefficients  of  this  form  are  really  arbitrary:  I  cannot  recall  the  considerations 
which  led  me  to  write  _D  =  116,  #=303. 

44—2 
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54.     Forming  the  reciprocal  equation 

ft  =     2n' (ft' -2)  (lift' -24) 
-V(Anf-B)  +  CTq 


+  linear  function  (i'f  j'3  ff,  %',  ff,  Bf,  i,  j,  6,  %,  C3  B\ 

and   substituting   herein   the  values  which  belong  to  the  surface   of  the   order  n  without 
singularities,  we  should  have  identically 

0  =     2n  (n  -  I)2  (n  -  2)  (n*  4-  1)  (lift3  -  22ft2  +  lln  -  24) 

-  \n  (n  -  1)  (n  -  2)  (n*  -  n2  +  ft  -  1  2)  [4  n  (ft  -  1  )3  -  B] 

+   ft(ft-2)(ft-3)(ft2+2ft-4)Cr 


(n  -  2)  (Sw  -  4)  F 


-  2)  (w  -  3)  <y+  3?i~  16)  JT 

-  %n  (n  -  2)  (X  -  4^i6  +  77i6  -  4-5ra4  +  114??3  -  llln*  +  548w  -  960)  /  ; 

or  dividing  the  whole  by  n  (n  —  2),  this  is 

0  =     2  (n  -  I)2  (?i2  +  1)  (lift8  -  22ra2  +  1  In  -  24) 

-  ^  (w  -  1)  (>8  -  n2  4-  ft-12) 


+  2  (3»  -  4)  J7 
-  2  (llw  -  24)  G 


-  45ft4  +  114n3  -  lll/i2  -h  548?i -  960)  7. 

55.    And  then,   expanding  in    powers    of   n  and    equating    to   zero  the   coefficients 
of  the  several  powers  ft7,  ...ft0,  we  obtain 

22     -88      +154     -224      +250      -184     +118        -    48 
-%A     +2^1     -fd.      +  i£A     -2QA     +  2£A     -      6A 

+    %B    -      B    +     B    -     J^-5    +      65 
+      (7-0-10(7    +    12(7 

-  4D    +12J5    -12D    +      4D 

+      6^-8^ 
-    22(?    +    48ff 

-  4^    +12^    -12IT   +100^    -192^ 
-&    +&     -fj      +  ¥J    -197    +47-7    -^7    +1607 


000  0000  0 
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viz.  the  equations  are  read  vertically  downwards.  The  first,  second,  and  third  equations, 
and  the  sum  of  the  fourth  and  fifth,  all  give  the  same  relation,  132—  3A—  7  =  0; 
there  are  consequently,  inclusive  of  this,  five  independent  relations.  By  combining  the 
equations  so  as  to  simplify  the  numbers,  I  find  these  to  be 

3-4+7-  132  =  0, 
4A-B-2C  -80  =  0, 
7A-B  +  2JS  +    2F+   20-   476  =  0, 
26-A-JJ  +  8.D  +    8JT  -1532=0, 

6-4  -  E  -  2  F  +  120  -48.ff+  407  -  132  =  0. 

56.  I  found,  as  presently  mentioned,  .4  =  110,  .8  =  2*72,  (7=44;  values  which  satisfy 
(as  they  should  do)  the  second  equation;  and  then  assuming  D  =  116  and  .27=303, 
we  have  F  =  ^t  (?  =  -£fi,  #=-248,  J  =  -198;  and  the  formula  is 


+  linear  function  (i,  j,  0,  X)  C,  B,  i',  j',  9',  %',  G\  K\ 
the  process  not  enabling  the  determination  of  the  coefficients  of  the  linear  function. 

57.  The  values  of  A,  B,  C  were  found  from  the  general  theorem  that  if  three 
surfaces  of  the  orders  ^  v,  p  respectively  intersect  in  a  curve  of  the  order  m  and 
class  r  which  is  a-tuple  on  /*,,  /3-tuple  on  v,  and  7-tuple  on  p,  then  the  number  of 
the  points  of  intersection  of  the  three  surfaces  is 

=  fivp  —  m  (/3<yfji,  -f-  y&v  +  a/3/>  —  2a/3y)  +  affyr. 

Apply  this  to  the    case  of  a  surface  of  the  order  n  with  a  nodal   curve  of  the  order  b 
and  class  q,  intersecting  the  Hessian  and  fiecnodal  surfaces,  we  have 

Order.         Passing  through  (b,  q),  times 
Surface          n  2 

Hessian        4?i  —  8  4 

Fiecnodal  lln-24  11 

whence  number  of  intersections  is 


+  2.4.110, 

that  is 

=  4n  (»  -  2)  (lln  -  24)  -  (22071  -  544)  b  -  882  ; 
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and  the  value  of  ft'  is  one  half  of  -this, 

=  2n  (n  -  2)  (ll?i  -  24)  -  (110?i  -  272)  b  +  44?. 
I  have  not  succeeded  in  applying  the  like  considerations  to  the  cuspidal  curve. 

58.  As  regards  the  general  theorem,  we  know  (Salmon,  p.  274)  that  if  two  surfaces 
of  the  orders  /^,  v  partially  intersect  in  a  curve  of  the  order  m  and  class  r,  and 
besides  in  a  curve  of  the  order  m',  then  the  curves  m,  m'  meet  in  m  (p  +  v  —  2)  —  r 
points. 

Suppose  that  the  curve  m  is  a-tuple  on  the  surface  //,;  then  to  find  the  number 
/  of  the  intersections  of  the  curves  m  and  m',  we  may  imagine  through  m  a  surface 
of  the  order  p;  the  surfaces  p,  v  intersect  in  the  curve  m  a.  times,  and  in  a 
residual  curve  of  the  order  p,v  —  ma,  this  last  meets  the  surface  p  in  p  (pv  —  ma) 
points,  and  thence  the  three  surfaces  meet  in  pvp  —  map  —  /  points.  But  since 
m  is  a  simple  curve  on  each  of  the  surfaces  v,  p,  the  three  surfaces  meet  in 
/*(z/p  —  m)  —  a[m(z>  +  p  —  2)  —  r\  points,  whence  equating  the  two  values 

/=  m  (/JL  -f  OLV  —  2a)  —  or. 

Next,  let  the  curve  m  be  a-tuple  on  the  surface  /z,  /3-tuple  on  the  surface  v.  Con- 
sidering the  new  surface  p  through  m,  then  p,  v  intersect  in  the  curve  m  aft  times, 
and  in  a  residual  curve  of  the  order  JJLV  —  ma/3;  this  last  meets  the  surface  p  in 
p  (/JLV  —  woy3)  points  ;  whence  the  three  surfaces  meet  in  p  (p,v  —  ma/3)  —  /  points.  But 
the  curve  m  being  a  /9-tuple  curve  on  z/,  and  a  simple  curve  on  p,  these  meet  in 
the  curve  m  ft  times  and  in  a  residual  curve  of  the  order  vp  —  /3m,  whence  the  three 
surfaces  meet  in 

p(vp—  @m)  -almfy  +  fip-  2/3)  -  /Sr] 

points;  and  equating  the  two  values,  we  have 

7  ==  m 


Lastly,  if   the  curve  m  be   7-tuple    on  p,   then  the    surfaces  p,  p   meet  in  m   ay 
times  and  in  a  residual  curve  of  the  order  //.p  —  may  ;  this  last  meets  v  in 


v  (ftp  —  arym)  -  /3  [m  (YJJL  +  ap  - 
points,  that  is,  the  number  of  points  of  intersection  of  the  three  surfaces  is 

=  p,vp  —  m  (ftyfj,  +  ryav  +  afjp  —  2a/3ry)  +  a/3yr. 
59.    I  represent  the  complete  value  of  ft'  by 

^=     2w  (11?2,  -24) 

-  (HOra  -  272)  b  +  44? 


198* 
-s     —\    -  j>     — 
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and  (observing  that  the  Table  of  Singularities  in  my  Memoir  on  Cubic  Surfaces  was 
obtained  without  the  aid  of  the  formula  now  in  question)  I  endeavour  by  means  of  the 
results  therein  contained  to  find  the  values  of  the  unknown  coefficients  A,  0,  #,  X,  ft,  v, 
A',  0',  of,  V,  /,  if. 

60.  For  a   cubic  surface   ^  =  3,  and   for  a   cubic   surface  without  singular  lines  (in 
fact  for  all  the  cases  except  the  cubic  scrolls  XXII  and  XXIII),  the  formula  is 

P  =  54  -  AC  -  gB  -  \'j'  -  p'tf  -  v'ff  -  h'ff  -  tfff ; 

and  applying  this  to  the  several  cases  of  cubic  surfaces  as  grouped  together  in  the 
Table,  and  referred  to  by  the  affixed  roman  numbers,  the  resulting  equations  are 

54  =  54,  (I) 

30  =  54  -    A,  (II) 

18  =  54-   0-16z/,  (III) 

•       13  =  54-2A-X',  (IV) 

6  =  54-    A-0-//-8*/,  (VI) 

3  =  54  -  3A  -  3V,  (VIII) 

0  =  54  -  20  -  16z/  -  0',  (IX) 

1  =  54  -  2A  -  0  -  V  -  2//,  (XIII) 
0  =  54-4A-6V,  (XVI) 
0  =  54-   A-20-2^-0',  (XVII) 
0  =  54-30-30',  (XXI) 

which  are  all  satisfied  if  only 

A  =24, 

0  +      0'=18, 
X'  =  -7. 

61.  If  we   apply  to  the   same   surfaces   the   reciprocal   equation  for   /8,   or,  what   is 
the   same    thing,   apply  the    original    equation   to    the    reciprocal    surfaces,  as  given  by 
interchanging    the    upper   and    lower    halves    of   the    Table    of    Singularities,    we   have 
another  series  of  equations,  viz.  this  is 

0  =  54432  -  54432,  (I) 

0  =  27851-27846-   A',                                A'  =         5,  (II) 

0  =  18180-18318-   0'-16i/,                      0'  +  16i/  =-138,  (III) 

0  =  11765- 11756 -2A7-X,  2h'  +  \  =         9,  (IV) 

0=    6917-    6584-   A/-0/-A&-8i/,          A'+^  +  ^  +  S^  =        45,  (VI) 

0=    3534-    3522-3A'-3X,  3A'+3\  «        12,  (VIII) 

0  =    3024  -    3144  -  20'  -  l&v  -  0,  20/  +  16z>  +  0  =  - 120,  (IX) 

0=    1433-    1386-2A'-0/-X-2/^,  2A'  +  0/  +  X+2/t  =       47,  (XIII) 

0=      518-      504-4A'-6X,               .  4A'  +  6X  =       14,  (XVI) 

0  =      383  —     322  —   A7  —  20'  —  0  —  2/i,         A'  +  20/  -h  0  -f  2/Lt  =        61,  (XVII) 

0=       54               -30-30',  30+30'  =       54,  (XXI) 
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all  satisfied  if  only 

V  =          5, 

</  +  16z/  =  -138, 
flf  +  2/i    =       38, 

9  +ff'    =       18, 
X  =-      1. 

62.     I  remark  however  that  the  cubic  scroll  XXII  or  XXIII  gives 


that  is,  X-hV  =  -2,  instead  of  X  +  \/  =  -8.  The  investigation  is  in  fact  really  in- 
applicable to  a  scroll,  for  every  point  of  a  scroll  has  the  property  of  a  flecnode; 
whence  if  U=0  be  the  equation  of  the  scroll,  that  of  the  flecnodal  surface  is 
M  .  Z7  =  0,  containing  U  as  a  factor,  and  there  is  not  any  definite  curve  of  inter- 
section constituting  the  flecnodal  curve;  but  I  am  nevertheless  surprised  at  the 
numerical  contradiction. 

63.     Combining  the  two  sets  of  results,  we  find 
h  =24, 
9  =  &> 

X  =  OC, 

X.  --  1, 

/.  -10  +  fr, 


9'=™  -9, 
af=af, 
X'  --  7, 


and  the  formula  thus  is 


_  24<7+j-  10^+^0  -  5(7- 

-  sd  -  off  +  leg  (-  165  -  8x  -  &  +  16B'  -  8X'  - 
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where  x,  of,  g  are  constants  which  remain  to  be  determined.  The  cubic  surfaces  fail 
to  determine  them,  for  the  reason  that  in  all  of  them  we  have  i  =  0,  i'  =  0  ;  and 
16jB  +  8%+  0  =  162?  4-  S^'-f  0':  this  last  is  a  very  remarkable  relation,  for  the  existence 
of  which  I  do  not  perceive  any  a  priori  reason. 

Substituting  herein   for  q,  r  their   values   from    No.    11,  this   may  be   written  in  the 
form 

/3'  =      2n  (n  -  2)  (lln  -  24)  +  6  (-  QQn  4-  184)  +  c  (-  ^n  +  240) 


a/  i'  +  ty"  -  6%'  -  £0'  -  5(7  -  ISR 


-h  ritf  (-  163  -  8%  - 

64.  We   have  of  course  by  interchanging  the  unaccented   and   accented   letters,  the 
reciprocal  equation  giving  the  value  of  ft. 

Article  Nos.  65  to  68.     Recapitulation. 

65.  In  recapitulation,  I  say  that  we  have  between  the  42  quantities 

n,  a,  8,  K  ;   b,  k,  t,  q,  p,j  ]   c,  h,  r,  <r  ,  0,  %  ;  £,7,^;   B,  C} 
n'3  a!,  V,  *';   V,  tf,  t,  ^  p',j'',    c',  K,  r>>  <r',  ff,  %';   ft,  <y',  i'  ;   &,  C', 
in  all  25  equations,  viz.  these  are 
a  =    a', 


K'  =  3n  (n  -  2)  -  66  -  8c, 

8'  =  \n(n-  2)(n2-  9)  -  (n*  -  n-  6)  (26  4-  3c)  +  26  (6  - 

a  (n  -  2)  =    A:  -   5  +   p  +  2a-y 

6(»-2)=   ^  +  2)8  +  87  +  8*. 

c  (w  -  2)  =  2cr  +  4/9  4-    7  +  0, 


6  (n  -  2)  (TI  -  3)  =  4&  +     (06  -  Zp  -  j)  +  3  (be  -  3/9  -  27  -  i), 

c  (n  -  2)  (TI  -  3)  =  6A  +     (ac  -  So-  -  %)  +  2  (6c  -  3y3  -  27  -  i), 

?  =  b*  -  b  -  2k  -  87  -  6^, 


a  vi.  45 
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&'(n'_2)  =    p'  +  SP  +  Sv'  +  W, 


a'  (n'  -  2)  (*'  -  3)  =  2  (S'  -  (7)  +  3  (aV  -  3<r'  -  %')  Hh  2  (a'6'  -  2p'  -  /), 

&'  („'  _  2)  (W'  -  3)  =  4tf  +     (a'&'  -  V  -  /)  +  3  (6V  -  3/3'  -  27'  -  i'\ 

c'  (nf  -  2)  <W  -  3)  =  6A'  +     (aV  -  8</  -  %x)  +  2  (6V  -  3^  -  27'  -  i'), 


together  with  the  equations  for  /3  and  £'. 

66.  The  symbols  signify  as  follows;   viz. 

n,  order  of  the  surface. 

a,  order  of  the  tangent  cone  drawn  from  any  point  to  the  surface. 
S,  number  of  nodal  edges  of  the  cone. 
K,  number  of  its  cuspidal  edges. 
b  ,  order  of  nodal  curve. 
A,  number  of  its  apparent  double  points. 
t  ,  number  of  its  triple  points. 
q  ,  its  class. 

p,  number  of  points  where  nodal  curve  is  met  by  curve  of  contact  of  tangent  cone. 
j  ,  number  of  pinch-points. 
c,  order  of  cuspidal  curve. 
A,  number  of  its  apparent  double  points. 
r,  its  class. 

cr,  number  of  points  where  cuspidal  curve  is  met  by  curve  of  contact  of  tangent  cone. 
9,  number  of  off-points. 
X,  number  of  close-points. 
j8,  number    of    intersections    of    nodal    and    cuspidal    curves,    stationary    points    on 

cuspidal  curve. 

<y,  number  of  intersections,  stationary  points  on  nodal  curve. 
i  >  number  of  intersections,  not  stationary  on  either  curve. 
5,  number  of  binodes  of  surface. 
(7,  number  of  cnicnodes. 

67.  And  the  accented  letters  have  the  like  significations  in  regard  to  the  reciprocal 
surface  ;  or,  referring  them  to  the  original  surface,  we  have 

n',  class  of  the  surface. 

of,  class  of  curve  of  intersection  by  any  plane. 

y,  number  of  double  tangents  of  curve  of  intersection. 
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K,  number  of  its  inflexions. 

V,  class  of  node-couple  torse. 

k',  number  of  its  apparent  double  planes. 

£',  number  of  its  triple  planes. 

q,  its  order. 

p',  order  of  node-couple  curve. 

j',  number  of  pinch-planes. 

c' ',  class  of  spinode  torse. 

h'9  number  of  its  apparent  double  planes. 

r',  its  order. 

<r',  order  of  spinode  curve. 

0',  number  of  off- planes. 

%',  number  of  close-planes. 

/3'9  number  of  common  planes   of  node-couple  and  spinode  torses,  stationary  planes 
of  the  spinode  torse. 

7',  number  of  common  planes,  stationary  planes  of  node-couple  torse. 
i  ,  number  of  common  planes,  not  stationary  planes  of  either  torse. 
Bf,  number  of  bitropes  of  surface. 
C'9  number  of  its  cnictropes. 

68.  It  is  hardly  necessary  to  recall  that  a  spinode  plane  is  a  tangent  plane 
meeting  the  surface  in  a  curve  having  at  the  point  of  contact  a  spinode  or  cusp  ;  the 
envelope  of  the  spinode  planes  is  the  spinode  torse,  and  tjie  locus  of  their  points  of 
contact  the  spinode  curve.  And  similarly  a  node-couple  plane  is  a  double  tangent 
plane,  or  plane  meeting  the  surface  in  a  curve  having  two  nodes ;  the  envelope  of 
the  planes  is  the  node-couple  torse,  and  the  locus  of  the  points  of  contact  the  node- 
couple  curve;  the  other  terms  made  use  of  are  all  explained  in  the  present  Memoir. 


ADDITION,  August  3,  1869. 

As  in  the  theory  of  Curves,  so  in  that  of  Surfaces,  there  are  certain  functions  of 
the  order,  class,  &c.  and  singularities  which  have  the  same  values  in  the  original  and 
the  reciprocal  figures  respectively;  for  convenience  I  represent  any  such  identity  by 
means  of  the  symbol  2,  viz.  <f*(n,  a,  b,  .,.)=2  denotes  that  the  function  <p(n,  a,  &,...) 
is  equal  to  the  same  function  (t>(n'>  &',  &',.••)  of  the  accented  letters.  By  what  precedes 
we  have  a  =  2 ;  and  it  is  moreover  clear  that  any  function,  of  the  unaccented  letters 
which  is  =  0,  or  which  is  equal  to  a  symmetrical  function  of  any  of  the  accented  and 
unaccented  letters,  or  to  a  function  of  a,  is  =  2 ;  for  instance,  from  the  equations  of 
No.  5  we  have  3a'  —  «'  —  3n  —  c,  and  thence  3n  —  o  —  #  =  3a'  —  A;  —  #',  that  is,  3n  —  c—  #=2  ; 

45—2 
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and  from  one  of  the  equations  of  No.  11  we  have  w  —  20—  4B  +  ic  —  <r  —  2j-3%=?i+ft/-a,  =  2  ; 
we  have  thus  the  system  of  eight  equations, 

a  »2, 

3n  —  c  —  K  =  2, 

a  (TI—  2)-    /e+    £-    p-2<r  =  2, 

j(w_2)-    /c»-2/3-37-3*  =2, 

c(7i-2)-2<r-4£-    7-    0  =  2, 
w    +  *  -    0-_20-4£-2j-3%  =  2, 

2?  -  2^  +    /S  +  3i  -f  j  =  S, 

3r+    c    -  5<r-    £  —  40+2i  +  %  =  2; 

or  if  from  these  we  eliminate  tc,  p,  <r,  then  the  system  of  five  equations, 

a  =  2, 

OT(c-8)-4£-7-0+4C  +  &B  +  6a;  +  47  =  2, 

(a  -  6)  (n  -  2)  -  lln  +  3c  +  4(7  +  95  +  2y8  +  87  +  3£  +  6^  +  4?  »  2, 
3r-  20?7.+  6c  -  ft  +  2*  +  100+205  +  16^  +  lOj  -45  =2, 

=2. 


By  means  of  a  theorem  of  Dr  Clebsch's  I  was  led  to  the  following  expression  for 
the  "  deficiency  "  of  a  surface  of  the  order  n  having  the  singularities  considered  in  the 
foregoing  Memoir: 

Deficiency  =  $  (n  -  1)  (n  -  2)  (n  -  3)  -  (n  -  3)  (b  +  c)  +  £  (q  H-  r)  +  2£  +  J£  +  fy  +  i  -  Jft 
This  should  he  equal  to  the  deficiency  of  the  reciprocal  surface,  viz.  we  must  have 

2  (n  -  1)  (n  -  2)  (n  -  3)  -  12  (n  -  3)  (6  +  c)  +  6?  +  6r  +  24*  +  42/3  +  30<y  +  12t  -  §5  =  2  ; 
but  from  a  combination  of  the  last-mentioned  five  equations  we  have 
2  4-  4*n  +  (12n  -  36)  6  4-  (12n-  -  48)  c  -  6#  -  6r  -  24« 


and  adding  to  the  last  preceding  equation  we  have 


Substituting  for  2  its  value  in  terms  of  the  accented  letters,  we  obtain  for  f¥  the  value 

ff  =  ft  +  26^  -  12c 

We  have 

c7  = 
and  thence 


12c'  -  26?/  =  -  36a  +  12*  +  10nx  ; 
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writing  herein 

ri  =  a  +  K  -  or  -  2(7  -  45  -  2j  -  3%  -  cr, 
the  value  is 

=  -  26a  +  22*  -  20(7  -  405  -  20j  -  30%  -  10<r. 

Substituting  for  K  its  value  ==  a  (n  —  2)  +  B  —  p  —  2o-,  we  have 

12c'  -  2671'  =  a{22ra  -  70)  -  20(7  -  185  -  20j  -  30%  -  22/0  -  44<7  ; 
or  substituting  for  a,  p,  <r  their  values,  this  is 

=  {n  (n  -  1)  -  26  -  Be}  (22n  -  70)  -  20(7  -  185  -  20j  -  30% 


-  27c  (n  -  2)  +  108/3  +  27y          +  270, 
and  adding  hereto  the  remaining  terms, 

i  -  12c  +  f  +  7j'  +  8%'  -  %&  +  4(7' 


we  have 

/3'  =  2^  (n  -  2)  (lln  -  24)  +  b  (-  66/1  +  184)  +  c  (-  93w  +  252)  +  153/3  +  937  +  66* 


-f  _27ji   -38%  +*f.0  -24(7  -285. 
Comparing   this   with    the   value  of  /S7,  No.    63  of  the    foregoing   Memoir,  we   should 


have 


-(a?  +86)i  +  6;+¥x-2tf  +285 

+  ^  (-  165  -  8%  -  0 
or,  what  is  the  same  thing, 

0  =  IBcn  -  48c  -  48£  - 
if  for  shortness 

*  =  -  (^  +      4)  i'          -  56^x  -  7^'  -  360'  -  1125' 

_  (4#  +  344)  i  +  24j  +  70%  -  80  +  1125 


I    do    not    attempt    to    verify  this    equation,  but    I    will    partially   verify  a    result 
deducible  from  it  ;  viz.  if  <f>'  is  the  like  function  of  the  accented  letters,  then  we  have 

^-s^n-ir, 

where 

H  =  (4af  -  4»  -  340)  i  +  24j  +  126%  +  2245  +  36(7  -  0 
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and  II'  is  the  like  function  of  the  accented  letters.    And  this  being  so,  we  should  have 

IScn  -  48c  -  485  -  137  +  U  =  13cV  -  48c'  -  48£'  -  187  +  IT, 
or,  as  this  may  be  written, 

-48c-  48/3  -  13y  +  II  =  2. 


We  have 

and  multiplying  by  —4  and  adding,  the  equation  to  be  verified  is 


But  we  have  from  the  Memoir 

-  18n(o  -  8)  +  13  (4£  +  7)         -  52j-  78X+  13<9-  52(7-  1045=  2, 

which  reduces  the  equation  to 


or  substituting  for  II  its  value,  this  is 

(4#x  -  40  -  336)  i  +  80X  +  10(9  +  160B  -  2X  (165  +  8%  +  6) 

that  is 


an  equation  which  is  satisfied  if 

if  =  i,    #'  =  x, 
and 

5r  =  20,  or  else  165  -f  8^;  +  9  =  165'  +  8%  +  &. 
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A    MEMOIR    ON    CUBIC    SURFACES. 

[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CLIX.  (for  the 
year  1869),  pp.  231—326.     Received  November  12,  1868,— Read  January  14,  1869.] 

THE  present  Memoir  is  based  upon,  and  is  in  a  measure  supplementary  to  that 
by  Professor  Schlafli,  "  On  the  Distribution  of  Surfaces  of  the  Third  Order  into  Species, 
in  reference  to  the  presence  or  absence  of  Singular  Points,  and  the  reality  of  their 
Lines,"  Phil  Trans,  vol.  CLIH.  (1863),  pp.  193—241.  But  the  object  of  the  Memoir  is 
different.  I  disregard  altogether  the  ultimate  division  depending  on  the  reality  of  the 
lines,  attending  only  to  the  division  into  (twenty-two,  or  as  I  prefer  to  reckon  it) 
twenty-three  cases  depending  on  the  nature  of  the  singularities.  And  I  attend  to  the 
question  very  much  on  account  of  the  light  to  be  obtained  in  reference  to  the  theory 
of  Reciprocal  Surfaces.  The  memoir  referred  to  furnishes  in  fact  a  store  of  materials 
for  this  purpose,  inasmuch  as  it  gives  (partially  or  completely  developed)  the  equations 
in  plane-coordinates  of  the  several  cases  of  cubic  surfaces,  or,  what  is  the  same  thing, 
the  equations  in  point-coordinates  of  the  several  surfaces  (orders  12  to  3)  reciprocal 
to  these  respectively.  I  found  by  examination  of  the  several  cases,  that  an  extension 
was  required  of  Dr  Salmon's  theory  of  Reciprocal  Surfaces  in  order  to  make  it 
applicable  to  the  present  subject ;  and  the  preceding  "  Memoir  on  the  Theory  of 
Reciprocal  Surfaces,"  [411],  was  written  in  connexion  with  these  investigations  on  Cubic 
Surfaces.  The  latter  part  of  the  Memoir  is  divided  into  sections  headed  thus : — 
"  Section  I  =  12,  equation  (X,  Yt  Z,  F)s  =  0 "  &c.  referring  to  the  several  cases  of  the 
cubic  surface ;  but  the  paragraphs  are  numbered  continuously  throughout  the  Memoir. 

Article  Nos.  1  to  13.     The  twenty-three  Gases  of  Cubic  Surfaces — Explanations  and  Table 

of  Singularities. 

1.  I  designate  as  follows  the  twenty-three  cases  of  cubic  surfaces,  adding  to  each 
of  them  its  equation: 

I  =12,  (X,  Y,  Z,  F)'  =  0, 

II  =  12  -  C2,  TF(o,  6,  c,  /,  g>  h%X,  7,  Zf  +  ZkXYZ  =  0, 
'     III  =12-53, 
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IV  =  12  -  2C2,  WXZ  +  F2  (y£  +  S  F)  +  (a,  6,  c,  d£X,  F)3  =  0, 

Y  =12  — .#4,  WXZ  +  (X  +  Z)(Y2  —  aX*  —  bZz)  =  Q, 

VI  =12-53- ft,  WXZ+Y*Z  +  (a,  6,  c,  d$-3T,  F)3  =  0, 

VII  =  12-J?.,  WXZ  + 

VIII  =12-3C25 

IX  =  12-253,  WXZ+(a,  6,  c,  d$Jf,  F)3  =  0, 

X  =  1 2  -  jB4  -  ft ,  F3^  +  (Z  +  £)(  F2  -  X2)  =  0, 

XI  =  12-J?e, 

XII  =  12  -  Us, 

Xin    =  12-£,-2ft,        TO^+F2(X+FHh£)  =  < 
XIV     =12-55-ft,         WXZ+Y*Z+7X*  =  Q, 

XVI  =12 -4ft,  W(XY+XZ+YZ)- 

XVII  =  12-258-ft, 

XVIII  =  12  -jB4-  2ft, 

XIX  =12 -5, -ft,         TPZZ+: 

XX  =  12  -  J7S,  TFZ9  -I-XZ2  +  F8  =  0, 

XXI  =  12  -  3£3, 

XXII  =   3,  S(l,_l), 

2.  Where   ft  denotes  a  conic-node  diminishing  the   class   by   2;  jB3,  jB4,  £5,   56  a 
biplanar   node    diminishing    (as    the    case    may   be)    the   class    by   3,    4,    5,   or   6 ;     and 
Z7e,  J77,  Z78  a  uniplanar  node   diminishing  (as  the   case  may  be)  the  class  by  6,  7,  or  8. 
The    affixed  explanation,   which   I    shall    usually   retain    in    connexion    with    the    Roman 
number,  shows  therefore  in  each  case  what  the  class  is,  and  also  the  singularities  which 
cause  the  reduction:  thus   XIII  =  12  —  jB3  —  2<72  indicates   that  there  is  a  biplanar  node, 
£3,  diminishing  the    class  by  3,   and    two    conic-nodes,   ft,   each    diminishing    the   class 
by  2 ;  and  thus  that  the  class  is  12  —  3  —  2 .  2,  =  5.     As   regards  the  cases  XXII  and 
XXIII,  these  are  surfaces  having  a  nodal  right   line,  and  are  consequently  scrolls,  each 
of   the    class   3,  viz.   XXII  is   the  scroll   S(l,  1)    haviog  a   simple    directrix    right   line 
distinct  from  the   nodal  line,  and  XXIII  is  the  scroll  $(1,  1)  having  a  simple  directrix 
right   line    coincident   with    the    nodal    line:    see    as    to    this    my   "Second    Memoir    on 
Skew  Surfaces,  otherwise  Scrolls,"  Phil.  Trans,  vol.  CLIV.  (1864),  pp.  559—577,  [340]. 

3.  The  nature  of  the  points  ft,  -B3,  J?4,  B5,  B6,  Z7fl,   Z77>  U6  requires  to  be  explained. 

C  (=  ft)  is  a  conic-node,  where,  instead  of  the  tangent  plane,  we  have  a  proper 
quadric  cone. 

J5(=JB8,  54,  B5  or  £6)  is  a  biplanar-node,  where  the  quadric  cone  becomes  a  plane- 
pair  (two  distinct  planes):  the  two  planes  are  called  the  biplanes,  and  their  line  of 
intersection  is  the  edge: 

In  jBs,  the  edge  is  not  a  line  on  the  surface — in  the  other  cases  it  is;  this 
implies  that  the  surface  is  touched  along  the  edge  by  a  plane,  viz.  in  J84,  Bs  the 
edge  is  torsal,  in  56  it  is  oscular : 
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In  J54,  the  tangent  plane  is  distinct  from  each  of  the  biplanes : 

In   B5,   the   tangent   plane   coincides   with   one   of   the   biplanes;    we   have   thus    an 
ordinary  biplane,  and  a  torsal  biplane: 

In  BS,  the   tangent   plane   coinciding  with  one  of  the  biplanes  becomes  oscular;   we 
have  thus  an  ordinary  biplane,  and  an  oscular  biplane. 

Z7(=  UQ,   TI7  or  UB)  is  a  uniplanar-node,  where  the  quadric  cone  becomes  a  coincident 

plane-pair;    say,  the  plane  is  the   uniplane.     It   is   to   be   observed  that  there   is   not  in 

this  case  any   edge.  The  uniplane  meets  the  cubic  surface  in  three  lines,  or  say  fc  rays," 

passing  through  the  uniplanar-node,  viz. 

In   CT6,  the  rays  are  three  distinct  lines  : 
In   U7>  two  of  them  coincide : 
In   CTg,  they  all  three  coincide. 

4.  To  connect  these   singular   points   with   the  theory   of  the   preceding   Memoir,  it 
is   to   be   observed   that   they   are    respectively   equivalent   to   a   certain    number    of    the 
cnicnodes  (7(=  <72)  and  binodes  B  (=  Bs),  viz.  we  have 

G2   =     C, 

£3  =  B, 

B,  =  20, 

B,  =     C  +    B, 

=  sa, 

=  30, 
CT7=  2(7+   B, 
U6  -    0  +  2B. 

5.  I  take  the  opportunity  of  remarking  that  although  the  expressions  cnicnode  and 
binode   properly  refer   to   the   simple  singularities  C  and  B3  yet  as  <72  =  0,  <72  is  properly 
spoken   of  as   a   cnicnode,  and   we   may   (using   the  term   binode   as  an  abbreviation  for 
biplanar-node)   speak   of  any   of  the  singularities  B3)  J34,  Bs,  B6  as   a  binode.     Thus  the 
surface  X  =  12  —  J?4  — <72  has   a  binode  J34  and  a  cnicnode  <72;  although  theoretically  the 
binode  B4  is   equivalent   to  two   cnicnodes,  and  the  surface   belongs   to    those  with  three 
cnicnodes,   or   for   which    (7=3.     I   use   also  the   expression   unode   for  shortness,   instead 
of  uniplanar-node,  to  denote  any  of  the  singularities  U6)  U7>   U8. 

6.  The   foregoing    equations    (substantially    the    same    as    Schlafli's)    are    Canonical 
forms;   the   reduction   of  the   equation   of  any  case  of  surface  to  the  above  form  is  not 
always   obvious.     It  would  appear  that   each  equation  is  from  its  simplicity  in  the  form 
best  adapted  to  the  separate  discussion   of  the  surface  to  which  it  belongs;  there  is  the 
disadvantage   that   the  equations  do  not  always  (when  from  the  geometrical   connexion  of 
the   surfaces   they  ought  to   do  so)  lead  the  one  to  the  other;  for  instance,  V  =  12  -  B4 
includes  VII  =  12  -  £5,  but  we  cannot  from  the  equation  WXZ+  (X  +  Z)(Y*-  aX2 -  bZ*)  «  0 
of  the  former  pass  to  the  equation  WXZ+  Y*Z+  YX2-XS=*  0  of  the  latter.     This  would 
be    a    serious    imperfection    if    the    object   were    to    form    a    theory   of   the    quaternary 
function   (X,  Y,  Z>  TF)8;    but  the   equations  are  in   the  present  Memoir  used    only  as 
means  to  an   end,  the   establishment  of  the  geometrical  theory  of  the  surfaces  to  which 
they  respectively  belong,  and  the  imperfection  is  not  material. 
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7.  I  have  used  the  capital   letters  (X,  Y,  Z,   W)  in  place  of  Schlafli's  (#,  y,  z,  w), 
reserving  these   in   place   of  his  (p,  q,  r,  s)  for  plane-coordinates   of  the   cubic   surfaces, 
or  (what   is   the   same   thing)   point-coordinates   of    the   reciprocal   surfaces;    but   I   have 
in  several   cases  interchanged   the   coordinates    (X,    7,   Z,    W)   so   that   they   do    not   in 
this   order  correspond  to   Schlafli's   (#,  y,  z9  w):   this   has   been   done   so   as   to   obtain   a 
.greater  uniformity  in  the  representation  of  the  surfaces.     To  explain  this,  let  A,  B,  G,  D 
be  the  vertices  of  the  tetrahedron  formed  by  the  coordinate  planes  A  =  YZW,  B  =  ZWX, 
G=WXY,   D  —  XYZ\    the    coordinate    planes    have    been    chosen    so    that    determinate 
vertices  of  the  tetrahedron  shall  correspond  to  determinate  singularities  of  the  surface. 

8.  Consider    first    the    surfaces   which   have   no    nodes  B  or    27.      It   is   clear    that 
the   nodes    <72  might    have    been    taken  at    any   vertices   whatever    of    the    tetrahedron; 
they  are  taken  thus:  there   is  always  a   node  <72  at  D\   when  there  is  a  second  node  CQ, 
this  is  at  G,  the  third  one  is  at  A,  and  fche  fourth  at  B. 

9.  Consider    next   the  surfaces   which   have    a    binode   53,   J34,   B5t   or  BQ\    this   is 
taken   to  be  at  D,   and  the   biplanes   to   be   JT  =  0,  Z=Q(1)   (the   edge   being   therefore 
DB),  viz.   in   B5  or    J?6,   where    the    distinction    arises,   -3T  =  0   is    the    ordinary  biplane, 
Z=Q  the  torsal   or  (as  the  case  may  be)  oscular   biplane.     If  there   is   a  second  node, 
this   of   necessity  lies   in  an  ordinary   biplane ;   it   may  be   and  is   taken   to   be   in    the 
biplane  X  =  Q,   at   G.      I  suppose   for    a  moment    that   this    is  a  node    (72.     It    is   only 
when  the  binode  is  58   or  J?4  that   there   can  be   a  third  node,  for  it  is   only  in  these 
cases   that   there    is   a  second   ordinary  biplane   Z=Q]    but   in    these  cases  respectively 
the  third  node,  a  (72,  niay  be  and  is  taken  to  be  in  the  biplane  Z  =  0,  at  A. 

10.  The   only   case   of  two   binodes  is  when   each   is   a  B3.      Here   the  first   is   as 
above    at    D,   its    biplanes   being    JST=0,  Z=Q;    and   the    second    is    as    above    in    the 
biplane   JC  =  0,  at   G\    the  biplanes   thereof   are   then   JSf  =  0   (which   is   thus   a   biplane 
common  to   the  two  binodes,  or   say  a  common  biplane),  and   a  remaining  biplane  which 
may  be  and  is  taken    to  be    TF  =  0.      If    there    is  a    third    node,   this   may  be   either 
<7S  or  jBg,  but  it  will  in  either   case  lie  in   the   biplane   Z  =  0   of  the  first  binode,  and 
also  in  the  biplane  TF=0   of  the   second  binode,  that   is,  in   the  line   B. A ;   and  it  may 
be  and  is  taken   to  be    at  A ;   if   a  binode,   then   its   biplanes   are   of  necessity  Z  =  0, 
TF  =  0;  and  the  plane  F=0  will  be  the  plane  through  the  three  binodes  D,  C,  A. 

11.  If   there    is   a  unode,   then  this   may  be    and  is    taken  to   be   at   D,   and   its 
uniplane   may   be    taken    to  be   -5T  =  0;    in  the    surface   XII  =  12—  UQ  the    uniplane    is, 
however,  taken  to    be  X+Y+Z=Q.      There    is    never,    besides    the    unode,   any   other 
node. 

12.  The  result    is  that  the    nodes,  in    the    order    of   their    speciality,   are    in    the 
-equations    taken    to    be    at   JDj    C,   A,   B    respectively;    and    that    (except   in    the   case 
HI  =  12-_BS)  the   biplanes   of  the  first  binode  are   X  =  Q,  Z  =  Q  (for   a  binode  B5  or  B6> 
X=0  being  the  ordinary  biplane,  Z=0  the  special  biplane),  those   of  the  second  binode 
JT=0,    F"=0,   those   of    the  third  binode   ^=0,    TF=0,   and  that    (except  in   the    case 
XII  =  12—  CTg)  the  uniplane  is  X  =  0.     For  example,  in  the  surface  XVII  =  12-2.B8-<72, 
as  represented  by  its   equation    WXZ+  YZZ+X*  =  Q,  we   have   a   B3  at  D,  the  biplanes 
being  JT  =  0,  Z  =  Q,  a  BB  at   <7,  the  biplanes   being  X=*Q,  W=Q   (therefore   X  =  0   the 
common  biplane),  and  a  03  at  A. 

1  In  the  case,  however,  of  a  single  Bst  IH=12  -  #3,  the  biplanes  are  taken  to  be  Z+  Y+Z=0,  lX+mY+nZ=0. 
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13.  It  will  be  convenient  (anticipating  the  results  of  the  investigations  contained 
in  the  present  Memoir)  to  give  at  once  the  following  Table  of  Singularities;  the 
several  symbols  have  of  course  the  significations  explained  in  the  former  Memoir. 
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Article  Nos.  14  to  19.    Explanation   in  regard  to  the  Determination   of  the  Number   of 

certain  Singularities. 

14.  In  the  several  cases  I  fco  XXI,  we  have  a  cubic  surface  (ft  =  3),  with  singular 
points  G  and  B  but  without  singular  lines.  The  section  by  an  arbitrary  plane  is  thus 
a  curve,  order  72,  =  3,  that  is,  a  cubic  curve,  without  nodes  or  cusps,  and  therefore  of 
the  class  a'  =  6,  having  S'=0  double  tangents  and  K  =  9  inflexions.  The  tangent  cone 
with  an  arbitrary  point  as  vertex  is  a  cone  of  the  order  a  =  6,  having  in  the  case 
I  =  12,  8  =  0  nodal  lines  and  K  =  6  cuspidal  lines,  but  with  (in  the  several  other  cases) 
Q  nodal  lines  and  B  cuspidal  lines  (or  rather  singular  lines  tantamount  to  G  double 
lines  and  B  cuspidal  lines):  the  class  of  the  cone,  or  order  of  the  reciprocal  surface, 
is  thus  n*  —  6  .  5  — 


15.  In  the  general   case   1-12,  there  are   on  the  cubic  surface   27   lines,  lying  by 
3's    in    45    planes;    these    27    lines    constitute    the    node-couple    curve    of    the    order 
p'  =  27,  and  the  node-couple  torse   consists  of  the  pencils   of  planes  through  these  lines 
respectively,  being    thus    of   the    class    p' =*V  =  27;    the    45    planes    are   triple    tangent 
planes  of  the  node-couple   torse,  which  has  thus  t'  =  45   triple  tangent  planes.     But  in 
ihe  other  cases  it   is   only  certain   of  the   27   lines,  say  the   "facultative  lines"  (as   will 
be  explained),   which  constitute  the  node-couple  curve   of  the  order  p:  the  pencils   of 
planes  through  these  lines   constitute   the  node-couple   torse   of  the   class   &'  =  />';  the   tr 
planes,  each  containing   three    facultative  lines,  are    the    triple    tangent  planes  of   the 
node-couple    torse.     Or    if   (as    is    somewhat    more    convenient)  we    refer    the    numbers 
b\    tf    to    the    reciprocal    surface,  then    the    lines,  reciprocals    of   the    facultative    lines, 
constitute   the  nodal   curve   of   the  order   U ;    and  the  points   if,   each  containing  three 
of  these   lines,  are   the  triple  points   of  the  nodal   curve.     Inasmuch  as   the  nodal  curve 
consists   of  right   lines,  the  number  k'   of   its   apparent   double  points  is  given  by   the 
formula   2&'  =  6'2  -  V  -  6t' ;    and    comparing   with   the    formula   <?'  =  6/2-6x—  2k'—  3y'  -  6t', 
we  have  q'  +  By  =  0,  that  is,  qf  =  0  (q   the  class  of  the  nodal  curve),  and  also  y'  =  0. 

16.  In  the  general   case   I  =  12,  the  spinode   curve  is   the   complete   intersection  of 
the   cubic   surface   by  the  Hessian   surface  of  the   order   4,  and   it   is  thus  of  the   order 
</  =  12 ;   but  in  the   other   cases   the   complete  intersection  consists  of  the  spinode  curve 
together  with    certain    right   lines   not  belonging  to  the   curve,   and   the  spinode   curve 
is    of   an    order  </  less    than    12 :    this    will  be    further    explained,   and    the    reduction 
accounted  for  (see  post,  Nos.  24  et  seq.}. 

17.  Again,  in  the  general   case   I  =  12,  each   of  the   27   lines  is  a  double  tangent 
of  the  spinode   curve,  and  the   tangent  planes   of  the   surface   at   the   points  of  contact 
are  common  tangent  planes  of  the  spinode  torse   and   the  node-couple  torse,  stationary 
planes  of   the  spinode  torse ;    or  we   have  /3'  =  2p'  =  54.     In  the   other  cases,  however, 
instead  of  the   27   lines  we  must   take   only  the   facultative  lines,  each   of  which   is   or 
is  not  a   double  or  a   single    tangent    of   the   spinode   curve ;    and   the   tangent   planes 
of   the  surface   at   the    points   of   contact   are   the    common    tangent  planes   as   above — 
that  is,  the  number  of  contacts  gives  /3'  not  in  general  =  2/>'. 
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18.  There   are  not,  except  as   above,  any  common  tangent  planes   of  the  two  torses, 
that   is,   not   only    7'  =  0   as    already   mentioned,  but    also  i'  =  0.      I   do    not    at    present 
account    &  priori    for  the    values    6'  =  16,    8,   and   16,   which  present   themselves  in   the 
Table.     The   cubic    surface  cannot   have   a   plane  of  conic  contact,  and  we  have  thus  in 
every  case  G'  =  0 ;   but  the  value  of  Bf  is  not  in  every  case  =  0. 

19.  In    what    precedes    we    see    how   a    discussion    of    the   equation    of    the   cubic 
surface  should  in  the  several  cases  respectively  lead  to  the  values  &',  H,  p',  </,  /3',  /,  %',  B', 
and   how   in   the   reciprocal  surface  the  nodal  curve   of  the  order  V  is   known  by  means 
of    the   facultative   lines   of    the    original    cubic    surface.      The    cuspidal    curve   c'  might 
also   be    obtained   as   the  reciprocal  of  the   spinode-torse ;  but   this  would  in   general  be 
a  laborious   process,   and    it    is    the    less    necessary,  inasmuch    as    the    equation    of   the 
reciprocal    surface    is    in    each    case     obtained    in    a    form    putting    in    evidence    the 
cuspidal  curve. 

Article   Nos.   20    to  23.     The  Lines  and  Planes  of  a  Cubic  S^^,rface;  Facultative  Lines; 

Explanation  of  Diagrams. 

20.  In   the   general   surface   1=12,  we   have   27  lines  and  45  triple-tangent  planes, 
or   say  simply,  planes:   through  each   line  pass   5  planes,  in   each  plane  lie   3  lines.     For 
the   surfaces   II   to    XXI    (the   present    considerations    do   not    of   course    apply  to    the 
Scrolls)   several    of    the    lines    come    to    coincide  with    each    other,   and   several   of    the 
planes  also  come   to   coincide  with   each   other;  but  the  number  of  the   lines  is  always 
reckoned   as   27,   and   that  of    the  planes   as    45.     If    we    attend    to  the    distinct   lines 
and   the   distinct  planes,  each   line   has  a  multiplicity,   and  the   sum  of  these  is  =  27 ; 
and   so  each  plane  has  a  multiplicity,  and   the  sum  of  these  is  =45.    Again,  attending 
to  a  particular  line   in   a  particular  plane,  the  line  has  a  frequency  1,  2,  or  3,  that  is, 
it   represents    1,    2,   or   3   of  the  3   lines   in  the   plane   (this  is   in    fact    the   distinction 
of  a   scrolar,  torsal,  or  oscular  line);   and  similarly,  the  plane  has   a  frequency  1,  2,  3,  4, 
or   5,  according   to   the  number   which   it   represents   of  the   5   planes  through   the   line. 
It   requires   only  a   little    consideration   to   perceive   that   the    multiplicity   of   the   plane 
into   its   frequency  in  regard  to   the   line   is   equal   to   the  multiplicity   of  the   line  into 
its  frequency  in  regard  to  the  plane.     Observe,  further,  that  if  M  be   the  multiplicity 
of  the   plane,  then,  considering  it  in  regard   to   the  lines   contained   therein,  we  get  the 
products   (M,   M,  M),  (2M,  M),   or  3Jf,    according    as    the    three    lines  are    or  are  not 
distinct,  but  that   the  sum  -of  the  products  is  always    =  3M,  and  that  in  regard  to  all 
the  planes   the   total   sum   is   3x45,  =135.     And    so  if  Jf  be  the   multiplicity  of  the 
line,  then,   considering  it  in  regard  to   the  planes  which  pass  through  it,   we    get  the 
products  (Jf,  Jf,  M',  M',  M'\  (2Jf,  M,  M',  IT),  ...(5Jf  ),  as  the   case  may  be,  but  that 
the  sum   of   the    products  is  =  £>M't  and    that  in  regard   to  all   the    lines  the  sum  is 
5  x  27,  =  135,  as  before. 

21.  The    mode    of  coincidence    of   the   lines   and    planes,  and    the  several    distinct 
lines   and  planes  which   are   situate   in   or  pass  through  the  several   distinct  planes  and 
lines   respectively,   are  shown  in   the  annexed  diagrams    I   to  XXI^):    the  multiplicity 

1  See  the  commencements  of  the  several  sections. 
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of  each  line  appears  by  the  upper  marginal  line,  and  that  of  each  plane  by  the 
left-hand  marginal  column  (thus  in  diagram  I,  27  x  1  =  27  and  45  x  1  =  45,  1  is  the 
multiplicity  of  each  line,  and  it  is  also  the  multiplicity  of  each  plane);  the  frequencies 
of  a  line  and  plane  in  regard  to  each  other  appear  by  the  dots  in  the  square 
opposite  to  the  line  and  plane  in  question,  these  being  read,  for  the  frequency  of  the 
line  vertically,  and  for  the  frequency  of  the  plane  horizontally;  thus  "  j  indicates  that 
the  frequency  of  the  line  is  =  3,  and  the  frequency  of  the  plane  is  =  2.  There 
should  be  and  are  in  every  line  of  the  diagram  3  dots,  and  in  every  column  of  the 
diagram  5  dots  (a  symbol  "  I  being  read  as  just  explained,  2  dots  in  the  line, 

3  dots  in  the  column). 

22.  For  the    surface   1=12,   there  is   of   course  no   distinction  between   the   lines, 
but  these    form   only  a  single   class,   and    the   like    for  the  planes;    but   for  the   other 
surfaces   the  lines  and  planes  form   separate   classes,  as  shown  in  the   diagrams  by  the 
lower  marginal  explanation    of    the   lines,   and    the    right-hand   marginal    explanation   of 
the    planes.    I    use    here    and    elsewhere    "ray"    to    denote    a    line    passing   through    a 
single  node;  "axis"  to   denote  a  line  joining  two  nodes;   "edge"   (as  above)  to  denote 
the   edge   of  a  binode;   any  other  line   is   a   "mere   line."     An   axis   is   always  torsal  or 
oscular;    when  it  is  torsal,   the   plane   touching  along    the    axis    contains   a    third    line 
which  is  the  "transversal"  of  such  axis;   but  a  transversal  may  be   a  mere  line,  a  ray, 
or  an  axis;  in  the  case  XVI  =  12  —  4<72,  each  transversal  is  a  transversal   in  regard  to 
two  axes. 

23.  In  the    general    case    I  =  12,   each   of    the   27   lines  is,  as  already  mentioned, 
part   of  the  node-couple   curve;   and  the  node-couple  curve  is  made  up   of  the  27  lines, 
and  is  thus   a  curve   of   the   order   27.     In   fact   each   plane  through  a  line   meets   the 
cubic   surface   in    this    line,   and    in   a   conic;    the   line    and   conic   meet  in  two    points, 
and    the    plane   (that    is    in    any  plane)  through    the    line    is    thus    a    double   tangent 
plane  touching  the  surface  at   the  two  points  in  question;   the   locus   of  the   points  of 
contact,  that  is    the   line  itself,   is    thus    part    of   the    node-couple   curve.     But  in   the 
other   cases,  II  to   XXI,  certain   of  the   lines  do  not  belong  to   the  node-couple   curve 
(this  will   be    examined    in    detail    in    the  several    cases    respectively);    but    I  wish    to 
show  here  how  in  a  general   way  a  line  passing  through   a  node,  say  a  nodal  ray,  is 
not  part  of  the  nbde-couple  curve.     To  fix  the  ideas,  consider  the   surface  II  =  12  —  02 ; 
there   are  here  through   <72    six    lines,   or  say  rays:    attending  to   any   one   of  these,   a 
plane   through  the  ray  meets   the  surface    in  the  ray  itself   and  in    a  conic;    the   ray 
and    the  conic  meet    as  before   in   two    points,    one  of    them  being  the  point  (72:    the 
plane   touches  the  surface   at   the   other  point,  but  it  does  not  touch  the  surface  at   <?2. 
(I  am   not  sure,  and  I  leave  it   an   open  question,  whether  we   ought  to  say  that  at  a 
node    Gz    there    is    no   tangent    plane,   or  to   say  that    only  the   tangent  planes   of   the 
nodal   cone    are   tangent    planes    of   the   surface;    but,    at   any  rate,   an    arbitrary  plane 
through    (72   is   not   a    tangent    plane.)     The    plane  through    the    ray  is    only  a    single 
tangent  plane,  not  a  double  tangent  plane;  and  the  ray  is  not  part  of  the  node-couple 
curve.    We  say  that  a  line  of  the  surface  is  or  is  not    "facultative"   according  as  it 
does  or  does  not  form  part  of  the  node-couple  curve. 
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Article  Nos.  24  to  26,     Axis ;  the  different  kinds  thereof. 

24.  A   line  joining   two   nodes  is   an   axis;    such  a  line   is  always    a   line,   and  it 
is   a   torsal   or   oscular  line,  of  the   surface.     But  some  further  distinctions  are  requisite; 
using  the    expressions    in    their    strict    sense,  cnicnode   =  0,  binode   =B,  an    axis    is    a 
00-axis  joining   two   cnicnodes,   or  it   is   a    OS-axis  joining   a   cnicnode    and    a    binode, 
or   it  is  a  SS-axis  joining  two  binodes.     A   00-axis  is   torsal,  the  transversal  being   a 
mere    line,   not    a    ray    through    either    of    the    cnicnodes;    a    OS-axis    is    torsal,    the 
transversal   being  a  ray  of   the  binode;    a  .SB-axis    is    oscular.     The    distinction    is  of 
course    carried    through    as    regards    the    higher    biplanar    nodes    S4,   B5,    B6)    and    the 
uniplanar   nodes    J7e,   U7,  U8:   thus  (BS  =  B)  the   edge   of  a  binode  Ss  is  not  an  axis  at 
all,  but   (S4  =  20)  the   edge  of  a  binode   S4  is  a   00-axis;   (S5  =  S+0)   the   edge   of  a 
binode  S5  is  a    OS-axis ;  (Bs  =  30)  the   edge  of  a  binode  S6  is  a  thrice-taken  00-axis ; 
(J76  =  30)  each   of  the  rays  is  regarded  as  a  00-axis;  (Z77  =  S  +  20)  the  double  ray  is 
regarded    as    a    twice-taken   OS-axis,   and    the    single    ray   as   a   00-axis;    (Z78  =  2S-fO) 
the  ray  is  regarded  as  a  SS-axis  +  a  twice-taken  OS-axis. 

25.  It   has   been  mentioned   that   the  intersection   of  the  surface  with  the  Hessian 
consists   of  the   spinode   curve,  together  with  certain  right   lines;   these   lines  are  in  fact 
the    axes — viz.    the    examination    of    the    several    cases    shows    that    in   the    complete 
intersection   each  00-axis  presents  itself  twice,  each    OS-axis   3  times,  and  each  SS-axis 
4*  times.     We  thus   see  that  a  00-axis,  or  rather  the  torsal  plane   along  such  axis,  is 
the   pinch-plane   or  singularity  /  =  1 ;   the  OS-axis,  or  rather  the  torsal   plane  along  such 
axis,  the   close-plane   or   singularity  %'  =  1 ;   and  the  SS-axis,  or  oscular  plane  along  such 
axis,   the    bitrope   or    singularity  B'  =  1 ;    for    a    cubic    surface    with    singular   lines    the 
expression  of  v    being  in  fact  <r'  =  12  -  2;'  —  3^'  —  4S'.     There  are,  however,  some  cases 
requiring   explanation;    thus  for  the    case  VIII  =  12  —  Bs,  where    the  edge    is  by  what 
precedes  a   OS-axis,  the   complete  intersection  is  made  up  of  the   edge  4  times   and  of 
an   octic   curve;    the   consideration    of   the    reciprocal    surface    shows,  however,   that  the 
edge  taken   once  is  really  part   of  the  spinode  curve  (viz.   that  this  curve  is  made  up 
of  the   edge  taken   once  and  of  the   octic  curve,  its   order  being  thus   </  =  9);  and  the 
interpretation  then   of   course  is  that  the  intersection   is  made  up  of  the   edge  taken 
3  times  (as  for  a  OS-axis  it  should  be)  and  of  the  spinode  curve. 

26.  I   remark  in  further  explanation,  that  in  the  several   sections,  in   showing  how 
the   complete  intersection  of   the  cubic  surface  with   the    Hessian  is  made  up,  I  have 
not   referred   to   the   axes  in  the  above  precise  significations;    thus    XI Y  —  12  —  B5—  O2, 
the   binode   Bs  is   0  +  S,  and  the  edge    is    thus    a   OS-axis,   while    the    axis  S50a  is  a 
OS-axis  4-  a   00-axis  (%'=1  +  1,  =  2, /  =  !).     The  complete  intersection  should  therefore 
consist   of  the  spinode   curve,  +  edge  (as   a   OS-axis)  3   times  4-  axis  (as  a   OS-axis  +  a 
(70-axis)  2  +  3,  =5  times:  it  is  in  the   section   stated  (in  perfect  consistency  herewith, 
but   without   the   full   explanation)  that  the  intersection  is   made  up  of  the  axis  5  times, 
the   edge  4   times,  and   a  cubic  curve — which  cubic  curve  together  with  the  edge  once 
constitutes  the  spinode  curve;    and  so  in  other  cases:    this  explanation  will,  I  think, 
remove  all  difficulty. 


368  A   MEMOIR   ON   CUBIC   SURFACES.  [412 

Article  Nos.  27  to  32.     On  the  Determination  of  the  Reciprocal  Equation. 


27.  Consider  in  general  the  cubic  surface  (*$X,  7,  Z,  TT)3=0,  and  in  connexion 
therewith  the  equation  Xsc  +  Yy  +  Zz  +  Ww=  0,  which  regarding  therein  X,  Y9  Z,  W 
as  current  coordinates,  and  #,  y,  z,  w  as  constants,  is  the  equation  of  a  plane.  If 
from  the  two  equations  we  eliminate  one  of  the  coordinates,  for  instance  W,  we  obtain 

(«£Tw,  Yw,  Zw,  -(Xx+Yy  +  Zz))3  =  Q, 

which,  (X,  Y,  Z)  being  current  coordinates,  is  obviously  the  equation  of  the  cone,  vertex 
(Z=0,  F=0,  Z=Q),  which  stands  on  the  section  of  the  cubic  surface  by  the  plane. 
Equating  to  zero  the  discriminant  of  this  function  in  regard  to  (X,  Y,  Z),  we  express 
that  the  cone  has  a  nodal  line*,  that  is,  that  the  section  has  a  node,  or,  what  is  the 
same  thing,  that  the  plane  scX  +  yY+*iZ  +  wW=*Q  is  a  tangent  plane  of  the  cubic 
surface;  and  we  thus  by  the  process  in  fact  obtain  the  equation  of  the  cubic  surface 
in  the  reciprocal  or  plane  coordinates  (#,  y,  z,  w)>  Consider  in  the  same  equation 
x,  y,  z,  w  as  current  coordinates,  (X,  Y,  Z)  as  given  parameters,  the  equation  represents 
a  system  of  three  planes,  viz.  these  are  the  planes  xX  +  yY+zZ  -\-wW'  =  03  where  W 
has  the  three  values  given  by  the  equation  (*§X9  Y,  Z,  W')3  =  Q)  or,  what  is  the  same 
thing,  X,  F,  Z,  W  are  the  coordinates  of  any  one  of  the  three  points  of  intersection 

of  the   cubic  surface  by  the   line   =  =  ^=-^;   (X,  F,  Z}  W)  belongs   to   a  point  on  the 

2i  JL  & 

surface,  and 


is  the  polar  plane  of  this  point  in  regard  to  a  quadric  surface  Xs  4-  F2  +  Z2  +  W2  =  0  ; 
the  equation 

,  Yw,  Zw, 


is  thus  the  equation  of  a  system  of  3  planes,  the  polar  planes  of  three  points  of  the 
cubic  surface  (which  three  points  lie  on  an  arbitrary  line  through  the  point  x  =  0, 
y  =  0,  #  =  0).  In  equating  to  zero  the  discriminant  in  regard  to  (X,  F,  Z),  we  find  the 
envelope  of  the  system  of  three  planes,  or  say  of  a  plane,  the  polar  plane  of  an 
arbitrary  point  on  the  cubic  surface,  —  or  we  have  the  equation  of  the  reciprocal 
surface,  being,  as  is  known,  the  same  thing  as  the  equation  of  the  cubic  surface  in 
the  reciprocal  or  plane  coordinates  (#,  y,  z,  w).  In  what  precedes  we  have  the 
explanation  of  an  ordinary  process  of  finding  the  equation  of  the  reciprocal  surface, 
this  equation  being  thereby  given  by  equating  to  zero  the  discriminant  of  a  function 
(*][Z,  F,  Zy,  that  is,  of  a  ternary  cubic  function. 

28.  The  process,  as  last  explained,  is  a  special  one,  viz.  the  position  of  a  point 
on  the  surface  is  determined  by  means  of  certain  two  parameters,  the  ratios  X  :  Y  :  Z 
which  fix  the  position  of  the  line  joining  this  point  with  the  point  (#  =  0,  y  —  Q, 
£  =  0).  More  generally  we  may  consider  the  position  of  the  point  as  determined  by 
means  of  any  two  parameters;  the  equation  of  the  polar  plane  then  contains  the  two 
parameters,  and  by  taking  the  envelope  in  regard  to  the  two  parameters  considered  as 
variable,  we  have  the  equation  of  the  reciprocal  surface. 
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29.  But   let   the   parameters,   say  0,  <£,  be  regarded   as   varying  successively;    if  <£ 
alone   vary,   we    have    on    the    surface   a    curve   ®,   the    equation    whereof   contains  the 
parameter  0,  and   when   0   varies   this   curve  sweeps   over   the   surface.     The  envelope  in 
regard   to    <£   of  the   polar  plane   of  a   point   of    the    surface   is   a    torse,   the   reciprocal 
of  the  curve   ®,  and   the   envelope   of  the   torse  is  the  reciprocal  surface.     In  particular 
the   curve    ©   may  be    the  plane   section   by  any  plane    through   a  fixed   line,   say,   by 
the    plane   P  —  6Q  =  0 ;    the    section   is   a   cubic   curve,   the  reciprocal   is   a   sextic   cone 
having    its   vertex   in   a    fixed   line   (the    reciprocal    of   the   line   P  =  0,  Q  =  0),   and  the 
reciprocal   surface   is   thus   obtained    as   the   envelope   of  this    cone ;    assuming    that  the 
equation   of  the   sextic   cone   has   been  obtained,  this  is  an   equation   of  a   certain  order 
in   the   parameter   0;    or   writing   0  =  P  :   Q,  we   obtain   the   equation   of   the   reciprocal 
surface  by  equating  to  zero  the  discriminant  of  a  Unary  function  of  (P,  Q). 

30.  With   a   variation,  this  process   is  a   convenient  one  for  obtaining  the  reciprocal 
of   a   cubic   surface:    we    take    the    fixed    line    to    be    one    of   the    lines    on    the    cubic 
surface;   the   curve  ®   is   then   a   conic,  its   reciprocal   is   a   quadricone,  and  the  envelope 
of  this   quadricone   is   the   required  reciprocal   surface.     This  is  really  what   Schlafli  does 
(but   the   process  is   not   explained)   in  the   several    instances  in   which    he    obtains   the 
equation   of    the  reciprocal  surface   by  means   of  a  binary  function.      I  remark  that  it 
would    be    very    instructive,    for    each     case    of    surface,    to    take    the    variable    plane 
successively  through   the   several   kinds  of  lines   on  the  particular  surface ;   the  equation 
of   the    reciprocal    surface    would    thus    be    obtained    under    different    forms,  putting   in 
evidence   the   relation    to    the  reciprocal   surface    of   the   fixed    line    made    use   of.     But 
this   is   an   investigation  which   I    do   not    enter  upon:   I    adopt   in   each   case   Schlafli's 
process,  without  explanation,  and  merely  write  down  the  ternary  or  (as  the  case  may  be) 
binary  function  by  means  of  which  the  equation  of  the  reciprocal  surface  is  obtained. 

31.  It   is    to    be   mentioned    that    there   is  a  reciprocal    process    of   obtaining  the 
equation   of  the   reciprocal  surface;   we   may  imagine,  touching   the   cubic   surface   along 
any   curve,   a   series   of    planes;    that  is,   a   torse  circumscribed  about    the    surface,  and 
the   equation   whereof  contains  a   variable   parameter   0;   the  reciprocal  figure  is  a  curve, 
the    equations    whereof    contain    the    parameter    0;     the    locus    of    this    curve    is    the 
reciprocal    surface;    that    is,    the    equation    of    the    reciprocal    surface    is    obtained    by 
eliminating   6   from   the   equations   of    the   curve.      In    particular    let    the  torse   be   the 
circumscribed    cone    having    its    vertex    at    any    point    of   a    fixed    line;    the    reciprocal 
figure   is    then   a    plane    curve,   the   plane   of    which  passes  through    the  line   which  is 
the   reciprocal  of  the   fixed  line;   it  is   moreover  clear  that  if  the  position  of  the  vertex 
on    the    fixed    line    be    determined    by  the    parameter    6    linearly    (for    instance    if   the 
vertex  be   given   as    the   intersection   of   the    fixed    line    by  a   plane    P  —  0Q  =  0),  then 
the   equation   of  the   plane   of  the   curve  will  be  of   the   form  P/  =  0Q/,   containing  the 
parameter   6  linearly;   the   other   equation  of  the  plane   curve   will   contain  0  rationally, 
and   the   elimination    will   be   at    once    effected  by   substituting    in  this    other  equation 
for  6  its   value,  =  P*  +  Q'.     And   observe   moreover  that  if  the  fixed   line  be   a  line  on 
the   cubic   surface,   then  the    cone    is    a   quadricone    having    for  its    reciprocal   a    conic ; 
the  reciprocal    surface    is   thus    given    as    the    locus   of   a  variable   conic,  the  plane  of 
which   always   passes  through  a  fixed  line ;    there    are    thus    on    the    reciprocal   surface 

c.  YI.  47 
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series  of  such  conies.  It  would  be  very  instructive  and  interesting  to  carry  out  the 
investigation  in  detail. 

32,  The  equation  of  the  reciprocal  surface  is  found  by  equating  to  zero  the 
discriminant  of  a  ternary  or  a  binary  function^),  viz.  this  is  a  ternary  cubic,  or  a 
binary  quartic,  cubic,  or  quadric.  The  equation  as  given  in  the  form  disct.  =  0,  contains 
a  factor  which  for  the  adopted  forms  of  equations  is  always  a  power  or  product  of 
powers  of  w,  z,  #(2)  known  a,  priori,  and  which  is  thrown  out  without  difficulty,  the 
equation  being  thereby  reduced  to  the  proper  order.  There  is  the  singular  advantage 
that  the  process  puts  in  evidence  the  cuspidal  curve  of  the  resulting  reciprocal 
surface,  viz.  for  a  ternary  cubic,  the  form  obtained  is  $3  —  2^=0,  and  for  a  binary 
quartic  it  is  the  equivalent  form  /3—  27/2=0;  but  for  the  factor  thrown  out  as  just 
mentioned,  we  should  have  simply  (5=0,  T=Q),  or,  as  the  case  may  be,  (/  =  0,  ^=0) 
for  equations  of  the  cuspidal  curve;  the  existence  of  the  factor  occasions  however  a 
modification,  viz.  the  intersection  of  the  two  surfaces  is  not  an  indecomposable  curve, 
and  the  cuspidal  curve  is  in  most  cases,  not  the  complete  intersection,  but  a  partial 
intersection  of  the  two  surfaces.  In  several  cases  it  thus  happens  that  the  cuspidal 

P     C)      ?? 

curve    is    obtained    as    a    curve  '  =  0,   without    or    with    further   speciality. 

P',   Q',  Ef 

Similarly  when  the  equation  of  the  reciprocal  surface  is  obtained  by  means  of  a 
binary  cubic ;  if  the  coefficients  hereof  (functions  of  course  of  the  coordinates  #,  y,  z,  w) 
be  A,  JB,  C,  D,  then  the  surface  is 


(AD -BOf-4>(AC-B*)(BD - 


having  the   cuspidal  curve 


,   C,  D 

of  a  thrown  out  factor. 


A,  B,  C 


=  0,  subject  however   to  modification  in  the  case 


Article  Nos.  33  and  34.     JSocplanation,  as  to  the  Sections  of  the  Memoir. 

33.  As  regards  the  following  Sections  I  to  XXIII,  it  is  to  be  observed  that  for 
the  general  surface  1  =  12,  I  do  not  attempt  to  form  the  equation  of  the  reciprocal 
surface,  and  in  some  of  the  other  cases,  II  =  12  -  (72  &c.,  the  equation  of  the  reciprocal 
surface  is  either  not  obtained  in  a  completely  developed  form,  or  it  is  too  complicated 
to  allow  of  its  being  dealt  with,  for  instance  so  as  to  put  in  evidence  the  nodal 
curve  of  the  surface.  Portions  of  the  theory  given  in  the  latter  sections  are  con- 
sequently omitted  in  the  earlier  ones,  and  in  particular  in  the  Section  I  there  is 
given  only  the  diagram  of  the  27  lines  and  the  45  planes  (with  however  developments 
as  to  notation  and  otherwise  which  have  no  place  in  the  subsequent  sections),  and 
with  the  analytical  expressions  for  the  several  lines  and  planes,  although  from  the 

1  In  some  easy  cases,  for  instance  XVI=12-4C'2,  the  equation  of  the  reciprocal  surface  is  obtained  other- 
wise by  a  direct  elimination. 

2  The  factor  is  in  general  a  power  or  product  of  powers  of  the  linear  functions  which,  equated  to  zero, 
give  the  equations  of  the  planes  reciprocal  to  the  several  nodes  of  the  surface. 
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want  of  the  equation  of  the  reciprocal  surface  these  analytical  expressions  have  no 
present  application.  And  so  in  some  of  the  next  following  sections,  no  application  is 
made  of  the  analytical  expressions  of  the  lines  and  planes. 

34.     I  call  to  mind  that  if  a  line  be  given  as  the  intersection  of  the  two  planes 

AX  +  £Y+CZ+JDW=Q,    A'X  +  B'Y+C'Z  +  D'W^Q, 
then  the  six  coordinates  of  the  line  are 

a>  k  o,  f,  g,  h 

-  Aiy  -  AD,  BD'  -  5'D,  QD'  -  C'D>  EG1  -  B'C,  OA'-  C'A,  AB'  -  A'B, 

and  that  in  terms  of  its  six  coordinates  the  line  is  given  as  the  common  intersection 
of  the  four  planes 

a 
b 


.  h,    -g,    a  $X,  Y,  Z, 

-A,        .         /, 

g>   -f,      . 

-a,    -b,    -c, 

and  that  (reciprocating  as  usual  in  regard  to  X2  +  F2  +  Z2  +  W*  =  0)  the  coordinates  of 
the  reciprocal  line  are  (/,  g,  h,  a,  6,  c)  ;  that  is,  this  is  the  common  intersection  of  the 
four  planes 

(      .          c,     -6,    / 


y, 


-c,        . 
6,     —a, 

-f>     -ff>     - 


a,    g 

.      h 


It  is  in  some  cases  more  convenient  to  consider  a  line  as  determined  as  the  inter- 
section of  two  planes  rather  than  by  means  of  its  six  coordinates;  thus,  for  instance, 
to  speak  of  the  line  X  =  0,  F=0  rather  than  of  the  line  (0,  0,  0,  1,  0,  0);  and  in 
some  of  the  sections  I  have  preferred  not  to  give  the  expressions  of  the  six  coordinates 
of  the  several  lines. 


Article  Nos.  35  to  46.     §  1-12,  Equation  (X,  F,  Z,  F)3  =  0. 

35.  There  is  in  the  system  of  the  27  lines  and  the  45  planes  a  complicated 
and  many-sided  symmetry  which  precludes  the  existence  of  any  unique  notation:  the 
notation  can  only  be  obtained  by  starting  from  some  arrangement  which  is  not  unique, 
but  one  of  a  system  of  several  like  arrangements.  The  notation  employed  in  my 
original  paper  "On  the  Simple  Tangent  Planes  of  Surfaces  of  the  Third  Order," 
Comb,  and  Dub.  Math.  Journ.  vol.  IV.  1849,  pp.  118 — 132,  [76],  and  which  is  shown  in 
the  right  hand  and  lower  margins  of  the  diagram,  starts  from  such  an  arrangement;  but 
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it  is  so  complicated  that  it  can  hardly  be  considered  as  at  all  putting  in  evidence 
the  relations  of  the  lines  and  planes;  that  of  Dr  Hart  (Salmon,  "On  the  Triple 
Tangent  Planes  of  a  Surface  of  the  Third  Order,"  same  volume,  pp.  252 — 260), 
depending  on  an  arrangement  of  the  27  lines  according  to  a  cube  of  3  each  way,  is 
a  singularly  elegant  one,  and  will  be  presently  reproduced, 

36.  But  the  most  convenient  one  is  Schlafli's,  starting  from  a  double-sixer;  viz. 
we  can  (and  that  in  36  different  ways)  select  out  of  the  27  lines  two  systems  each 
of  six  lines,  such  that  no  two  lines  of  the  same  system  intersect,  but  that  each  line 
of  the  one  system  intersects  all  but  the  corresponding  line  of  the  other  system;  or, 
say,  if  the  lines  are 

1,    2,     3,     4,     5,     6 

1',    2',    3',    4',     5',     6', 
then  these  have  the  thirty  intersections 

1',    2',     3',    4',     5',     6' 


1 
2 
3 
4 
5 
6 

Any  two  lines  such  as  1,  2'  lie  in  a  plane  which  may  be  called  12';  similarly  the 
lines  I7,  2  lie  in  a  plane  which  may  be  called  1/2;  these  two  planes  meet  in  a 
line  12;  and  any  three  lines  such  as  12,  34,  56  meet  in  pairs,  lying  in  a  plane 
12.34.56.  We  have  thus  the  entire  system  of  the  27  lines  and  45  planes,  as  in 
effect  completely  explained  by  what  has  been  stated,  but  which  is,  exhibited  in  full  in 
the  diagram. 

37.    The  diagram  of  the  lines  and  planes  is 
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Lines. 

1  =  12 

X 

H* 
II 
31                                                                                                                                                  ^ 

12' 

w 

13' 

• 

f 

14' 

•                                                     «                                                                                              • 

z 

15' 

• 

z 

16' 

•                                                     •                                                                                                                   • 

z 

21' 

• 

23' 

• 

e 

24' 

• 

F 

25' 

• 

PI 

26' 

• 

p 

31' 

•                                                                           •                                         • 

e 

32' 

. 

•n 

34' 

. 

g 

35' 

m 

36' 

. 

qi 

41' 

•                                                                                    •                                • 

f 

42' 

. 

y 

43' 

• 

£ 

45' 

•                                                                                                                                                                                                                                  » 

m 

1     46/ 

•                                                                                                                                                                 •                                                                                     • 

mi 

P-l      51' 

. 

P 

52' 
53' 

45x1  =  45 

' 

y 

f 

64' 

•                                                                                                                                                                . 

ni 

56' 

. 

i 

61' 

.        . 

PI 

62' 

. 

y 

63' 

•                                                                                                                                                               .                                . 

P 

64' 

. 

n 

65' 

. 

lx 

12  .  34  .  56 

. 

X 

12  .  35  .  46 

. 

X 

12  .  36  .  45 

.          . 

X 

13  .  24  .  56 

. 

h 

13.25.46 

. 

r 

13.26.45 

. 

*L 

14  .  23  .  56 

. 

g 

14.25.86 

. 

n 

14  .  26  .  35 

. 

E! 

15  .  23  .  46 

. 

51 

15.24.36 

. 

m1 

15.26.34 

.          .                                         .          . 

\ 

16.23.45 

•                                                                           •           • 

q 

16.24.35 



m 

16.25.34 

45           45 

. 

iT 

JP  4*  *  *  *  JP  r  *•  *•  J*  *  -P  *  *  *  *  *  *  *  ^  *  *•  *•  .-  j-  *  * 
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38.  It  has  been   mentioned  that   the  number  of  double-sixers  was  =  36,  these  are 

as  follows: 

1 ,       2 ,       3  ,       4 ,       5 ,       6      Assumed  primitive  1 

1',       2',       87,       4',       5',       6' 

1,  1',     23,     24,     25,     26     Like  arrangements  15 

2,  2',     13,     14,     15,     16 

1,      2,       3,     56,    46,     45      Like  arrangements  20 

23,     13,     12,       4,       5,       6  36 

where,  if  we  take  any  column  J/  of  two  lines,  we  have  the  complete  number  216  of 
pairs  of  non-intersecting  lines  (each  line  meets  10  lines,  there  are  therefore  27  —  1  — 10, 
=  16,  which  it  does  not  meet,  and  the  number  of  non-intersecting  pairs  is  thus 
J.  27. 16  =  216). 

39.  We  can  out   of  the   45   planes  select,  and   that  in   120   ways,  a   trihedral-pair, 
that  is,  two   triads  of  planes,  such  that  the  planes  of  the  one   triad,  intersecting  those 
of  the  other  triad,  give  9    of   the   27   lines.     Analytically  if   X  =  0,    7=0,   2=0   and 
£T=0,   F=0,  TF— 0  are    the   equations    of   the   six    planes,   then  the  equation    of   the 
cubic  surface  is  XYZ+kUVW=0.     See  as  to  this  post,  No.  44. 

The  trihedral  plane  pairs  are : 

12',     23',     31' 

1%    2'3,     31  No.  is  =    20 

12',    34',     14.23.56 

2'3,    41,     12.34.56  =    90 

14.25.36,    35.16.24,    26.34.15 
14.35.26,     25.16.34,     36.24.15     =    10 

120 

The  construction  of  the  last  set  is  most  easily  effected  by  the  diagram 

123x456 
312  564 
231  645 


14  25  36 

35  16  24 
26  34  15 


It  is  immaterial  how  the  two  component  triads  123  and  456   are  arranged,  we  obtain 
always  the  same  trihedral  pair. 
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40.     Dr  Hart  arranges  the  27  lines,  cubically,  thus: 


A,    B,    0, 


C73 


«!         A          7l 
<*2        A        72 


where  letters  of  the  same  alphabet  denote  lines  in  the  same  plane,  if  only  the  letters 
are  the  same  or  the  suffixes  the  same;  thus  Al9  A.2)  A3  lie  in  a  plane  A1A^AZ\ 
Al3  B19  0I  lie  in  a  plane  A^B^.  Letters  of  different  alphabets  denote  lines  which  meet 
according  to  the  Table 


«!       A       V3 

A         72        «3 

7i      a.      ft 

42 

A     Cl 

&2      ^     «, 

Ps     7i     °^ 

7s     ai     A 

««     A     7s 

r,   t  A 

«2        A         7l 

A     7s      ai 

where  the  letter  in  the  centre  of  the  square  denotes  a  line  lying  in  the  same  plane 
with  the  lines  denoted  by  the  letters  of  each  vertical  pair  in  the  same  square.  Thus 
AI  lies  in  the  planes  A^a^  Alb^}  ^LxC3y3  (and  in  the  before-mentioned  two  planes 


41.     I   find   that   one  way  in  which   this  may  be   identified   with   the   double-sixer 
notation  is  to  represent  the  above  arrangement  by 


1, 

14, 

4', 


2', 

25, 

5, 


12 
36 
45 


13,  24, 
I7,  16, 
3,  35, 


56 
6 
5' 


37,       4,     34 
23       6',     26 
23,     46,     15 

and  then  the  identification  may  apparently  be  effected  in  (720x36=)  25920  ways,  viz. 
we  may  first  in  any  way  permute  the  J',  |,  |,  J,  {[',  |,  by  this  means  not  altering 
the  double-sixer  i*  \  \  tlJ,  and  then  upon  the  arrangements  so  obtained  make  any  of 
the  substitutions  which  permute  inter  se  the  36  double-sixers. 

42.     The   equations   of   the   45   planes   are    obtained   in  my   paper  last  referred  to, 
viz.  taking  the  equation  of  the  surface  to  be 

T,  Z, 


where 


& 


«Zf 

-^ 


1 

knn' 


I 

Imn* 
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then  the  equations  of  the  planes  are  : 

W=0,  [12'  -w] 


, 
P  +  P 

p-«>+4 

L  Tr=0> 


m     » 

X=0,  [12.34.56=*] 

F=0,  [42'  =2/] 


+     -+    -+Tr=0,  [41'  =  f] 

772.          n 

=0,  [84'  -g] 

=0,  [13.24.56  = 

f 

j  +mT+nZ+W=0,  [24'  =  ?] 

ZX+    -  +  nZ+W  =  0,  [14.25.36  = 

-+Tf=0,  [43'  =  E] 

Tb 


z  -.  F=Qj  [12.85.46-x] 

-- 

=  Q)  [52/  =  y] 

-o.  [is'  -,] 

=  0,  [12.36.45=5] 


[16/=5] 
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til  (p  —  a) 
IX- 


-  Y+nZ+W=Q, 


,         N 
?i  (p  —  a) 


—       - 

I  (p  —  a) 


n  (p  —  a) 
1  ,, 


TF=0, 


Y  + 
2Z 


1 

-  F         r~, 
m         m  (p  —  a) 


,  Z+  W=Q, 


m 


+  nY+  mZ 


—  a 


[56' =  1] 
[45'  =  m] 
[64' =  n] 
[15.26.34=1] 
[16.24.35=in] 
[14.25.36  =  n] 
[65' -1J 
[46'  =  mJ 

[16.25.34=Tj 

[15.24.36=^] 

[14.26.35=^] 

'^  =  °'     C«'-P] 
|  =  0,     [35'=q] 

=  0,     [13.25.46  =  r] 


2F 


—  a. 


C.   VI. 


P  +  0 

^—=0,     [26'  =  p] 

0,     [16.23.45  =  i 


48 
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=0, 


mX  -  17-P-       Z-         («  (1  -  P  -  m*)  (p  -  a)  -  22m  )  ^g  =  0,     [13  .  26  .  45  =  rj 


.     The  coordinates  of  the  27  lines  are  then  found  to  be  as  follows: 


(a) 

W 

<<> 

1 

0 

0 

0 

1 

0 

0 

0 

1 

>-i(~i)(-3 

w  /        1W        1\ 
=-   (  m  )(M  — 
A;   \        7?i/  \        n  J 

_j(m.I)(n_2) 

—     —    1    If    —  —    J   I   VYl)  —  —    \ 

fC     \                    V  J     \                   ffli) 

-™  (  I-  }\(m-l\ 

>-i(-!)K) 

>-MH) 

j(m  )  (  n  —  ) 
'tnk\        m/  \        n) 

-  -y(m  ](TZ  J 
wA  \        m/  \        n  ) 

^7      ZV™       ^ 

fife  V      ^  /  \       w 

«  \.(l-\\(m-\\ 
mk\         l)\       m) 

>-  JC-})(-3 

1 

0 

0 

0 

1 

0 

0 

0 

1 
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(/) 

to) 

(A) 

0 

0 

0 

(12=^) 

0 

0 

0 

(  2'=« 

0 

0 

0 

(  1  =  Cl) 

0 

—  n 

m 

(  2  =a2) 

n 

0 

-Z 

(23  =  52) 

—  m 

I 

0 

(  3'  =  c2) 

0 

1 

1 

(  I'-Oi) 

n 

m 

1 

0 

I 

(3=6.) 

n 

I 

I 
m 

1 

7 

0 

(13  =  «,) 

1 

0 

n 

m 

(34  =«4) 

1 

n 

0 

~7 

(24  =  ^ 

i 

lit* 

Z 

0 

(14  =  c4) 
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(a) 

(6) 

(o) 

1 
0 
0 

0 

1 

0 

0 
0 

i 

9m  f  I     l\ 

«(l  I     2"W    ^ 

it*  d(i  i   %mn  \ 

Jm\l    ^ 
„,/..     ,s/i  ,       2«Z     \ 

"I1  '  «(?-«)>) 

9-M  //W               ^ 

HP    a)^  '  i(p_a}) 

0  /I     ,            2^        \ 

-»(P    *)(l  <  wCp_a)J 
o  A  ,      3^    \ 

V               W 

,         .  /.          2fo»     \ 
f\  i  fr\     n  \  i  i  ,i                 i 

£  \  L  *r    -    ;  r  | 

\       m  (^3  -  a)/ 
21  (»     l} 

"V   '  n(p-a)J 

/t  v  /'  '    a  M  i    I                   »  I 

'V       w<j>-a)y 

"'x"   W 

On(l    ^ 

Ho     a^l   i      2mn   \ 

o  /,   .      2wire  \ 

JWV    i) 

n  A   ,       2'^     \ 

l(P     "H1   lHf-*)) 

nlm    l\ 

H1  '*(p-a); 

.         ./,          2nZ     N 

m/  yj-i             rt  1    1     1       -!T_    •                                            1 

"  v,x      m(p  —  a)l 

.        .  /•_          2Zm    N 

-"^-a>(1  +  ^F^j 

£lr    1    Til  1 

\    w 
a  (n._*L\ 

\        %  (^J  -  a)/ 

I  yJ      a.  )  i  a.  -j-  •     ,         '  \  I 
w       y\       m(p-a)J 

3«(»-i) 

2  (i  l\ 

^~afl  1          2*        "l 

«  ri  .    2M 

n(l     1) 

o  A  ,      2ni    \ 

i     V*  '  mra  (^  -  a)7 
2/         IN 

i  vn           \ 

V        mw,  (p  -  a)/ 
?-«/!  ,        2m     N 

"  V"  '  nl(p-a)J 
P~*(l  ,         2n     A 

l(m    m) 
o  d  ,        3«      \ 

m    \       9iZ  (p  -  a)/ 
2  /       1\ 

1   09                1 

ra    V       Zm  (p  ~  o.)J 

V  '  ln(p-a)J 

m  \       74/ 

Vz    ^ 

o  /j  ,         2i       \ 

p~a(l  1     2Z    ^ 

»V'~7; 

;'~aA  i     2m    ") 

V     '  mn(p-a)J 
2/        IN 

[  tfn  --        1 

Z     V"      mn(p-a}) 

2(1  ,    2wi  "i 

m    \"  '  nl(p  -a.)J 

o  A    ,          2w       ^ 

7i  \       m/ 
^"afl  i         2w      ^ 

V       nl(p-a)J 
-U-1} 

"  V"      Im  (P  ~  <tiJ 

?i     \        ^?/i  (p  -  a),/ 

IV    n) 
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(a) 


(A) 


1 

n 
—  m 


—  n 


1 

m 


(56  =  as) 


(*'=<%) 


—  a) 


(35  =  aj 
(25  =  6.) 


-  a) 


m(p-a) 
0 


(  5=, 


0 
>-/3) 


p  —  a 
0 


-(p-p) 


0 

2m  (p  -  / 
p  — a 

*>-/? 


p-a 


6  =i 
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44.     We  have  X  =  0t   F=0,  Z=Q,   TF=0  for  the  equations  of  the  planes 
(12.  84.  56  =  a),     (42'  =  y),     (14'  =5),     (12'  =  w)i 

and  representing  by  f=LST+—  F+-#+W=0  the  equation  of  any  other  plane  (41'  =  f) 
1  o     •/  m         n 

the  equation  of  the  cubic  surface  may  be  presented  in  the  several  forms  : 


=  TFgg 


+  kyzx, 
!  4-  kzxy, 

!    +  kxyz, 
=  TFlJ     +  kyzx, 
+  kzxy, 
+  kxyz, 


-TTpp,  +kfyi, 
+  k77zx, 


which   are   the   16   forms   containing    TF,   out   of  the   complete   system   of  120   trihedral- 
pair  forms. 

45.  The   27    lines    are    each    of   them   facultative;    we   have    therefore  6/  =  /o'  =  27; 
if  =  45  ;    moreover   each   of   the    lines  is    a    double    tangent    of   the   spinode   curve,   and 
therefore  ff  (=  2p7)  =  54. 

46.  The  equation  of  the  reciprocal  surface  is  not  here  investigated  ;  its  form  is 


where  S  =(*$%,  y,  z,  w)4,  jP=(*][^  y,  z,  w)*\   wherefore  ^  =  12. 

The    nodal    curve    is    composed    of    the    lines    which    are    the    reciprocals    of    the 
original   27   lines  (V  =  27,  t'  =  45  ut  suprti).     It  may  be  remarked  that  the  reciprocal 
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of  a  double-sixer  is  a  double-sixer.  Hence  the  27  lines  of  the  reciprocal  surface  may 
be  (and  that  in  36  different  ways)  represented  by 

1,2,3,4,5,6 
V,  2',  3',  4',  5',  6' 

12,  13,  ....56, 

where  12  is  now  the  line  joining  the  points  12'  and  1'2 ;  and  so  for  the  other  lines. 
The  lines  12,  34,  56  meet  in  a  point  12.34.56;  the  30  points  12',  1'2  ...  56',  5'6,  and 
the  fifteen  points  12  . 34 .  56  make  up  the  45  points  t'. 

The   above   equation,  S3  —  T2  =  0,  shows   that  the  cuspidal  curve   is   a  complete  inter- 
section 6x4;   d  =  24. 


Section  II  =  12-<72. 

Article  Nos.  47  to  59.     Equation  W  (a,  b,  c,  /,  g,  Ji^X,   7,  Zy> 

47.  It  may  be  remarked  that  the  system  of  lines  and  planes  is  at  once  deduced 
from  that  belonging  to  I  =  12,  by  supposing  that  in  the  double-sixer  the  corresponding 
lines  1  and  1',  &c.  severally  coincide ;  the  line  12,  instead  of  being  given  as  the  inter- 
section of  the  planes  12',  l/2,  is  given  as  the  third  line  in  the  plane  12,  which  in 
fact  represents  the  coincident  planes  12'  and  1'2. 
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48.     The  diagram  is 
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49.     Putting  the  equation  of  the  surface  in  the  form 


,          ~}  ,  Y,  Z? 

where  for  shortness 

a  =  win   —  I, 

ft  =  nl     —  m, 

7  =  Im    —  n, 

S  =  Imn  —  1, 

p  =  Imn, 

then  taking  X  =  0  as  the  equation  of  the  plane  [12],  F=0  as  that  of  the  plane 
[34],  Z=0  as  -that  of  the  plane  [56],  the  equations  of  the  30  distinct  planes  are 
found  to  be 


Z  =  0, 

[12] 

r  =  o, 

[34] 

£  =0, 

[56] 

TO    X  +  l     F+^  =  0, 

[23] 

_Art  —  1    ~y    i    7        T7"   i     f7        A 
77iu3L-r6       JC    -|-  ^  =  U, 

[24] 

m    Z  +  Z~1F+^  =  0, 

[13] 

wr-1X  +  Z-ir+-Z  =  0, 

[14] 

JST-f-Ti     F-j-m     J?  =  0, 

[45] 

X  +  n-^F+wi    ^  =  0, 

[46] 

X  +  w     F+w-^^O, 

[35] 

X+n-*Y+mr1Z  =  ()> 

[36] 

n    X+Y+l    Z=0, 

[16] 

n-^X+Y+l    Z=Q, 

[15] 

n    X+Y+l~IZ=Q, 

[26] 

n~*X+  Y+l-^Z^Q, 

[25] 

TF=0, 

[12.34.56] 

X  +  fiy  F=0, 

[12.36.45] 

X-aS  F=0, 

[12.35.46] 

Y  +  ay  W  =  0, 

[16  .  25  .  34] 

F-/3S  TT  =  0, 

[15  .  26  .  34] 

Z  +a@  W=Q, 

[14  .  23  .  56] 

Z-yS   TF  =  0, 

[13.24.56] 

m^Z  +  nZ    F-fZra  Z  +  afiyS  W  =  0, 

[16  .  23  .  45] 

jpX  +  n     F  4-  m    ^  +  /5yS    TT  =  0, 

[13  .  26  .  45] 

nX  +  p     F+Z      ^  +  7a§    TF  =  0, 

[16.24.35] 

mX  +  Z      F+jp     Z  +  a@S   W=Q, 

[15.23.46] 

X  +  lmY+ln  Z-fiyS   TT=0, 

[15.24.36] 

ZmZ+        F+mw^-^aS    F=0, 

[13.25.46] 

^ZX  +  m?i  F+       ^  -  a/9S   W=  0, 

[14.26.35] 

ZZ+w    F+72,    Z-a/Sy    TF=0, 

[14.25.86] 

C.  VI.  49 
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50.     And  the  coordinates  of  the  21  distinct  lines  are 
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51.  The  six  nodal  rays  are  not,  the  fifteen  mere  lines  are,  facultative.     Hence 

fc'^'^15;  if=l5. 

52.  Resuming  the  equation  W(a}  b,  c,  f,  gt  hQX,  Y3  Z)*+2kXYZ  =  Q,  the  equation 
of  the  Hessian  surface  is  found  to  be 


KW*(a,  b,  c,/,  g,  h%X,  Y,  Z)* 

+  2kW{(a}  6,  c,/,  g,  K$X9  Y,  Z)*(FX+GY+HZ}-ZKXYZ] 
-  k*  {a2X4  +  62F4  +  clZ4  -  2&cF2#2  -  2ca£2X2  -  2a6X2F2. 

-  iXYZ  [(af+  gh)  X  +  (bg  +  hf)  Y+  (ch  +fg)  Z]}  =  0, 
where 

(A,  B,  C,  F,  G,  tf)  =  (6c-/2,  ca-g*,  ab-h*,  gh-af,  hf-1y,fg-&), 


The   Hessian   and   the  cubic   intersect   in    an  indecomposable  curve,  which  is  the  spinode 
curve  ;   that   is,  spinode  curve  is  a  complete  intersection  3x4;   cr'  =  12. 

The  equations  of  the  spinode  curve  may  be  written  in  the  simplified  form 

W(a,  b,  o,f,  g,  h%X,  F, 
-8KXYZW 


6s  F4  +  c2^4  -  26cF2^2  -  2caZ*X*  -  2abX*Y2}  =  0  ; 

and  it  appears   hereby  that  the  node   (72  is  a  sixfold  point  on  the  curve,  the  tangents 
of  the  curve  in  fact  coinciding  with  the  six  rays. 

Each  of  the  15  lines  touches  the  spinode  curve  twice;  in  fact,  for  the  line  12 
we  have  X  =  0,  W  =  0  ;  and  substituting  in  the  equations  of  the  spinode  curve,  we  have 
(6F2-c^2)  =  0;  that  is,  we  have  the  two  points  of  contact  X  =  0,  TT=0,  Y*/b=±ZVc. 
Hence  ^  =  30. 

Reciprocal  Surface. 

53.  The  equation  is  found  by  equating  to  zero  the  discriminant  of  the  ternary 
cubic  function 

(Z*  +  Yy  +  Zz)  (a,  6,  c,  /,  g,  h^X,  F,  Z)*  -  ZkwXYZ, 

viz.   the   discriminant  contains  the   factor  w*  which  is  to   be  thrown  out,  thus  reducing 
the  order  to  ri  =  10. 

The  ternary  cubic,  multiplying  by  3  to  avoid  fractions,  is 
Xs,  F3  ,  Z*  ,  3F*Z    ,   3£2X     ,   3Z2F    ,  3F#>     ,   3£Xa     ,   3XF2    ,  6XYZ, 

Sax,  36y,  3c*,   lz  +  2/y,   ex  +  2^,   ay  +  2hx,  cy  +  2/s,   az  +  2gv,   bx  +  2hy,  fx  +  gy  +  hz-  kw. 

49—2 
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Write  as  before  (A,  £,  C,  F}  G,  H)  for  the  inverse  coefficients  (A  =  bo  -/2,   &c.),  and 
K  =  abo  —  a/2  —  bg*  —  chz  +  2fgh  ;  and  moreover 

<£  =(A9  JB,  C,  F,  G, 

P 

Q  = 


t 

JJ  =  afyz  +  'bgzoo  +  c/i^y, 

F  =  ZKxyz  —  aPy^  —  &Q# 
=  -  a  Hy*z  -  b  Fz*x  -  c 
-  a  Gyz*  -  1  Hztf  -  c  Fscy* 
+  (-  abo  -  of*  -  6#2  -  ch 

F=(^4,  B} 

L  =A?2'M;2- 


N  =  2kabc  xyzw  +  TF  : 
54.     Then  the  invariants  of  the  ternary  cubic  are 


and  the  required  equation  of  the  reciprocal  surface  is 


{(I2  -  12&W.M  )8  -  (i3  -  ISftwi  Jf  -  54*W"jyy}  =  0, 

viz.  this  is 

0=     L*N 


-  ISkwLMN     -  ISJcw  (k*w*  -  Sktw  -®)(lcwU+V)  (Zkabc  xyzw  -f  F) 
-  16Jtw  (kw  U  +  F)8 


which,  arranged  in  powers  of  kw,  is  as  follows  ;  viz.  we  have 

Coeff.  (kwf=     %abcxyz} 

(kw)*  =     2abc  xyz  (-  6^)  +  W 


s  =     2abo  xyz  (-  S0>  +  12tf3)  +  TF  (- 
4-  Cr2(~40 
—  S6abc  tvyzff, 
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Tfr(-3*  + 
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-  86060  0y*  F- 
-16Z7* 


Z7*40*  +  2  Z7F(- 


2a6c  xyz  (- 
2 


F2  (- 


48ZTF2 
27F2, 

2abc  xyz  (- 


W  (- 


18OFTT 
167*, 


but   I   have    not    carried    the    ultimate    reduction    further  than  in   Schlafli,   viz.   I  give 
only  the  terms  in  (kw)7,  (kw)9,  (kw)s,  and  (kw)Q. 

55.     I   present  the  result   as   follows;    the   coefficients  deducible    from  those  which 
precede,  by  mere   cyclical  permutations   of  the  letters   a,  6,  o  and  /,  g,  h,  are  indicated 

by  Q. 

0  =  (Jew)7 .  2dbc  xyz 

y?yz  wy*z 


(kw)s. 


a?bc  +  1 

3J 

» 

5£;1     " 

JJ 

^ 

+,     **  **  +r  +r    ^     *•  . 

^          ^ 

a?cfh+  2 

tflch-  6 

» 

" 

» 

jj 

abcf2  +  42 
6V  +  2 

jj 

39 

a26c^  -32 
abcfgh+  64 
abfg2  —  24 
ac/%2  -24 

» 

JS 

fo/#A  —  24 

c&/  ohf  *i~  o 

+  (*»)•  .-K\(A,B,  G,  F,  &,  H~$x,  y,  zfj (cy* -  Ifyz + bf) (at?  -  Igzx  +  la?) (bsf  -2ha>y  +  af). 


390 


A    MEMOIR    OST   CUBIC    SURFACES. 


[412 


56.     In   explanation  of  the   discussion   of  the  reciprocal  surface,  it   is   convenient  to 
remark  that  we  have 

Reciprocal  plane  is  w  =  Q. 


Node  <7,,  jr  =  0,  F=0,  Z=Q. 
Tangent  cone  is 

(a,  b,  e,f,ff,  h%X,  Y,Z)*  =  0. 
Nodal   rays  are   sections  of  cone  by  planes 
X=0,  F=0,  Z=Q  respectively,  viz.   equa- 
tions of  the  rays  are 

X  =  0,  &P  +  2/FZ  +  cZ*  =0, 
F  =  0,  cZ*  +  2gZX  +  aXs  =  0, 
£  =  0,  aX2  +  2hXY  +  6F3  =  0. 


Conic  of  contact  is 
(J.,  5,  C,  F,  0, 


y, 


Lines  are  tangents  of  this  conic  from  points 
(y=0,  *=0),  0  =  0,  #  =  0),  (#=0,  2/  =  0) 

respectively,  viz.  equations  are 

w=  0,  C2/2  -  2/y#  +  &<sr2  =  0, 
w  =  0,  o0a  —  2###  +  ca?  =  0, 
w  =  0,  6«;2  -  2fecy  +  af  =  0. 


57.  The   equation   shows  that  the   section   by  the   plane   w  =  0   is   made   up   of  the 
conic   (Af  B3  0,  F,  (?,  -£?$#,  y,  #)2  =  0,  twice,  and  of  the  six  lines,  tangents  to  this  conic, 
viz.  the  lines 

w  =  0,     cyz  —  ?/2/5  -f-  &#2  =  0, 
w  =  0,     az*  —  2gza;  -f  ex?  =  0, 

each  once;  the  lines  in  question  (reciprocals  of  the  nodal  rays)  are  thus  mere  scrolar 
lines  on  the  reciprocal  surface. 

58.  I   do   not  attempt    to    put   in    evidence   the   nodal    curve    of    the   surface;    by 
what  precedes  it   is   made   up   of    15   lines,   intersecting   3   together   in    15   points;    and 
if  we  denote  the  six  tangents  of  the  conic  just  referred  to  by 

1,  2,  3,  4,  5,  6, 

then  the  fifteen  lines  are  respectively  lines  passing  through  the  intersections  of  each 
pair  of  these  tangents;  viz.  through  the  intersection  of  the  tangents  1  and  2,  we  have 
a  line  12;  and  so  in  other  cases;  that  is,  the  15  lines  are  12,  13....  56.  The  lines 
12  and  34  meet;  and  the  lines  12,  34,  56  meet  in  a  point;  we  have  thus  the  15 
points  12.34.56,  triple  points  of  the  nodal  curve. 

59.  As  regards  the  cuspidal  curve,  the  equation  of  the  surface  may  be  written 

(i2  -  IZkwM)  (4M*  +  SL N)  -  (LM  +  9kwNy 

=  3  (L*M2  +  L*N  -  ISkwLMN  -  IQkwM3  —  27&2wW2)  =  0, 
and  we  thus  have 


=0, 
LM  4-    9kwN=  0, 


or,  what  is  the  same  thing, 


L  ,     12Jf,     - ! 


=  0 


kw,        L ,          M 

(equivalent  to  two  equations)  for  the  equations  of  the  cuspidal  curve.  Attending  to 
the  second  and  third  equations,  the  cuspidal  curve  may  be  considered  as  the  residual 
intersection  of  the  quartic  and  quintic  surfaces  i2—  12&wlf=0,  LM+9kwN=0}  which 
partially  intersect  in  the  conic  w~Q,  i  =  0;  or  say  it  is  a  curve  4x5  —  2;  cx=18. 
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Section  III  =  12 - 
Article  Nos.  60  to  72.     Equation  2W(X 

60.  The   system   of  lines   and   planes   is   at   once   deduced   from    that    belonging   to 
II  =  12  —  <72,   by   supposing   the   tangent    cone   to   reduce   itself  to   the    pair   of  biplanes ; 
3    of  the    planes   (a)  of  II  =  12  —  (72  thus   coming   to    coincide  with  the   one   biplane,  and 
three  of  them  with  the  other  biplane, 

61.  The  diagram  is 
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62.  Taking  X+Y+Z—Q  for  the  biplane  that  contains  the  rays  1,  2,  3,  and 
IX  +  mY+nZ^Q  for  that  which  contains  the  rays  4,  5,  6,  we  may  take  X  =  Q,  F=  0, 
Z=Q  for  the  equations  of  the  planes  [14],  [25],  [36]  respectively;  and  then  writing 
for  shortness 

m  —  n,  n  —  l,  l—m  =  \,  p,,  v, 

and  assuming,  as  we  may  do,  k  =  X/^z/,  so  that  the  equation  of  the  surface  is 

W(X+7+Z)(lX  +  mY+nZ)  +  (m-n)(n-l)(l-m 
the  equations  of  the  1"7  distinct  planes  are 

Z  =  0,  [14] 

F  =  0,  [25] 

Z  =  0,  [36] 

Z+     Y+  2=0,  [123] 

lX  +  mY+nZ  =  0,  [456] 

IX  +  nT  +  nZ=0,  [15] 

IX  +  nT+nZ  =  Q,  [16] 

lX  +  mY+lZ=0,  [25] 

nX  +  mY  +  nZ  =  0,  [26] 

mX  +  mY+nZ  =  0,  [35] 

ZZ+   Zr+^=0,  [36] 

PF=0,  [14.25.36] 

W+  l\X  =  Q,  [14.26.35] 

W+mnY=0,  [16.25.34] 

W+  nvZ=0,  [15.24.36] 
ImX  +  mnY+  nlZ+W  =  0,  [15 . 26 . 34] 
nlX  +  JmY+  mnZ  -  W  =  0,  [16 . 24 .  35] 
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63.     And  the  coordinates  of  the  fifteen  distinct  lines  are 
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whence  equations  may  be  written 
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(i)   x=o,  r  +  ^  =  o 

0 

0 

0 

1 

0 

-1 

(2)    r=o,  ^  +  x=o 

0 

0 

0 

-1 

1 

0 

(3)   *-o,  x+r=o 

0 

0 

0 

0 

—  n 

m 

(4)    X=0,  mr+n^=0 

0 

0 

0 

n 

0 

-I 

(5)    r=o,  »i^  +  zx=o 

0 

0 

0 

-  m 

I 

0 

(6)   *=o,  z^+»»r=o 

1 

0 

0 

0 

0 

0 

(14)     X=0,   TF=0 

0 

1 

0 

0 

0 

0 

(25)     r-0,   TF=0 

0 

0 

1 

0 

0 

0 

(36)     ^=0,   TP"=0 

I 

n 

n 

wV 

—  nlv 

0 

(15)      lX+nY+nZ=Q,   W+nvZ=Q       \ 

I 

m 

m 

-mV 

0 

Imp 

(16)    zx+mr+«*  =  Q,  r+m/,r=o 

I 

m 

I 

0 

PA 

-Imp 

(26)    ^+mr+^=o,  r+our=o 

n 

m 

n 

mnv 

-n*v 

0 

(24)   »jr+mr+»^-o,  TF+W^=O     ; 

m 

m 

n 

-mnp 

0 

mV 

(34)    «X+«r+*S=0,   TF+mMF=0 

I 

I 

n 

0 

nlX 

-PA 

i 

64.  The  rays  are  not,  the  mere  lines  are,  facultative;   hence  6'  =  p'  = 

65.  The  equation  of  the  Hessian  surface  is 

-W(X+  Y+  Z)  (IX  +  mY+  nZ)  (pv 


+  kXYZ  {(I3  +  Sim  +  Sin  +  WTO)  X  +  (m2  +  3mn  -4-  3ml  +  nl)  Y+  (n2  +  Snl  +  3nm  +  fen)  ^}  =  0. 

The   Hessian  and    cubic    surfaces    intersect    in   an    indecomposable   curve,   \yhich   is    the 
spinode  curve  ;   that  is,  spinode  curve  is  a  complete  intersection  3x4;   a  —  12. 

The  equations  may  be  written  in  the  simplified  form 


Y+n(l  +  m)Z]  «0. 


We  may  also  obtain  the  equation 


c.  vi. 


-(l  + 

=  0, 

50 
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which  shows  that  there  is  at  58  an  eightfold  point,  the  tangents  being  given  by 


(X",  IL\  v*,  -fur,  -z/X,  -\f*$YZ3  ZX, 
Each  of  the  facultative  lines  is  a  double  tangent  of  the  spinode  curve  ;   whence  @'  =  IS. 

Reciprocal  Surface. 

66.     The  equation  may  be  deduced  from  that  for  II  =  12  -  G2,  viz.  writing 

,  7,  Z)* 


that  is 

(a,  6,  c,  /,  #,  A)  =     (21,  2m,  2n,  m  +  ti,  n  +  Z,  l  +  m\ 
we  have 

(A  5,  C,  F,  G,  £0  =  -(\a,    /x2,    v\     pv    ,    if\  ,    V   ); 

Writing  also 

X,  ^  v  —  m  —  n,  n  —  l,  l  —  m  as  before, 


Imn  xyz  =  ^, 
(m  -f  n)  yz  +  m  (n  -i-  1)  zoc  +  n  (I  +  m)  coy  =  u, 


(m  +  n)  (3G  + 
we  have 

U  =  2v,     F  =  2<r^,     F  =  -  4^, 
and  then 

i  =  ft3^2  -  2fc^  4-  <r2,     M  =  2  (tou  +  <n/r),     JV  =  4  (klmrikxyzw  -  ->p)  ; 

«o  that  the  equation  is 

0  =  &N  =  4  (A^s  -  2kwt  +  (T2)3  (4ftw^  -  ^p) 

+  i2-¥3  +      4  (#W  -  2%u^  -f  o^)a  (Jcwv  4-  <rf  )a 

-  ISJcwLMN  -  144  A?w  (A2^  -  Shwt  + 

-  I6kw     M9  -  128  lew  (kwv 

2  -432 


or   reducing  the   first   two   terms    so    as    to    throw   out  from   the  whole    equation  the 
factor  kw,  the  equation  is 

4Z2  {GL  +  (i/3  -  ip)  kw  +  2^r  (fr|r  +  v<r)}  - 
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or,  what  is  the  same  thing,  it  is 

(k*w*  -  2kwt  4  <r2)2  {Jc?w*0  +  Jew  (- 

-  36  Q&JU*  -  2&wtf  +  (T 

-  32  (kwv  +  <njr)s 

-  lOB&w  (4ikw6  -  -^)2  =  0. 

67.     This  is 
.     6 


.  Qt  4- 


-  8^0  +  4iV  +  288^0  -  32u8  -  172802 
.      <r4  .  3d  -f-  o-3^  .  4v  +  cr^3  •  12*  +  cn/r*  .  37 
+  er8  (12^2(9  -  4iv2  -  1440u)  +  <?^  (+  Sfr;  +  288i(9  -  96v2)  +  ^r2  (8^  -  72^u  +  8640) 
+  (kw)  .  -  erSfr*  +  ^  (-  6^0  +  v2)  4-  (73^(-  8j5v-  1440) 


which,  reducing  the  last  term,  is 
(kwf  Imnxyz 

—  4i<r*\/jLv  (y  —  z)(z  —  x)  (cc  -  y)  (ny  —  <mz)  (Iz  —  nx)  (moo  —  ly)  =  0. 

68.     I  verify  the   last   term   in   the   particular  case   #  =  0   as  follows:   the  coefficient 
of  <r8  is 

(0,  Zn(l  + 
which  is 

Z  +  m)  (Xi»  +  ^y)2  +  [(m  +  w)  x  +  (w  +  i)  y]  (z> 


+  [2  (I  +  m)  X/A  4-  (m  +  n)  /j,v  +  (n 
+  [(i  4  m)  /*  4  (w+  Z)  »]  A*y*}, 
which,  substituting  for  X,  /*,  v  their  values  m  —  n,  n  —  l,  l  —  m,  is 


or  for  ^  =  0  the  coefficient  of  o-3  is 

=  -  4\pv  ri*a?y*  (x  -  y)  (moc  -  ly), 
agreeing  with  the  general  value 

—  4X//J'  (y  —  z)(z  —  x)  (x  -  y)  (ny  -  mz)  (Iz  —  nx)  (Ix  -  my). 
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Biplanes       X+     7+   Z=Q 

IX  +  ml 
intersecting  in  edge. 

Hays  in  first  biplane, 


);  F=0, 


rays  in  second  biplane, 


69.     In  the   discussion  of  the  equation  it  is  convenient  to  wiite  down  the  relations 
of  the  two  surfaces,  thus  : 

Cubic  surface. 

Plane  w  =  0, 
Points  in  w  =  0,  viz. 

x  =  y  =  z  and  x  :  y  :  z  =  I  :  m  :  n, 
in  line  (m  —  ri)x-\-(n  —  l)y  -f  (Z  —  m)^=  0, 
that  is,  \x  4-  ny  +  vz  =  0,  or  cr  =  0. 
Lines    in    plane    w  =  0,    and    through    first 


point,  viz. 


lines  through  second  point,  viz. 


70.  The  equation  puts  in  evidence    the   section  by  the  plane  w  =  0,  viz.   this   is 
the  line   cr  =  0  (reciprocal  of   the   edge)  three  times,  and  the    six    lines   (reciprocals   of 
the  rays)   each    once.     Observe    that    the    edge    is   not    a    line    on    the    cubic;    but    its 
reciprocal  is  a  line,  and  that  an  oscular  line  on  the  reciprocal  surface;  the  six   lines 
(reciprocals   of   the  rays)  are   mere   scrolar    lines    on   the   reciprocal   surface;    they   pass, 
three   of   them,  through    the    point   x~y  =  z,  and    the   other    three    through    the   point 
x  :  y  :  z=*l  :  m  :  n\  that  is,  they  are   six  tangents  of  the   point-pair  (reciprocal  of  the 
pair  of  biplanes)  formed  by  these  two  points. 

71.  I   do  not   attempt   to    put   in    evidence    the   nodal    curve    on  the   surface;    by 
what  precedes  it  consists  of  9   lines,  reciprocals  of  the   mere   lines.     If    we   denote  by 
1,  2,   3   and   4,   5,   6  the  lines   which  pass   through   the    points  #  =  0,  y  =  0t  z  —  Q   and 
through   the  point  x  :  y  :  z  =  I  :  m  :  n  respectively,   then   these    intersect   in    the    nine 
points  14,  15,  16,  24,  25,   26,   34,   35,  36;    and  through   each  of  these   there  passes   a 
nodal  line   which  may  be  represented  by  the  same  symbol;  that  is,  we  have  the  nodal 
lines   14, ....36.    Two  lines  such  as   14,   25   meet;  and   three  lines  such   as   14,  25,  36 
meet    in  a   point;    we    have  thus  the  six   points   14,25.36   &c.   triple    points    on   the 
nodal  curve;  as  before,  V  =  9,  ^==6. 

72.  The  cuspidal  curve  is  given  by  the  equations 


0. 

kw          ,     AW  —  2kwt  +  cT2,          2  (kwv 
Writing  down  the  two  equations, 

-  24Aw  (kwv  4-  <n/r)  =  0, 
2  -  2kwt  +  cr1)  (kwv  -I-  <n^)  +  I8w  (Imnk  xyzw  -  ^)  =  0, 

these   are  respectively   of   the   orders   4    and  5  ;    but  they  intersect  in   the   line  w  =  0, 
<r  »  0  taken  four  times,   or  say,  the  cuspidal   curve    is    a  partial  intersection  4.5-4; 


412] 


A   MEMOIR    ON   CUBIC   SURFACES. 


397 


Section  IV  =12  -2(7* 

Article  Nos.  73  to  84     Equation  WXZ  +  F2  (yZ  +  S  W)  +  (a,  b,  c, 
73.     The  diagram  of  the  lines  is 


F)3  = 


00        10       tO        M        H*        H* 

^     rf^     oo     rf*.     oo     to 

Lines. 

HJ       M       M       ta        tO       CO 

to     qs     nj     co     rfj     t£ 

rf^WMM^CttWI-* 

en 

0 

IV=1 

2  -205. 

Mi                       0 

"     oo 

M 

M 

'                      X 

X 

X 

X 

H1 

to 

H1 

rfi. 

II 

II 

II 

II 

SI 

HI 

OS 

Hi 

[0] 

1x2=  2 

. 

.  . 

Plane  touching  along 

• 

axis. 

11' 

. 

• 

22' 
33' 

4x4=16 

• 

: 

Planes  through  axis, 
each   containing  a 
ray  of  the  one  node 
and  a  ray  of  the 

*                                             * 

other  node. 

44' 

•                                     • 

* 

12 

• 

•    • 

13 

• 

• 

14 

• 

- 

d    23 

• 

•    • 

1    24 

. 

. 

a 

• 

34 

1  9  v  O      OA. 

* 

•        • 

Biradial  planes,  each 
containing  two  rays 

1'2' 

L&  X.  a  —  -»•* 

. 

»        . 

of  tne  one  node  or 
two  rays  of  the  other 

1'3' 

• 

• 

node. 

2'3' 

• 

•     • 

2'4' 

• 

• 

3'4' 

• 

• 

12.34 

.                                               ^ 

„ 

13.24 

3x1=  3 

.  . 

- 

Planes  each  contain- 
ing three  mere  lines. 

14.23 

20        45 

•    • 

• 
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gl 
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74.    Writing  X  (a,  I,  c,  d%X,  F)'-7SF*  =  -  7S  (f,X  -  F)(/aZ-  F)(/,X  -  Y)(ftX  -  F), 

the  20  planes  are 

X  =  0,  [0] 

X  -AF-0,  [HI 

X-/2F=0,  [22-] 

X-/3F=0,  [33'] 

X-f<Y=Q,  .                         [44'] 


=  0, 

[12] 

=  0, 

[13] 

=  0, 

[14] 

=  0, 

[23] 

=  0, 

[24] 

=  0, 

[34] 

[12.34] 
[13.24] 
[14.23] 


75.    And  the  16  lines  are 


(a) 

(»)• 

<«) 

(/) 

(9} 

(A) 

whence  equations  may  be  written 

0 

0 

0 

0 

0 

1 

(0)      JT  =  0,   F=0 

a 

0 

0 

0 

-y 

d 

(5)      JT=0,  f/r+y^+STT-O 

0 

0 

0 

fl2 

fi 

-S 

(1)      JT-^F^O,  SF  +  ft^^O 

0 

0 

0 

ff 

fs 

-3 

(2) 

0 

0 

0 

^ 

ft 

-8 

(3) 

0 

0 

0 

*? 

ft 

-8 

W 
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(a) 


f2 

fs 

_s 
^ 
^ 
_s 

"faf3 

8 


(6) 


f  2 
14 


w 


0 
0 
0 
0 


0 
0 
0 
0 


I    1 


0 
0 
0 
0 

r 

~s 


y 
y 


(h) 


(i1) 

(2') 
(3') 

W 
1   /I      1 


7 
7 
7 
7 


JL/1+1 
rr(f  +  J 

-L^+^ 


JL/^I    1 
•-(-  +  ^ 

fxf  vf «>     f  / 


lf(i+l 
1/11 


(12  . 


1    /I      1 


f 


^equations  are 


[and  similarly  for  each  of  the  remaining  five  lines]. 

76.     To  verify  the  equations  of  the  line  12  .  S'4/,  observe  that  the  two  equations  give 


ZW 


{X  -  (f,  +  fc)  7X  -  (f,  +  f4)  Y\  : 


the    equation    of    the    surface,    multiplying    by    X    and    observing    that    —  78  —  af1f2f3f4, 
becomes 


and  substituting  the  values  just  obtained,  this  is 

X2  [Z  -  (f,  +  f,)  T]  [X  -  (f,  +  Q  F]  +  .ZT*  [X  (fa+tA)  -  F(Ufc  +  £W  +  fiU  + 

+  f£t&Y4  -(X-  fiF)  (X-  f2F)  (Z  -  f,  F)  (X  -  f4F)  =  0, 
which  is  in  fact  an  identity. 

77.    The  facultative  lines  are  the  transversal  and  the  six  mere  lines;    b' 
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78.  The  equation  of  the  Hessian  surface  is  found  to  be 

(yZ+  SW)  XZW+  F2  (yZ-  STF)2  +  3  (cX  +  dY)  XZW  +  12y&XT9  (aX  +  bT) 

-  (yZ  +  SW)  (3aX*  +  9&X2F  +  6c-3TF2) 

-  9X2  {(ac  -  62)  JT2  +  (ad  -  6c)  XT  +  (M  -  c2)  F2}  =  0. 

79,  Combining  with  the  foregoing  the  equation  of  the  surface 

XZ  W  4-  F2  (7£  +  8  F)  +  (a,  6,  c,  d\X,  F)8  =  0, 


it  appears  that  these  have  along  the  line  X  =  0t  F=  0  the  common  tangent  plane 
X  =  Q,  or,  what  is  the  same  thing,  that  they  meet  in  the  line  X  =  0,  F=0  (the  axis) 
twice,  and  in  a  residual  curve  of  the  tenth  order,  which  is  the  spinode  curve;  the 
equations  may  be  presented  in  the  somewhat  more  simple  form 

(a,  b}  c,  d^X,  F)8=0, 

b,  c,  d%X,  F)3+127SZF2(aZ  +  6F) 
(-  I2ac  +  962)  -  3d  (4aZ8F+  66Z2F2  +  4cZF3  +  c?F4)  =  0, 


which,   however,   still  contain  the   line  X  =  Q,   F=0   twice.     The  spinode   curve,  as  just 
mentioned,  is  of  the  tenth  order;   that  is,  we  have  c/=10. 

Each  of  the  6  mere  lines  is  a  double  tangent  to  the  spinode  curve,  but  the 
transversal  is  only  a  single  tangent:  to  show  this,  observe  that  the  equations  of  the 
transversal  are  -3T  =  0,  7-Zr+STF+dF=0;  substituting  in  the  equations  of  the  curve 
the  first  equation,  that  of  the  cubic  surface  is  of  course  satisfied  identically;  for  the 
second  equation,  writing  Z  =  0,  this  becomes  F2  {-  47S#F  -  4cZF(7#  +  8  W)  -  3cPF2}  =  0  ; 
or  writing  herein  dY=-(yZ+SW),  it  becomes  F2(7,ZP-STf)3=0.  The  value  F2  =  0 
gives  JST  =  0,  F=0,  yZ+SW=Q,  viz.  this  is  a  point  on  the  axis  X  =  0,  F=0  not 
belonging  to  the  spinode  curve;  the  value  (yZ—  STF)3  =  0  gives  a  point  of  contact 
X  —  0,  yZ+  STT-t-^F=0,  y#—  8TT  =  0;  and  the  transversal  is  thus  a  single  tangent. 
Hence  the  number  of  contacts  is  2.6  +  1,  =13;  that  is,  we  have  /3'=13. 

Reciprocal  Surface. 

80.  The  equation  is  found  by  equating  to  zero  the  discriminant  of  the  binary 
quartic 

b,  c, 


or  say  this  is  (*^X,  F)4,  where  the  coefficients  are 


—  2  (Sz+yw)  oc  +  IZczw, 

—  3  (Sz  +  yw)  y  •+•    Qdzw, 
6  (&e  -  yw)\ 
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81.     Forming  the  invariants,  these  are 


£/  =  A2  4-    24  Uzw  + 

-  J  =  A3  4-  36A  Z7w  4-  216  Fs2^2  + 
where 

A  =  y2  4-  4  (8,2  4-  7w)  #, 

£7"  =  278^  +  2a  (8*  -  7w)2  +  3by  (8*  +  yw)  +  c  [y2  -  2  (5*  +  7  w)  co]  - 
F  =      (-  Sac  4-  9&2)  (&  -  yw)* 

+  (2c2  -  Id)  [y2  -  2  (Sar  4-  7*0)  a] 

+  (-  4acZ  +  66c)  y  (&  +  yw) 

—  2cd  xy 

4-     dW 

-  Sbxy  +lay8), 


and  the  equation  is 

{(A2  4-  24  Uew  +  144^3w2)3  -  (A3  +  36  A  Uzw  4-216  F^2^;2  4-  864z^s)2}  =  0  ; 


or,  expanding,  this  is 


4- 

4-    864^3«;3(  4D>2-   Vv) 

4-  I728^w;4  (  4^3  -  if)  =  0, 

where  observe  that  the  value  of 

4/*3  -  i/2,  =4  (6cZ  -  c2)3  -  (ad*  -  3&ccZ  4-  2c3)2  is  =  -  d2  (asc?2  +  4ac3  +  46sd  -  36V  -  Gabcd). 

82.     It  is  convenient  to  modify  the  form  of  the  equation  as  follows;  write 
Z7,  =  J74-  807&W0,  F!  =  F+  (-  Sac  + 


so  that 

A  =  y2  4-  4 

[7i  =  -  278^  +  2a  (8^  4-  7^)2  4-  36y  (S^  +  yw)  4-  c  [y3  -  2 

FX  =      (-  Sao  +  962 

4-  (2c2  -  bd)  |>2  - 

4- 


p  =       &—  Id, 
v=      ad2  -  2&cc?  +  2C3, 
C.   vi.  51 
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A,    Ul9    F!    being,    it    will    be    observed,   functions    of   #,  y,   $z  +  yw.     The    transformed 
equation  is 

C^2}  +  flsrw;  =  0, 


where  the  term  fl  may  be  calculated  without  difficulty:   the  first  term  of  this  is 


the   developed   expressions   of   J  (A2^  —  AFi  4-  Z7ia)  and  of  7*8*  into   the  product   of   the 
linear  factors  being  in  fact  each 


&  .  72S2  +  tfy  .  fyS  +  ahf  .  -  8078  +  #2/3  .  8678  4-  y4  .  -  ayS 
+  [a?  (-  d2  -  6078)  H-  afy  (Serf  4-  9678)  4-  #y2  (-  36d  -  4a7S)  -I-  j/3  .  ad]  (8*  +  7^;) 
+  [a?2  (9C2  -  66d  -  207)  +  xy  (3ad  -  96c)  +  2/2  .  Sac]  (Sz  4-  Tw;)2 
-1-  [oc  (6ac  -  963)  +  y  .  Sab]  (&* 


The  form  puts  in  evidence  the  section  by  the  plane  w  =  0,  which  is  the  reciprocal  of 
the  node  JD9  viz.  this  is  a  conic  (the  reciprocal  of  the  tangent  cone)  twice,  and  four 
lines,  the  reciprocals  of  the  nodal  rays,  each  once.  And  similarly  for  the  section  by 
the  plane  #  =  0. 

83.  The  nodal  curve  is  made  up  of   the  lines   which  are  the  reciprocals  of   the 
six   mere  lines  and  the  transversal;   viz.    we  have   three   pairs   of  lines   and   a  seventh 
line,  the  lines    of   each    pair   intersecting   at  a   point    of    the    seventh  line,  and   these 
three  points  being  the  triple  points  of  the  nodal  curve  ;   t'  =  3  as  before. 

84.  The  equations  of  the  cuspidal  curve  are  at  once  reduced  to  the  form 

A2     4-  24  Uwo  +  14Ve?2w2  =  0, 

AU  +  (18F-  12/*A),w+  WwW  =  0, 


which  are  two  quartic  surfaces   having  in   common  the   conies  5  =  0,  A  =  0,  and  w  =  0, 
A  =  0;  or  we  may  say  that  the  cuspidal  curve  is  a  curve  4.4  —  2  —  2;  that  is  c'  =  12. 
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Section  V  =  12-JB4. 
Article  Nos.  85  to  94.     Equation 
85.     The  diagram  of  the  lines  and  planes  is 


-  aX-  - 


86.     The  planes  are 


Lines. 

Y=12-J54. 

fcO              tO              H*             l-l 

o'          x 

X 
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II 
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II 
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2x12=24 
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. 

Biplanes  containing 
rays  1,  2  and  1',  2' 
respectively. 

Ix    3=   3 

• 

•    • 

Plane  touching  along 
edge  and  contain- 
ing the  transversal. 

m 

- 

12' 

• 

FM 
21' 

4x   4  =  16 

• 

•       • 

Biradial  planes  each 
containing  a  ray 
of  the  one  and  a 
ray  of  the  other 
biplane. 

22' 
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2x    1=   2 

9            45 
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Planes  each  through 
the  transversal. 

p 

v^ 

§f 

M 

r 

*i? 

Hi 

i_* 

15 

Is" 
IP 

If 

Z  =  0, 

Z+#=0, 
X  Va  4-  T-  ZVb  =  0, 
XVa+F-£V&  =  0, 
X  Va  +  Y+  Z  V6  =  0, 


=  0, 
=  0, 


[12] 
[1'2'j 
[0] 
[11'] 


[21'] 
[227] 
[11'  .  22X] 
[12r  .  21']. 


51 — 2 
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87.     And  the  lines  are 
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a 

b 

c 

f 

9 

h 

equations  may  be  written 

0 

0 

0 

0 

1 

0 

(3)        X=  0,^=0 

1 

0 

1 

0 

0 

0 

(4)        .Z  +  ^=0,   TF=0 

0 

0 

0 

0 

Jb 

1 

(1)        JT=0,       Y-£jb  =  Q 

0 

0 

0 

0 

-Jb 

1 

(2)        JT=0,       Z  +  ^V&  =  0 

0 

0 

0 

1 

Ja 

o 

(!')        -^  =  0,  -Xja+  Z=0 

0 

0 

0 

1 

-Ja 

0 

(2')        ^=0,      XJa+Y=Q 

1 

Jb 

1 

Jab 

1 

Ja 

2 

2(    Ja-Jb) 

-  2 

(11')      but  for  the  other  lines  the 
coordinate  expressions  are 

1 

1 

1 

the  more  convenient. 

"ji 

Ja 

2 

2(-  V5-V5) 

-2 

(12') 

1 
Jb 

1 

Jab 

I 
Ja 

2 

2  (    Ja  +  V6) 

-2 

(21') 

1 

1 

1 

Jl 

~Jal 

Ja 

2 

2(-^W^) 

-2 

(22') 

88.  The  four  mere  lines  and  the  transversal  are  each  facultative  ;  the  edge  is 
also  facultative,  cowling  twice;  //  =  &'  =  7,  ^  =  3. 

That  the  edge  is  as  stated  a  facultative  line  counting  twice,  I  discovered,  and 
accept,  A  posteriori,  from  the  circumstance  that  on  the  reciprocal  surface  the  reciprocal 
of  the  edge  is  (as  will  be  shown)  a  tacnodal  line,  that  is,  a  double  line  with 
coincident  tangent  planes,  counting  twice  as  a  nodal  line.  Reverting  to  the  cubic 
surface,  I  notice  that  the  section  by  an  arbitrary  plane  through  the  edge  consists  of 
the  edge  and  of  a  conic  touching  the  edge  at  the  biplanar  point;  by  what  precedes 
it  appears  that  the  arbitrary  plane  is  to  be  considered,  and  that  twice,  as  a  node- 
couple  plane  of  the  surface:  I  do  not  attempt  to  further  explain  this. 


89.     Hessian  surface.    The  equation  is 


a,  -a,  -b, 


Combining  with  the  equation 


and  observing  that  from  the  two  equations  we  deduce 


it  appears  that  the  complete  intersection  of  the  Hessian  and  the  surface  is  made  up 
of  the  line  X  =  0,  ^=0  (the  edge)  twice  (that  is,  the  two  surfaces  touch  along  the 
edge),  and  of  a  curve  of  the  tenth  order,  which  is  the  spinode  curve  ;  d  =  10. 
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The  equations  of  the  spinode  curve  may  be  presented  in  the  form 
XZ,    aX*  +  bZ*-7*>    aX*  +  bZs  ||  =  0; 

X  +  Z,  W  72        II 

it   is   a  curve   3.4  —  2,  the  partial  intersection  of  a  quartic  and  a  cubic  surface  which 
touch  along  a  line. 

The   binode   is    on  the    spinode   curve  a  singular  point;    through  it  we   have   two 
branches  represented  in  the  vicinity  thereof  'by  the  equations 

,/FV  z      fi\*/Y\t\     ,  (z      ,/FV  %      fi\*fz\ 
-*(w)>  IT"-  (a)  (w))*nd  (w=^(w)>w=-(^)  (w) 

respectively. 

90.  The    edge    counted    once    is    regarded    as    a    double    tangent    of   the    spinode 
curve   (I   do   not   understand  this,  there  is  apparently  a  higher   tangency);   each   of  the 
four    mere    lines    is    a    double    tangent;    the    transversal    is    a    single    tangent;    hence 
/3'  =  2.2  +  2.4  +  l,  =13. 

Reciprocal  Surface. 

91.  The    equation  is    found    by   equating   to   zero   the   discriminant    of  the   binary 
quartic 


viz.   multiplying  by  6   to  avoid   fractions,  and  calling  the   function  (*7)JX,  Z)\  the  coeffi- 
cients are 


'if  +  4  (so  +  z)  w  +  4  (a  +  6)  w3, 
and  then  writing 

we  find 


a  -h  6)  ^2, 
If  =    4  {flsar  +  2  (6a?  +  a^)  w}, 


and  then  the  equation  is 

{(£2  _  i2^W  )s  _  (jrs  _  is^iJtf  -  54«^ZV)2}  =  0, 


_ 

viz.  it  is 

0. 
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92.     This,  completely  developed,  is 

}.a6(a  +  6)2{(a  +  6)2/2-(^-^)2} 


56)  x  +  (50  -  86) 

3a6  (a2  -  7a6  +  ¥)  tf>  "J 

[6(9a2+26a&-62)a?-26a6(a+6)^  +  ^  h 

+  (0  -  ^)2  [6  (-  12a  +  6)  a?3  +  22o6a»  +  a  (a  -  1  26)  s2]  J 

f 


+  2  (a?  -  zf  [- 


J 


+     [6  (90  -  26)  #3  +  Sofas*  +  a  (-  2a  +  96)  2:2]  y4 
+  2  [-  Sbat  +  laP*  -  (a  +  6)  a^+  a^^3  - 


where  we  see  that  the  section  by  the  plane  w  =  0  (reciprocal  of  JS4)  is  made  up  of 
the  line  w=0,  2/=0  (reciprocal  of  the  edge)  four  times,  and  of  the  lines  w=Q, 
ay*  _  &  =  o  ;  w  =  0,  6j/2  —  z*  =  0  (reciprocals  of  the  rays)  each  once. 

93.  The  surface  contains  the  line  2/  =  0,  w  =  0  (reciprocal  of  the  edge);  and  if  we 
attend  only  to  the  terms  of  the  lowest  order  in  y,  w,  viz. 

aW  (16  (x-*yvP+8  (x  +  z)  y*w  +  tf}, 
which  terms  equated  to  zero  give 

W  =  -  •J'  -  7=  -  =-     t/2, 

*(\/X±^' 

we  see  that  the  line  in  question  (y  —  0,  w  =  0)  is  a  tacnodal  line  on  the  surface,  the 
tacnodal  plane  being  w  =  0,  a  fitted  plane  for  all  points  of  the  line:  it  has  already 
been  seen  that  this  plane  meets  the  surface  in  the  line  taken  4  times;  every  other 
plane  through  the  line  meets  the  surface  in  the  line  taken  twice.  We  have  in  what 
precedes  the  a  posteriori  proof  that  in  the  cubic  surface  the  edge  is  a  facultative  line 
to  be  counted  twice. 

94.  Cuspidal  curve.     The  equation  of  the  surface  may  be  written 

(i2  -  12w2Jf)  (4Jf2  +  3LN)  -  (LM  +  9wW)2  =  0, 
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or,  what  is  the  same  thing, 


A  MEMOIR  ON   CUBIC  SUBFACES. 
LM+   W2JV  .•==(), 

=  0 
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Z,     12M,    -9N 


\        L,         M 

for  the  equation  of  the  cuspidal  curve.  Attending  to  the  second  and  third  equations, 
these  are  quartics  having  in  common  w*  =  0,  L  =  0,  that  is,  the  line  y  =  0,  w  —  0  four 
times ;  or  the  cuspidal  curve  is  a  partial  intersection  4x4  —  4:  c'  ==  12. 

Section  VI  =  12-53-Oa. 

Article  Nos.  95  to  102.     Equation  WXZ+  7*Z+(a,  b,  c,  d%X,  F)3=0. 
95.     The  diagram  of  the  lines  and  planes  is 
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96.    Writing  (a,  I,  c,  d%X,  F)3  =  -  d(0,X-  7)(0SX-  Y)(6<X-  7),  the  planes  are 

X  =  0,  [0] 

£=0,  [00] 

/j  y      TT* /\  r^o'i 

t/2A  —  y  -  o,  [^  j 

MT-F-0,  [33'] 

^4Z  -  F=  0,  [44'] 

,j  / /3  T^         "\T"\         ^ /\  ri  ft"i 

{Jj  I  (/2_/jL    ~~    J;     I  ^~  jt/  -=  " /»  I   JL  £i  \ 

d(0aX-7)-Z=0,  [13] 

d(6tX-7)-Z=0,  [14] 


97,    And  the  lines  are 


a 

b 

c 

/ 

9 

h 

equations  may  be  written 

0 

0 

0 

0 

0 

1 

(0)               JT  =  Of  T=0 

0 

0 

0 

0 

-1 

d 

(1)               JT  =  0,  dT  +  ^  =  0 

0, 

0 

0 

1 

e. 

0 

(2)            (92JT-  7=0,  ^=0 

0 

0 

0 

1 

03                                    0 

(3)            flgZ-  7=0,  ^=0 

0 

0 

0 

1 

04 

0 

(4)       •  e±x-  r-o,  ^=o 

02 

-i 

0 

0 

0 

022 

(2')            flaX  -  F=  0,  (922JT  +  TF=0 

0* 

-i 

0 

0 

0 

032 

(37)        <93,r-r=o,  e?x+  TF=O 

0* 

-i 

0 

0 

0 

042 

(4')           04X-  7=0,  04«X+TF=0 

~<Z02 

d 

1 

-(08+04) 

-*A 

rf(0304-  0203~0204) 

(12.3T)     ,      .      ,_           . 
but  for  the  remaining  lines 

-de, 

d 

1 

-(02  +  04) 

-9  A 

rf  (0204  —  0302  —  0304) 

(13  .  2'4;)     the  coordinate  expressions 

-de. 

d 

1 

-(02  +  0*) 

A  A 
—  tX2t73 

d(6,e3-eA-6A) 

n  A     o'Q'\     are  more  convenient. 

(  ITC  •  ±i  O  ) 

The  mere  lines  are  each  of  them  facultative  ;   V  =  p'  =  3  ;  t'  =  0. 
98.     Hessian  siirface.    The  equation  is 

{Z+3(cX+dY)}{XZW+Y*Z+(a,  6,  c,  d%X,  F)3} 
^4^  (a,  6,  c,  d%X,  F)3 
-  3  (4ac  -  362,  arf,  6d,  cd,  d*$X,  F)4  =  0  ; 


and  it  is  thence  easy  to  see  that  the  complete  intersection  is  made  up  of  the  line 
J5T  =  0,  F=0  (the  axis)  three  times,  and  of  a  curve  of  the  ninth  order,  which  is  the 
spinode  curve;  <r'  =  9. 
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99.  The  equations  of  the  spinode  curve  may  be  written  in  the  simplified  form 

XZW+T*Z+(a,  6,  c,  d^X,  F)3  =  0, 
4Z(a,  6,  c,  d$Z,  F)3  +  3(4ac-362,  od,  M,  cd,  <#%Z,  F)4=0, 

the    line    Jf  =  0,    F=0    here    appearing    as    a    triple   line    on    the    second    surface;    the 
curve  is  a  partial  intersection,  3x4  —  3. 

The  node  (72  is  a  triple  point  on  the  curve,  the  tangents  being  the  nodal  rays. 

The  node  BB  is  a  quintuple  point,  one  tangent  being  X  =  0,  3dY+  4^=0,  and  the 
other  tangents  being  given  by  £=0,  (4ac-362,  ad,  Id,  cd,  d*$X,  F)4  =  0, 

Each  of  the  facultative  lines  is  a  double  tangent  to  the  curve,  or  we  have  ft  =  6. 

Reciprocal  Surface. 

100.  Comparing   the   equation   of    fche    cubic    surface   with    that   for  IV  =  12  —  2C2> 
it   appears   that   the   equation   of  VI  =  12  —  J9S  —  <72  is   obtained   by  substituting   in   that 
equation   the   values   8  =  0,  7  =  1.     But   instead   of  making   this   substitution  in  the  final 
formula,   it   is   convenient   to    make   it    in   the    binary  quartic   (*$-5T,    F)4»   thus  in   fact 
working  out  the  reciprocal  surface  by  means  of  the  function 

(xX*  +  yXY-wY*J  +  *zwX(a,  6,  c,  d$X,  F)s, 
the  coefficients  whereof  (multiplying  by  6  to  avoid  fractions)  are 


—  Zccw  +  12czw, 


We  find 

J7  =  D 

-  J  =  i3  -  ISzwLM  - 


L  = 

M  =  Zday  +  6 

JF  =  —  4d2^  -  8d  (36^  -  2ay  +  2adz)  w-I2  (3&2  - 
The  equation  is 

=  0, 


viz.  it  is 

2  =  0, 


where    however  LN+M*  contains  the  factor  w9  =wP   suppose;  the  equation  thus 

i2P  -  ISzLMN-  IfaM*  -  Vlz*wN*  =  0.- 
Write 


0  =  66d#  -  4ady  4-  4afc  +  3  (362  - 
C.   YI. 
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and  therefore 


Aw, 
M=     2dxy  + 

N=-4d?aP- 
then  we  have 

p 
=  _  4  {£y  -  ZBdxy  +  Ad*a?  +  w(AC-  .B2)}, 


p  =     {_ 


or  the  equation  is 

-  ZSdxy  +  AdW  +  w(AO-  #)}  +  ISzLMN  +  1  6*.¥3  +  27^%^2  =  0. 


101.     Consider  the  section  by  the  plane  w  =  0,  we  have  i=y3,  M 
and  the  equation  becomes  4<y*  (Cy*  -  ZBdccy  -+4*^)4-  (128-  144=)-  16dtey*  =  0;   which 
substituting  for  A,  B,  C  the  values 


(7  = 


becomes  16dys  (y  —  dz)  (dx?  —  ScxPy  +  3c#£/2  —  ay*)  =  0  ;  which  is  in  fact  the  line  w  =  0,  y  =  0 
(reciprocal  of  the  edge)  three  times,  and  the  lines  w  =  0,  (y  -  <Lz)  (d>  —  c,  6,  —  a^x,  y)5  =  0 
(reciprocals  of  the  biplanar  rays)  each  once.  Observe  that  the  edge  (X  =  0,  Z  =  0)  is 
not  a  line  of  the  cubic  surface,  but  the  reciprocal  line  2/  =  0,  w  —  Q  presents  itself  as 
an  oscular  line  of  the  reciprocal  surface. 

102.     The  equations  of  the  cuspidal  curve  are  in  the  first  instance  obtained   in   the 

form 

L,    M,        3iV    =0. 

Z,     -41T 
Consider  the  two  equations 

i2    - 

LM+ 

each  of  the  fourth  order,  but  which  are  satisfied  by  #w  =  0,  i  =  0;  that  is,  by 
(>w  —  Q)  y*  =  0),  (z  =  0,  y*  +  4a?w;  =  0).  The  line  (w  =  0,  y  —  0)  however  presents  itself  in 
the  intersection  of  the  two  surfaces,  not  twice  only,  but  4  times.  To  show  this, 
observe  that  the  line  in  question  is  a  nodal  line  on  the  surface  Z2  —  12#w;.Jf ~0;  in 
fact,  attending  only  to  the  terms  of  the  second  order  in  y,  w,  we  find 


=  0, 
giving  the  two  sheets 

{(4#  +  120s)2  -  144co*  -  144&d,z2}  w  -  Zbdoczy     =  0  and  w  =  0 ; 

in  regard    to    the    last-mentioned   sheet  the  form  in    the  vicinity  thereof  is  given  by 
w=*Aif,  viz.   we  have  approximately  L  =  y\  M  =  2dxy,  and  thence  y4  — 12^ .  Ay* .  2d%y  =  0, 

that  is,  A=-Z-TJ —   or  ^  =  ^7-3 — Vs  J    *n®  line  is  thus  a  flecnodal   line  on  the  surface 

^ 
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Z>  —  I2zwM  =  0.  Next  as  regards  the  surface  L  M  +  §zw  N  =  0  ;  the  line  y=0,  w  =  0  is 
a  simple  line  on  the  surface,  the  terms  of  the  lowest  order  being  §zw  (—  4d2^)  =  0  ; 
that  is,  we  have  w  =  0,  and  for  a  next  approximation  w  =  Ay*,  viz.  L  =  y*t  M~ 

,     and     therefore     -  2dxy*  +  §z  .  Af  (-  4cJ2^)  =  0,     that     is,     J  = 


or 


=  —  r^r7-  7/s;    there  is    thus  a   threefold    intersection    with   one    sheet    and    a    simple 


intersection  with  the  other  sheet  of  the  surface  i2  —  l^zwM—O.  The  surfaces  intersect, 
as  has  been  mentioned  in  the  conic  #  =  0,  y2  +  4#w  =  0  ;  or  we  have  the  line  y  =  0, 
w  =  0  four  times,  the  conic  once,  and  a  residual  cuspidal  curve  of  the  order 
4.4-4_2,  =  10  ;  that  is,  c'  =  10. 


Section 

Article  Nos.  103  to  116.     Equation  WXZ+  Y*Z 4- 
103.     The  diagram  of  lines  and  planes  (l)  is 
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05         fcC 

CO         IO 

^ 

0 

vn=i 

2  -IV 

X 

to 
X 

i—  i 

X 

X 

h-l 

CTC 

Ot 

O 

II 

II 

II 

II 

>*•* 

<il     to 

O 

ox 

0 

01 

1x15=15 

• 

*        • 

Torsal  biplane. 

00 

. 

• 

1x20=20 

,        „ 

Ordinary  biplane. 

12' 

a? 

• 

• 

- 

tt 

I 

PH 

13' 

2x   5  =  10 

• 

• 

• 

Planes  each  containing 
a  mere  line. 

4            45 

2 

£ 

w 

fej 

% 

0^ 

t^ 

fi- 

O 

r- 

D   0 

t-0 

00 

00 

5* 

£ 

•a 

£ 

i  The  marginal  symbols  in  the  preceding  diagrams  constitute  a  real  notation  of  the  lines  and  planes  ; 
but  here,  and  still  more  so  in  some  of  the  following  diagrams,  they  are  mere  marks  of  reference,  showing 
which  are  the  lines  and  planes  to  which  the  several  equations  respectively  belong. 
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104.  The  planes  are  The  lines  are 

£=0,                    [10]                                  -3T  =  0;  Z=Q,  (0) 

X  =  Q,                   [00]                                  F  =  0,  ^=0,  (1) 

7  +  ^=0,             [12']                                JT«0,  7  +  ^  =  0,  (20 

F-£  =  0,            [13']                                ^=0,  7-£  =  0,  (3') 

Z-F-0,  Y  +  Z^O,  (120 

X+W=Q,  Y-Z=Q,  (130- 

105.  The  two  mere  lines  are  facultative,  and  the  edge  is  also  facultative  ;  />'  =  V  =  3  ; 
f  =  0. 

106.  Hessian  surface.     The  equation  is 

ZCWXZ+YtZ+YXz-Z^-lXtYZ  +  X'  +  ^Z^Q. 

The  complete  intersection  with  the  surface  is  thus  given  by  the  equations 


which  is  made  up  of  the  line  J?  =  0;  Z=Q  (the  edge)  four  times  and  a  curve  of  the 
eighth  order.  To  see  this,  observe  that  the  last-mentioned  surfaces  have  in  common 
the  line  X  =  0,  Z  =  0,  which  is  on  the  first  surface  a  torsal  line  (equation  in  vicinity 

being  Z=*--^X2),  and  on  the   second  surface  a  triple  line  (equations  in  vicinity  being 

^-^X2  and  X*=*^Z*).  But  Z=-^,X*  touches  Z=yX*,  and  the  line  counts  thus 
(2  +  2=)  4  times. 

107.  I  say  that   the   complete  intersection  is   the   line  (X  =  0,  Z  =  0)   three   times 
together   with   a   spinode  curve   made   up   of  this  same   line   once   and   of  the   curve   of 
the  eighth  order;   and  that  thus  or'  =9. 

The  discussion  of  the  reciprocal  surface  in  fact  shows  that  the  reciprocal  of  the 
edge  is  a  singular  line  thereof,  counting  once  as  a  nodal  and  twice  as  a  cuspidal  line 
thereof;  the  cuspidal  tangent  planes  are  the  reciprocals  of  the  several  points  of  the 
edge,  and  the  edge  is  thus  part  of  the  spinode  curve.  The  reasoning  may  appear  to 
show  that  the  edge  should  be  counted  twice,  but  it  must  be  counted  once  only, 
making  the  order  =9  as  mentioned. 

108.  I  find  that  the   octic   component   of  the   spinode  curve  is  a   unicursal   curve, 
the  equations  of  which  may  be  written 

X  :  Y:  Z  :   W=16P  :  40+1605  :  166*  :  -  5-  804-  160s; 


the   values   of  0  at  the  binode  J55  are  6  =  0,  9  ==  oo  ,  and  we  thus   obtain  in  the   neigh- 
bourhood thereof  the  two  branches 

Y 
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109.     Each    of   the    lines  (X-  W=  0,    Y+Z=0)   and    (Z+F  =  0,    F-£  =  0)   is   a 
double  tangent  of  the  spinode  octic;   in  fact  for  the  first  of  these  lines  we  have 


160*  +  80*  +160*  +  5  =  0,     1605  +  1603-h40  =  0, 
that  is, 

(202  +  1  )2  (404  -  403  +  5)  =  0,     40  (20*  +  I)3  =  0, 

so   that   the   line    touches    at   the    two    points   given  by   20s  -f  1  =  0;    and  similarly   the 
other  line  touches  at  the  two  points  given  by  203  —1  =  0. 

The  edge  Jf  =  0,  Z=0  has  apparently  a  higher  contact  with  the  spinode  octic, 
viz.  the  equations  J5T  =  0,  Z=Q  are  satisfied  by  0  =  0  twice,  0=oo  five  times;  but  it 
must  be  reckoned  only  as  a  double  tangent.  Hence  $'  =  2.2  +  2,  =6. 


Reciprocal  Surface. 

110.     The   equation  is  obtained  by  equating  to  zero  the  discriminant  of  the  binary 
quartic 

X3  (yZ-  wX)2  +  4<wZa  (wZ*  +  zZX  +  a^2), 


viz.  calling  this  (*JX,  Zf,  the  coefficients  (multiplying  by  6)  are 

>  —Syw, 


and  then  writing 

L 


we  have 

J/  =  i2 

-  J  =  Z3  - 

and  the  equation  is,  as  in  former  cases, 

i2  (LN+  IP)  -  l8w*LNN-  16&1U*  -  27^W2  =  0  ; 
but  LN+M*  and  therefore  the  whole  equation  divides  by  w,  and  we  thus  obtain 

16i2  (-  xz*  +  y*x+w  (yz  +  4^)  +  w8)  -  IBwLMN  -  16^1f3  -  27wW2  =  0  ; 
or,  completely  developed,  this  is 


8  .  32   (  3y*  - 


-I- 
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111.  To  transform  the  equation  so  as  to  put  in  evidence  the  nodal  curve, 
I  collect  the  terms  according  to  their  degrees  in  (y,  z)  and  (x,  w);  viz.  the  equation 
thus  becomes 


+  ztf  .w 

+  y*    .  x 


=  0  ; 


and    if   for    a    moment    we    write   z=oL  +  <y,  y  =  a  —  7    and    collect,   ultimately   replacing 
a,  7  by  their  values  i(#  +  y),  i(^-y),  the  equation  can  be  expressed  in  the  form 


+  y  )20  +  ^  )2  («  4-  8w) 
z  —  y  )2  (a?  -  w  )2  (a?  - 


+  y  )4  (a? 


-f  T/  )  (^  — 


and  observing  that  we  have 


=     ar 


—  0  (*  —  y), 


we  see  that  every  term  of  the   equation  is   at  least   of  the  second  order  in  z  +  y  and 
x  —  w  conjointly;   and   also  at  least   of  the   second   order  in  z  —  y  and  %  +  w  conjointly; 
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that  is,  the  surface  has  the  nodal  lines  (z+y  =  Q,  #  —  w  =  0)  and  (z  —  y  =  0, 
which  are  the  reciprocals  of  the  lines  12'  and  13'  respectively.  The  nodal  curve  is 
made  up  of  these  two  lines  and  of  the  line  2/=0,  w  =  Q  (reciprocal  of  edge),  as  will 
presently  appear;  so  that  we  have  &'=3. 

112.     The  equations  of  the  cuspidal  curve  are 


LM+    Qw*N=0, 
±M*  +    3LN  =  0. 
Attending  to  the  two  equations 

i2  -  I2w*M  =  y*  4-  8y*xw  +  IQtfw'2  +  Ztyzw*  +  48W4  =  0, 

LM  +  9w*N  =  fz  -f  2^2  4-  4ay*w  +  (8  -  72  =)  -  64xw*  4-  1803w2  =  0, 


these  surfaces  are  each  of  the  order  4,  and  the  order  of  their  intersection  is  =16. 
But  the  two  surfaces  contain  in  common  the  line  (y  =  0,  w  =  0)  7  times  ;  in  fact  on 

the  first  surface  this  is  a  cusp-nodal  line  4<%w  4-  y2  4-  Ay%  =  0  ;  and  on  the  second 
surface  it  is  a  nodal  line  w  (4>scy  4-  18#w)  =  0  ;  the  sheet  w  =  0  is  more  accurately 
4tmu  4-  y2  4-  By9  .  .  .  =  0  ;  whence  in  the  intersection  with  the  first  surface  the  line  counts 
5  times  in  respect  of  the  first  sheet  and  2  times  itf  respect  of  the  second  sheet; 
together  (54-2=)  7  times,  and  the  residual  curve  is  of  the  order  (16  —  7=)  9. 

113.  I  say  that  the  cuspidal  curve  is  made  up  of  this  curve  of  the  9th  order, 
and  of  the  line  y  =  0,  w  =  0  (reciprocal  of  the  edge)  once  ;  so  that  d  =  10.  In  fact, 
considering  the  line  in  question  y  =  0,  w  =  0  in  relation  to  the  surface,  the  equation 
of  the  surface  (attending  only  to  the  lowest  terms  in  y,  w)  may  be  written 


f  4-  w  (-  2/V)  4-  w*  (-  SGxytf)  4-  &c.  =  0, 
giving  in  the  vicinity  of  the  line 

and  then 


that   is    -42  =  —  2—   or  4#w  4-  t/a  ==  ^—^  -  V^  J   wherefore   the   line   is  a  cusp-nodal   line, 
'  a?  ft 

counting   once   as   a   nodal   and  once   as    a   cuspidal    line;    and   so  giving  the   foregoing 
results  V  =  3,  c'  =  10. 


114.     I  revert  to  the  equation  which  exhibits   the  nodal  lines  (x  —  w  =  Q, 
(sc  4-^  =  0,  y-#  =  0)  for  the  purpose  of  showing  that  they  have   respectively  no  pinch- 
points;   that  is,  that   in  regard   to   each    of  them  we   have  /  =  0.     In  fact   for  the  first 
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of  these   lines,   neglecting  the  terms  which  contain  #  —  w9  y  +  z  conjointly  in   an   order 
above  the  second,  the  equation  may  be  written 

64w3  (x  4-  w)2  (x  -  wf 


-  y  )2  (a?  -  Sw)  (a?  -  w)2 

-  y  )  (a?  +   w)  0      (a?  —  w)  (e  +  y) 


—  y  )3  (3»  -  fw)     O5 "" w)  (*  +  y) 


viz.  this  is 

where,    collecting    the    terms    and    reducing    the    values    by    means    of    the    equations 

x  —  w  =  0,  #  +  y  =  0,  or  say  by  writing  fc  =  w,  —y  =  zy  we  have 

« 

4  = 


:  -  32  (*  -  y)  (a?  +  w)  w2         =  - 


(?=       8w3(#  +  w2)(#  +  3w)        = 


Hence  the  condition  4^1(7  —  ^=0  of  a  pinch-point  is  (z2  —  8w2)5  =  0,  so  that  the  pinch- 
points  (if  any)  would  be  at  the  points  x  —  w  =  Q,  y  +  #  =  0,  #2  —  Swu  =  0  ;  or  say  at  ^,  y,  z,  w 
=  1,  -2V2,  2^2,  1.  But  these  values  give  L,  M}  ^«12,  12,  -16;  values  which 
satisfy  the  equations  Z2-  12w;2Jf=0,  ijM"+9^;W=0,  4-¥2  +  3i^  =  0,  and  as  the  points 
in  question  are  obviously  not  on  the  line  y  =  0,  w  =  0,  they  lie  on  the  ninthie 
component  of  the  cuspidal  curve,  being  in  fact  points  /9',  and  not  pinch-points. 

The  line  y=Q,  w  =  0  qua  nodal  line  would  have  every  point  a  pinch-point,  but 
being  part  of  the  cuspidal  curve,  no  point  thereof  is  regained  as  a  pinch-point;  that 
is,  in  regard  to  this  line  also  we  have  /=0.  And  therefore  for  the  entire  nodal  curve 
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115.  The  cuspidal  ninthic  curve  is  a  unicursal  curve,  the  equations  of  which  can 
be  very  readily  obtained  by  considering  it  as  the  reciprocal  of  the  spinode  torse;  we 
in  fact  have 

as  :  y  :  z  :  w=ZW+2XY  :  2YZ  +  X*  :  WX+Y2-3Z*2  :  ZX, 

or   substituting   for  X,    F,  Z,    W  their  values  (=  1602,  40  +  160s,    1603,   -5-804-1608) 
and  omitting  a  common  factor  1603,  we  find  for  the  cuspidal  curve 

cc  :  y  :  z  :  w  =  30  -h  240s  -  1609  :  2402  +  3206  :  -4-480*  :  160s 


(values    which    verify   the    equation    Xn  +  Yy  +  Zz  +  Ww  =  0)  ;    the    spinode    curve    being 
thus  of  the  order  =  9  as  mentioned. 

For   0  =  oo    we   have    the    singular   point   (y  =  Q,  2  =  0,   w  =  0)   (reciprocal    of   torsal 
biplane),  and  in  the  vicinity  thereof  x  :  y  :  z  :  w  =  1  :  —  20-*  :  30~5  :  —  0~6,  therefore 


For   0  =  0  we   have   the   singular  point   #  =  0,  y  =  0,  w  —  Q   (reciprocal   of   the   other 
biplane),  and  in  the  vicinity  thereof  cc  :  y  :  z  :  w—  —  f0  :  —  602  :  1  :  —40s,  therefore 


;--¥©'.  =-»©'. 


116.  The  section  of  the  surface  by  the  plane  z  =  0  is  an  interesting  curve. 
Writing  #=0  in  the  equation  of  the  surface,  I  find  that  the  resulting  equation  may 
be  written 


=  0, 
where  observe  that 

[w  (w*  +  270s)  +  #  (f  - 


so  that  the  curve  has  the  four  cusps  w*  +  27^  =  0,  y2—  32#w  =  0;  the  plane  #  =  0 
intersects  the  cuspidal  ninthic  curve  in  the  point  (y  =  0,  #  =  0,  w  =  0)  counting  5  times, 
and  in  the  last-mentioned  four  points:  in  fact,  writing  in  the  equations  of  the  ninthic 
curve  £  =  0,  that  is  1  +  1204  =  0,  we  find  w,  y,  w  =  |0,  A^,  160s,  and  thence 


The  curve  has  also  nodes  at  the  points  (y=0,  o?-l-w  =  0;  #  =  0,  %  —  w  =  0),  viz. 
these  are  the  intersections  of  the  plane  z—  0  with  the  nodal  lines  (2/-#=0,  #  +  w  =  0) 
and  (7/  +  #  =  0,  #-w  =  0),  and  it  has  at  the  point  (#  =  0,  w  =  0)  (intersection  of  its 
plane  with  the  cusp-nodal  line  2/  =  0,  w  =  0,  and  quintic  intersection  with  the  cuspidal 
ninthic)  a  singular  point  =  2  cusps  +  7  nodes;  hence  the  curve  has  cusps  =(4  +  2=)  6; 
nodes  (2  +  7=)  9;  or  2  nodes  +  3  cusps  =  36;  class  =6,  as  it  should  be. 

C.    VI.  5S 
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Section 


Article  Nos.  117  to  125.    Equation 


117.    The  diagram  of  the  lines  and  planes  is 
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118.     Take  ml3  ?n2  as  the  roots  of  the  equation  (m  —  I)2  =  4<am,  so  that  m±  -h  m2=  2  +  4a, 
s  =  1  ,  then  the  planes  are 

z«o, 


0, 


TF=0, 
F  =  0, 


F=0, 


[  7] 
[  8] 
[  9] 
[12] 
[34] 
C  56] 
[  13] 
[24] 
[16] 
[25] 
[46] 
[35] 
[789] 
[789] 


119.     And  the  lines  are 
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120.  The  three  transversals  are  each  facultative  ;   pf  =  V  =  3  ;   if  =  0. 

121.  Hessian  surface.    The  equation  is 


The  complete  intersection  with  the  cubic  surface  is  made  up  of  the  lines  (F=0, 
Jf  =  0),  (F=0,  #=0),  (F  =  0,  TF=0)  (the  axes)  each  twice,  and  of  a  sextic  curve  which 
is  the  spinode  curve  ;  </  =  6. 

The   spinode   curve  is   a  complete  intersection   2x3;   the   equations  may  in  fact  be 
written 


the  nodes  D,  G}  A   are  nodes  (double   points)  of  the   curve,  the  tangents  at   each  node 
being  the  nodal  rays. 

Each  of  the  transversals  is  a  single  tangent  of  the  spinode  curve;  in  fact  for 
the  transversal  Y  +  Z  +  X-0,  TF=0,  these  equations  of  course  satisfy  the  equation  of 
the  cubic  surface;  and  substituting  in  the  equation  of  the  Hessian,  we  have 
F2(-T-^)2  =  0.  But  Y  +  Z  +  X  =  Q,  TF=0,  F  =  0  is  a  point  on  the  axis  F=0,  F=0, 
not  belonging  to  the  spinode  curve;  we  have  only  the  point  of  contact 
TF=  0,  X-Z=Q.  Hence  0'  =  3. 


Reciprocal  Surface. 

122.     The  equation  is  found  by  means  of  the  binary  cubic, 

aT(T-y1Tf  +  (T-xU)  (T-  zU)  (T  -  wU), 
viz.  writing  for  shortness 


7  =  xz  +  ww  +  zw, 
S  =  xzw  ; 

this  is  a  binary  cubic  (*$T,  I7)3,  the  coefficients  whereof  are 

3(a+l),  -2ay-#  0 
and  the  equation  is  hence  found  to  be 


+  a3  {(127  -  /3a)  y*-  (8£7  +  36S)  y*  +  (30/3S  +  872)  f  -  367Sy  +  27S2} 
+  2a  {(672  -  ^y  -  9y3S)  f  +  (12^8  -  2/3^  -  187S)  y  +  2^  +  27S2  - 

0  5 
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or  substituting  for  /3,  7,  8  in  the  first  and  last  lines  their  values 

(=  x  +  z  +  w,  SGZ  +  xw  -f  zw,  xzw\ 
this  is 

4asy3  (y  -x)(y-  z)  (y  -  w) 

+  a2  {(127  -  /32)  y4  -  (8#y  +  368)  y3  +  (80)88  +  8y)  y2  -  3678y  +  278"} 
+  2a  {(Gy2  -  £*y  -  9£S)  y2  +  (12^8  -  2/372  -  187S)  y  +  2^  +  2782  - 

—  (#  —  Zf  (CO  -  W)S  (£T  -  W)2  =  0. 

123.     The   nodal   curve   is  made   up   of  the   lines  (y  =  #  =  #),  (y  =  oc  = 
reciprocals  of  the  three  transversals. 

To  show  this  I  remark  that,  writing 

ft*  =  (a  -  y)  +  (z  -  y)  +  (w  -  y), 

7  =  («  -  y)  (*  -  y)  +  0»  -  y)  (w  -  y)  +  (-»  -  y)  (w  -  y), 


the  equation  of  the  surface  may  be  written 

4ay  (y  —  a?)  (y  -  ^)  (y  -  w) 
+  a2  {y2  (12/^S'  -  7'2)  +  of  .  187'8'  +  27S/2} 
+  2a  {y  (-  6/3'38'  +  2^8  V2  +  ^T^O  +  2 

-  (a;  -  #)2  («  -  wf  (z  -  it;)2  =  0, 

whence  observing  that  </  is  of  the  order  1  and  Sx  of  the  order  2  in  (#  —  y),  (z  —  y) 
conjointly,  each  term  of  the  equation  is  at  least  of  the  second  order  in  (x  —  y),  (z  —  y) 
conjointly;  or  we  have  y  =  x  =  z,  a  nodal  line;  and  similarly  the  other  two  lines  are 
nodal  lines. 

124     The   foregoing   transformed    equation   is   most   readily  obtained  by  reverting  to 
the  cubic  in    T,    U,   viz.   writing  p  =  x  —  y,   r  =  2  —  y,   s  —  w  —  y,   and   therefore 
w  =  y  +  s,  the  cubic  function  (putting  therein  jP=  V+yU)  becomes 


writing  ff,  •/,  8'  =  p  +  r  +  5,  pr  +ps  +  rs,  prs,  the  coefficients  are  (S  (a  +  1),  ay  -  f¥,  y,  —  38'), 
and  the  equation  of  the  surface  is  thus  obtained  in  the  form 


a  +  l)(ay-/3/)7'S/ 


which,   arranging    in   powers  of  a,  and   reversing   the   sign,  is   the   foregoing   transformed 
result. 
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125.     The  cuspidal  curve  is  given  by  the  equations 


[412 


-  2ay  -  ft, 


=  0, 


or  say  by  the  equations 

that  is 
and 


=  0, 


consequently  c'  =  6.     It  is  to  be    added  that   the    cuspidal   curve   is    a  complete  inter- 
section, 2x3. 

Section  IX  =  12  -  253. 

Article  Nos.  126  to  136.     Equation  WXZ  +  (a,  b,  c,  £$X,  F)3  =  0. 
126.     The  diagram  of  the  lines  and  planes  is 
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127.  Writing  (a,  b,  c,  d^X,  Yy  =  -d  (/,*  -  F)  (f2X  -  F)  (f3X  -  Y  ),  the  planes  are 

*-0,  [0] 

*-0,  [7] 

F  =  0,  [  8] 

/jr-F-0,  [14] 

/2X-F=0,  [25] 

/3X-F=0,     [36]; 
and  the  lines  are 

X=0,     7=0,    (0) 

F=0,  £  =0,  (1) 

F=0,  £  =0,  (2) 

/3Z-F=0,  Z  =  0,  (3) 

/.Z-F-O,  F-O,  (4) 

/2X-F=0,  F  =  0,  (5) 

/3X-F=0,  F=0,  (6). 

128.  There  is  no  facultative  line;   /o'  =  6/  =  0,  £'  =  0;  and  hence  also  /Q'  =  0. 

129.  Hessian  surface.     The  equation  is 

cX  +  dT)-3X(ac-b*,  ad-bo,  M-o^X,  F)2}-0, 


so  that  the   Hessian  breaks  up  into  the  plane  X  =  0   (axial  or  common  biplane)  and 
into  a  cubic  surface. 

The  complete  intersection  of  the  Hessian  with  the  cubic  surface  is  made  up  of 
the  line  X  =  0,  F=  0  (the  axis)  four  times  ;  and  of  a  system  of  four  conies,  which  is 
the  spinode  curve;  c'  =  8. 

In  fact  combining  the  equations 

WXZ+(a,  6,  c,  d£Z,  F)3  =  0 


and 

-62,  ad-bc,  bd- 


these  intersect   in   the  axis  once,  and  in   a  curve  of  the   eighth  order  which  breaks  up 
into  four  conies;   for  we  can  from  the  two  equations  deduce 


(a,  6, 
that  is 

-36a,  ad,  Id,  cd, 


a  system   of   four  planes  each  intersecting  the  cubic   XZW  +  (a,  b,  G,  d^X,   F)8  =  0  in 
the  axis  and  a  conic;   whence,  as  above,  spinode  curve  is  four  conies. 

It  is  easy  to  see  that  the  tangent  planes  along  any  conic  on  the  surface  pass 
through  a  point,  and  form  therefore  a  quadric  cone;  hence  in  particular  the  spinode 
torse  is  made  up  of  the  quadric  cones  which  touch  the  surface  along  the  four  conies 
respectively. 
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Eeciprocal  Surface. 
130.     The  equation  is  obtained  by  means  of  the  binary  cubic 

Z(#Z  +  y7)2-h4^(a,  J,  c, 
viz.  calling  this  (*QX,  F)3  the  coefficients  are 


The  equation  is  found  to  be 

432  (a2d2  -  Gabcd  -f  ^ac3  +  468<2  - 
+  216  [(ad2  -  36cd  +  2c3)  #2  +  (-  2acd  +  462d  -  26c2)  #y  +  (-  abd  +  2ac2  - 
+      9  [3dW  -  12caVy  +  (10  Jd  +  8c2)  afy2  -  (4ad  +  S&c)  # 

=  0. 


The  section  by  the  plane  w  =  Q  (reciprocal  of  B3  =  D)  is  the  line  w  =  0,  ,y  =  0  (reciprocal 
of  edge)  three  times,  and  the  lines  w  =  0,  da?  —  3ca?y  +  Sbanf  —  ay*  =  0  (reciprocals  of  the 
biplanar  rays).  And  similarly  for  the  section  by  the  plane  z  =  0  (reciprocal  of  Bs  =  C). 

The  section  by  the  plane  y  =  0  is  made  up  of  the  lines  (y  =  0,  -2r  =  0),  (y  =  0,  w/=^0) 
each  once,  and  of  two  conies,  y  =  0, 

-  362c2)  ^w;2 


131.  There  is  not  any  nodal  curve;   &'  — 0. 

132.  Cuspidal  curve.     The  equations  may  be  written 


,     f  + 


=  0. 


Forming  the  equations 

(bd  -  c2  )  .  144sX+  2  (<%  "  C2/2)  •  12^  -  2/4  =  0, 

(ad  -  Jo)  .  144A0*  +  (3d^  -  2c^  -  fa/2)  .  12^^   -  2^  =  0, 


these  are  two  quartic  surfaces  having  in  common  the  lines  (y  =  Q,  w  =  0),  (j/  =  0,  z  =  Q): 
attending  to  the  line  (#  =  0,  z=Q),  this  is  on  the  second  surface  an  oscular  line, 

*  =  18daw^'  °n  ^e  ^rst  sur^ace  ^  ^s  a  n0(ial  line,  the  one  tangent  plane  being 
6(bd  —  ^w.z+dosz.y=0,  the  other  tangent  plane  being  £  =  0,  but  the  line  being  in 
regard  to  this  sheet  an  oscular  line,  ^=^TJ  —  y*-  Hence  in  the  intersection  of  the 

two  surfaces  the  line  counts  (1  +  3=)  4  times;  similarly  the  line  y  =  0,  w  =  0  counts. 
(1  +  3  =)  four  times  ;  and  there  is  a  residual  intersection  of  the  order  (16  —  4  —  4  =)  8, 
which  is  the  cuspidal  curve;  c'  =  8. 
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133.     The   cuspidal   curve   is   a   system   of  four   conies;  in   fact   from   the  preceding 
equations  written  in  the  forms 

(Id  -  c2,  2  (day  -  cy2),  -  y**$I2zw,  I)2  =  0, 

(ad -  6c,  3d#3  -  Zcxy  -  ly\  -  2atf$I2sw,  I)2  =  0, 

eliminating  zw,  we  obtain 

(  3  (&cZ  -  c2), 


6  (6c  -  ad)  6, 
o?d-b\ 

which  shows  that  the  cuspidal  curve  lies  in  four  planes,  and  it  hence  consists  of  four 
conies;  these  are  of  course  the  reciprocals  of  the  quadric  cones  which  touch  the  cubic 
surface  along  the  four  conies  which  make  up  the  spinode  curve. 

134  The  equation  of  the  surface,  attending  only  to   the  terms  of  the  second  order 
in  v   z  'w   is  27cP»  =  0;  it  thus  appears  that  the  point  y  =  0,  *  =  0,  w=0  (reciprocal 
of    the'  plane    X=0)   (which    is    oscular   along    the    a*is   joining    the    two    brnodes,   or 
55-axis)  is  a  binode  on  the  reciprocal  surface,  the  biplanes  being  ^==0,  w-0,  viz.  these 
are   the  planes  reciprocal  to  the  binodes  (X  =  0,  F=0,  F=0)  and  (X  =  0,  1  =0,  ^=0) 
of  the  cubic  surface;   we  have  thus  B'  =  l. 

It  is   proper   to  remark  that   the  binode   y  =  0,  *=  0,  ^  =  0  is  not  on  the  cuspidal 
curve,  as  its  being  so  would  probably  imply  a  higher  singularity. 

135  A  simple   case,   presenting  the   same  singularities  as  the  general  one   is  when 
a  =  d    &  =  c  =  0-to    diminish    the    numerical    coefficients    assume    a  =  d  =  ^,    the    cubic 
surface    is    thus    I2XZW+X*+  P=0,    and    the    equation    of    the    reciprocal    surfoce, 
multiplying  it  by  4,  becomes 


zw 


—  4y*a;  (a?  + 


viz.  this  is  the  surface 


considered  in  the  Memoir  -  On  the  Theory  of  Eeciproeal  Surfaces."  The  cuspidal  L  curve 
is,  as  there  shown,  composed  of  the  four  conies  y-0.  **+•"-*  .  and  f^o)' 
„--«,  =  <>•  and  it  is  there  shown  that  the  two  points  (*-0,  y-0,  *=0),  («-0  y-0,  w-0). 
eachTeckoned  eight  times,  are  to  be  considered  as  off-points  of  the  recxprocal  surface. 

OTC 

C.    VI. 
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136.  The   like    investigation    applies    to    the   general    surface,    and    we    have    thus 
0'  =  16;  the  points  in  question  are  still  the  points  (0  =  0,  y  =  0,  *  =  0),  (0  =  0,  y-  0,  w  =  0); 
viz.  these   are  the  points  of  intersection  of  the  surface  by  the  line  (a?=0,  y  =  0),  which 
points   are   also   the   common  points   of    intersection   of    the   four   conies   which   compose 
the  cuspidal   curve,   that  is,  they   are   quadruple   points   on   the   cuspidal   curve ;   it   does 
not    appear   that    the    points    are    on    this    account,    viz.    qu&    quadruple    points    of    the 
cuspidal  curve,  off-points  of  the   surface,  nor  does  this  even  show  that  the   points  should 
be  reckoned   each   eight  times.     As  already  remarked,   the  singularity  requires   a   more 
complete  investigation. 

Section  X  =  12-JB4-  (72. 
Article  Nos.  137  to  143.    Equation  WXZ+(X  +  Z)(Y*~  X2)  =  0. 

137.  The  diagram  of  the  lines  and  planes  is 
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138.  The  planes  are  and  the  lines  are 

X  =  0,            [0]                     X  =  Q,  F=0,  (0) 

Z  =  0,            [3]                      X-0,  ^=0,  (3) 

Z-F=0,    [llx]           Z-F-O,  Z=Q,  (1) 

X+F=0,  ^=0,  (2) 

X-F-0,   TF=0,  (I7) 

X  +  F  =  0,  F«0,  (2') 

X  +  ^=0,  F=0,  (12). 

139.  The  facultative  lines  are  the  edge  counting  twice,  and  the  mere  line  ; 

p^&'-S;   f  =  l. 

140.  Hessian  surface.     The  equation  is 


The  complete  intersection  with  the  surface  consists  of  the  line  (X=Q,  F=0),  the 
axis,  four  times  ;  the  line  (X  =  0,  Z  =  0),  the  edge,  twice  ;  and  a  sextic  curve,  which 
is  the  spinode  curve  ;  c'  =  6. 

Writing  the  equations  of  the  surface  and  the  Hessian  in  the  form 
X  (ZW  +  F2)  -  Xs  +  Z(Y*-  Z2)  =  0, 


we  see  that  the  equations  of  the  spinode  curve  may  be  written 


viz.  the  curve  is  a  complete  intersection,  2x3. 

F         /  Z\*    X         f  Z\% 
There  is  at  B4  a  triple  point  =  =  —  f  ^.J  ,  ^ss-f—J  ;  and  at  C2  a  double  point, 

the  tangents  coinciding  with  the  nodal  rays   W  =  0,  F2  —  X2  =  0. 

The  edge  and  the  mere  line  are  each  of  them  single  tangents  of  the  spinode 
curve.  But  the  edge  counting  twice  in  the  nodal  curve,  its  contact  with  the  spinode 
curve  will  also  count  twice,  that  is,  we  have  /3/  =  2.1  +  l,  =3. 

Reciprocal  Surface. 
141.     The  equation  is  obtained  by  means  of  the  binary  cubic 


or  calling  this  (*$-2T,  ^)8,  the  coefficients  are 

wx  +  bwz  +  #2,  12-w;^), 

54—2 


428  A    MEMOIR    ON    CUBIC    SURFACES. 

and  thence  the  equation  is  found  to  be 


16w3  [(2o?  -  5*)  </2  -  2  (#  -  2*)  (at  - 
8^2[y+(^~^ 
4w  [(20  +  3*)  2/4  - 


where  the  section  by  the  plane  w  =  0  (reciprocal  of  binode)  is  y*(y*  —  x?)  =  Q>  viz.  this 
is  the  line  w  =  0,  t/  =  0  (reciprocal  of  the  edge)  four  times,  and  the  lines  w  =  0,  2/2  -  #2  =  0 
(reciprocals  of  the  biplanar  rays). 

The  section  by  the  plane  £  =  0  is  found  to  be  (y2  -  x*)(y*  +  4ww  +  4w2)*  =  0,  viz.  this 
is  the  two  lines  z  =  0,  y*-x?  =  Q  (reciprocals  of  the  nodal  rays),  and  the  conic  z  =  0, 
3/2  4-  4#w  H-  4w2  =  0  (reciprocal  of  the  nodal  cone  WX  +  F3  —  X2  =  0)  twice. 

142.  Nodal  curve.  The  equation  shows  that  the  line  y  =  0,  0-#  =  0  (reciprocal  of 
the  line  TF=0,  -5T  +  #  =  0)  is  a  nodal  line  on  the  surface. 


It  also  shows  that  the  line  2/  =  0,  w  =  0  (reciprocal  of  the  edge)  is  a  tacnodal  line 
(=  2  nodal  lines)  on  the  surface  ;  in  fact  attending  only  to  the  lowest  terms  in  y,  w, 
we  have 

-  o3  [16  (0  -  zf  w*  +  8  (x  +  z)  wy*+f\  =  0, 
that  is, 


/#  +  N  z 
two  values,  w=*Ay*,  w  =  By*>  which  indicates  a  tacnodal  line. 

The  nodal  curve  is  thus  made   up  of  the  line  y=0,  x  —  z  =  Q   once,  and   the  line 
y  s=  0,  w  =  0  twice ;   V  =  3, 

143.     Cuspidal  curve.     The  equations 

use  +  &wz  +  y*     =0 


give 

2  -  3 


0 

or,  as  these  are  more  simply  written, 

4w^+    4w#-12w£-h4#2  —  3y2=  0, 
S^  +  lSw2^-  28^2^  +  ^  (4^  +  40^+  2ys)  4-^2/2  =  0, 
so  that  the  cuspidal  curve  is  a  complete  intersection  2x3;   </  =  6. 


412] 


A    MEMOIR    ON    CUBIC    SURFACES. 


429 


Section  XI=12-56, 

Article  Nos.  144  to  149.     Equation  WXZ  +  Y2Z  +  Xs  -  Z3  =  0. 
144.     The  diagram  of  the  lines  and  planes  is 
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where  the  equations  of  the  lines  and  planes  are  shown  in  the  margins  of  the  diagram. 

145.     The   edge  is   a  facultative   line   counting  three   times;    this   will   appear  from 
the  discussion  of  the  reciprocal  surface.     Therefore  //  =  &'  =  3;  £'  =  1. 


146.     Hessian  surface.     This  is 
Z(WXZ+ 


0, 


breaking  up  into  Z  =  Q,  the  oscular  biplane,  and  into  a  cubic  surface  (itself  a  surface 
XI  =  12  —  £6).  The  complete  intersection  with  the  cubic  surface  is  made  up  of  the 
line  X  =  0,  Z  =  0  (the  edge)  six  times,  and  of  a  residual  sextic  (=  3  conies),  which  is 
the  spinode  curve  ;  c'  =  6. 

The  equations  of  the  sextic  are  in  fact  J?#-f  F2  =  0,  Z3  +  2'8  =  0,  so  that  this  con- 
sists of  three  conies,  each  in  a  plane  passing  through  the  edge. 

The  edge  touches  each  of  the  three  conies  at  the  point  X=Q,  Z=Q,  F=0;  but 
it  must  be  reckoned  as  a  single  tangent  of  the  spinode  curve,  and  then  counting  it 
three  times,  /S'  =  3. 
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Reciprocal  Surface. 
147.    The  equation  is  obtained  by  means  of  the  binary  cubic 


viz.  it  is 


-        z*  (4avw  +  y3)3  =  0, 
or,  completely  developed,  it  is 


the  section  by  the  plane  w  =  0  (reciprocal  of  2?e)  is  w  =  0,  y  =  0  (reciprocal  of  edge)  four 
times,  together  with  10  =  0,  y2  —  #2=0,  reciprocals  of  the  two  rays. 

148.  The    nodal    curve    is    the    line    y  =  0,    w  =  0    (reciprocal    of    edge    counting 
as  three  lines);    ft7  =  3.     In  fact   the   form   of  the    surface   in   the   vicinity   is   given    by 

w  =  — 7-y2±jA/  — T/3,  viz.   there  are  two   sheets   osculating   along  the   line   in    question, 
that  is  intersecting  in  this  line  taken  three  times. 

149.  For  the  cuspidal  curve  we  have 


giving 


or  multiplying  the  first  by  3#  and   subtracting    the    second,   we    have    108w3  4-  4,3s  =  0. 
Hence  the  equations  are 

*•  +  27^  =  0, 

12«w  4-  3^-4^  =  0, 

viz.   the  cuspidal  curve  is  made   up  of  three  conies   lying  in  planes  through  the  line 
z=Q}  w  =  Q. 

The  curve  may  be  put  in   evidence  by  writing  the  equation  of  the  surface  in   the 
form 

(3^  +  5z*  +  120W,  24*,  16  $3jf  -  4*2  +  120w;,  ^  -f  27^8)3  =  0, 
where 
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Section  XII  =  12-  Us. 
Article  Nos.  150  to  156.     Equation  W(Z  + 
150.     The  diagram  of  the  lines  and  planes  is 
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151.  The  planes  are  The  lines  are 

X  +Y+Z=Q,    [0]  JC  =  0, 

Z=0,  [1]  F  =  0, 

F=0,  [2]  £=0, 

^=0,  [3]  Z  =  0, 

W  =  0,  [l^'S']          7  =  0,  W  =  0,  (2') 

^=0,  TF  =  0,  (3'). 

152.  The  three  mere  lines  are  each  facultative:    p/  =  &/=3;   f  =  l. 

153.  Hessian  surface.     The  equation  is 


viz.  the  surface   consists  of  the  uniplane    X+Y+Z  =  0  twice,  and  of  a  quadric   cone 
having  its  vertex  at  Ue,  and  touching  each  of  the  planes  X  =  0,  F=  0,  Z  =  0. 
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The  complete  intersection  with  the  cubic  surface  is   made  up  of  the  rays  each  twice 
and  of  a  residual  sextic,  which  is  the  spinode  curve  ;    af  =  6. 

The  equations  of  the  spinode  curve  are 


Z2  +  F2  +  Z*-  27Z-  2ZX-  2X7  =  0, 
viz.  the  curve  is  a  complete  intersection,  2x3. 

Each  of    the   mere   lines   is   a  single    tangent   (as  at   once    appears   by   writing  for 
instance  F"  =  0,  X  =  0,  which  gives  (F-^)2=0);   that  is,  #  =  3. 

Reciprocal  Surface. 
154.    The  equation  is  found  by  means  of  the  binary  cubic 

viz.  writing  for  shortness 

y  =  yz  +  zx  4-  soy, 

8  =ayz, 
then  the  cubic  function  is 

(12,  w-4&  47,  - 

and  the  equation  of  the  reciprocal  surface  is  found  to  be 

432  82 

+    64  73 

(w  -  4/3)8  8 


expanding,  this  is 


-f  16  (4/38S  -  /3y  -  18/378  +  4^  +  27S2)  =  0  ; 

or  substituting  for  /9,  y,  S  in  the  first  and  last  lines,  this  is 

lu5  .  —  xyz 


+  16  (y-z?(z  -  xj  (x-y)^  0 

(where  &  %  S  =  «  +  y+*,  y*  +  *a?+ay,  a^4  The  section  by  the  plane  w  =  0  (reciprocal 
of  the  unode)  is  made  up  of  the  lines  w  =  0,  y~^=0;  w  =  0,  0-a?  =  0;  w^O,  *-y  =  0 
(reciprocals  of  the  rays)  each  twice. 

155.  The  nodal  curve  is  at  once  seen  to  consist  of  the  lines  (y  =  0,  *=  0),  (z  =  0,  ^=  0), 
(«  =  0,  y=0),  reciprocals  of  the  facultative  lines;  in  fact,  in  regard  to  (y,  z)  conjointly 
7  is  of  the  order  1,  and  8  is  of  the  order  2;  hence  every  term  of  the  equation  is 
of  the  order  2  in  y,  z\  and  the  like  as  to  the  other  two  lines:  6X  =  3  as  above. 
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156.  For  the  cuspidal  curve  we  have 

12   ,     w  — 4&          47 

tf~4jS,         47     ,     -12S 

or  say 

487  —    (w  —  4/3)2  =  0, 
36S  + 7(w-4/3)  =0, 

whence  the  cuspidal  curve  is  a  complete  intersection  2x3;   c'  =  6. 

Section  XIII  =  12  -  B3  -  2(72. 
Article  Nos.  157  to  164.     Equation  WXZ  + 

157.  The  diagram  of  the  lines  and  planes  is 
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158.  The  planes  are  The  lines  are 

X=0,  [1]  Z  =  0,  F=0,  (5) 

Z  =0,  [2]  Z  =0,  F=0,  (6) 

F  =  0,  [056]  F  =  0,  F  =  0,  (0) 

F  +  X=0,          [5]  X=Q,Y+Z  =  0,  (1) 

Y  +  Z  =0,          [6]  Z  =  0,  Y+X  =  Q,  (2) 

F-TF=0,          [34]  W-Y—Z,  (3) 

Z  +  F  +  ^  =  0,    [12]  W=Y=-X,  (4) 

W  =  0  TO!  W=0:  X+Y+Z  =  0,    (012) 

v  j  LJ  '  '          \  x 

159.  The  transversal  is  facultative;   p' =  &'  =  !,  i'  =  0. 

160.  The  Hessian  surface  is 


The  complete  intersection  with  the  surface  is  made  up  of  the  line  F=  0,  -XT  =  0 
(05-axis)  three  times;  the  line  Y=Q,  Z=Q  (CB-axis)  three  times;  line  F=0,  W=0 
((7(7-axis)  twice,  and  of  a  residual  quartic,  which  is  the  spinode  curve  ;  cr  =  4. 

161.    Eepresenting  the  two  equations  by  CT=0,  H=Q,  we  have 

),  =JlfF2  suppose, 


and 
2 

but 

(~9( 

64X*Z2  +  28  YXZ  (X  +  Z)-Y*  (36X2  +  28XZ  +  36^)  -  27  F3  (X  +  #), 
whence 

27(Z  +  ^)f7+9F  +  (-9ZF-9^F-Hl6X^)Jlf 

=  ZX  {12F2  +  28Fin+  64Z^+  9TF(3F+  4Z  +  4£)}  ; 
or,  as  this  may  also  be  written, 

2tY*(X  +  Z)U  +9YZH 

+  (-  9FZ-  9F2T+  I6XZ)  (3F+  X  +  Z)U  + 

that  is, 


and  we  thus  obtain  the  equation  of  the  residual   quartic,  or  spinode   curve,  in  the  form 

3F2+   4F(X  +  #)-f   4XZ=0, 
12F2  +  28F(Z  +  Z}  +  64X#+  9F(3F+  4Z  +  4^)  =  0. 
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The  spinode  curve  is  thus  a  complete  intersection,  2x2;  and  since  the  first  surface 
is  a  cone  having  its  vertex  on  the  second  surface,  we  see  moreover  that  the  spinode 
curve  is  a  nodal  quadriquadric.  Instead  of  the  last  equation  we  may  write  more 
simply 


The  equations  of  the  transversal  are  TF=0,  X+Y  +  Z=Q,  and  substituting  in 
the  equations  of  the  spinode  curve  we  obtain  from  each  equation  (X  —  Zf  =  0,  that  is, 
the  transversal  is  a  single  tangent  of  the  spinode  curve  ;  $'  =  1. 


Reciprocal  Surface. 

162.  The  equation  of  the  cubic  is  derived  from  that  belonging  to  VI  =  12  —  _B3  —  (72 
by  writing  therein  &  =  &  =  (),  c  =  J,  cZ=l.  Making  this  change  in  the  formulae  for  the 
reciprocal  surface  of  the  case  just  referred  to,  we  have 

L  =  j/2  +  4  (x  +  z)  w, 


P  = 

and  substituting  in  the  equation 

DP  +  8zM*  -  9zLMN-  %Iz*wN*  =  0, 

the  equation  divides  by  a?2;  or  throwing  this  out,  the  equation  is 

w  —  w  —  z) 


reducing,  this  is 


4#w  -j-  &zw)  (y  +  Zw) 
0  ; 


L 


•W    ( 
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The  section  by  the  plane  w  =  0  (reciprocal  of  J?3)  is  w  =  0,  y  =  0  (the  edge)  three 
times  ;  and  w  =  0,  y  —  #  =  0  ;  w  =  Q,  y~z  =  Q  (reciprocals  of  the  CB-axes). 

163.  Nodal  curve.  This  is  the  line  y  =  #  =  £;  wherefore  6'  =  !,  To  put  the  line 
in  evidence,  write  for  a  moment  %  —  y  +  a,  z^=y  +  %  then  the  equation  is  readily  con- 
verted into 


4«7-f  72)  1 

(2«-7)(-a  +  2y)J 


which,  each  term  being  at  least  of  the  second  order  in  a,  7(=#  —  y,  #  —  #)>  exhibits  the 
nodal  line  in  question. 

164.     Cuspidal  curve.    Multiplying  by  27,  the  equation  may  be  written 
(1y  —  3#  —  3£  -  5w,  —y  +  6w,  -  wfy*  +  IQyw  —  12a^;  -  12s;w  +  16^2, 

-  20j/3  +  24y#  +  24y^  -  27^  -  Syw  -I-  16^)2  =  0, 
where 


and  we  have  thus  in  evidence  the  cuspidal  curve, 

2/2  +  16yw  -  12  (a?  +  0)  w  4-  16z^  =  0, 
-  2(ty2  +  24y  (a?  +  z)  -  27^  -  8yw  +  16^2  =  0, 

which  is  a  complete  intersection,  2x2,  or  quadriquadric  curve  ;  cf  =  4. 
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Section  XIV  =  12  -  B5  -  O.2. 

Article  Nos.  165  to  171.     Equation  WXZ  +  Y*Z+  FX2 
165.     The  diagram  of  the  lines  and  planes  is 
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where  the  equations  of  the  planes  and  lines  are  shown  in  the  margins. 

166.  The   edge   is   a  facultative    line,  as   will    appear    from    the   discussion   of   the 
reciprocal  surface :   p'  =  V  =  1 ;   t'  =  0. 

167.  Hessian  surface.     The  equation  is 


The  complete  intersection  with  the  surface  is  made  up  of  the  line  JC=0,  F=  0 
(the  axis)  five  times,  the  line  JT=0,  Z=Q  (the  edge)  four  times,  and  a  skew  cubic, 
the  equations  of  which  may  be  written 

X,     F,          W    =  0. 
4Z,    X,    -  5F 

In  fact   from  the   equations    ^7=0,  J?  =  0  we  deduce  H— 
if    in    Z7=0   we    write  X2  =  4F£,   it  becomes  Z(XW+oY*) 
writing  5F2  =  —  XW,  we  have 


0;  and 
;    and    then  in   5^7=0, 


438  A  MEMOIR  ON   CUBIC   SURFACES.  [412 

168.  I   say  that   the  spinode   curve   is  made   up   of    the   edge   Z  =  0,   Z=0   once, 
and  of  the  cubic  curve  ;  and  therefore  a-'  =  4. 

In  fact  in  the  reciprocal  surface  the  cuspidal  curve  is  made  up  of  the  skew  cubic, 
and  of  a  line  the  reciprocal  of  the  axis,  being  a  cusp-nodal  line,  and  so  counting 
once  as  part  of  the  cuspidal  curve:  the  pencil  of  planes  through  the  line  is  thus 
part  of  the  cuspidal  torse;  and  reverting  to  the  original  cubic  surface,  we  have  the 
axis  as  part  of  the  spinode  curve  :  I  assume  that  it  counts  once. 

The  edge  is  a  single  tangent  of  the  spinode  curve;  /3'  =  1. 

Reciprocal  Surface. 

169.  The  equation  is  obtained  by  means  of  the  binary  cubic 


or,  as  this  may  be  written, 

(3w2,  -2yw,  y*  +  kovw,  Vbzw^X,  ZJ. 

The  equation  is  in  the  first  instance  obtained  in  the  form 


4- 

4- 

—       w2#2  (V'  +  4%w)*  =  0  ; 

but  the  last    two    terms    being    together  =  4w3#  (y*  +  4#w)2,   the   whole   divides   by 
and  it  then  becomes 


H-    Swyz  (t/2  4-  4*&w) 

4-          x  (y*  -f-  4zw)2  -  0  ; 
or,  expanding,  it  is 


4-  w  . 

4-  xy±  a*  0. 

The  section  by  the  plane  w  =  0  (reciprocal  of  J?5)  is  ^=0,  y  =  0  (reciprocal  of 
edge)  four  times,  together  with  w  =  0,  cc  =  0  (reciprocal  of  biplanar  ray). 

The  section  by  the  plane  z  =  0  (reciprocal  of  <72)  is  x  (y2  4-  kocwf  =  0,  viz.  this  .  is 
#  =  0,  y94-4#w  =  0  (reciprocal  of  nodal  cone)  twice,  together  with  #  =  0,  #  =  0  (reciprocal 
of  nodal  ray). 

170.  Nodal  curve.  This  is  the  line  w  =  0,  y  =  0,  reciprocal  of  edge.  The  equation 
in  the  vicinity  is  y  =  -  ^  w  ±  f\J  —  -^  w\  ,  showing  that  the  line  is  a  cusp-nodal 
line  counting  once  in  the  nodal  and  once  in  the  cuspidal  curve:  wherefore  Z/  =  l. 
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171.     Cuspidal  curve.     The  'equation  of  the  surface  may  be  written 
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where  4#  .  3w  -  y*  =  12xw  -  y\  This  exhibits  the  cuspidal  curve  12#w  -  y*  =  0,  9-2W  +  S##  =  0, 
breaking  up  into  the  line  w  =  0,  2/  =  0  (reciprocal  of  edge)  and  a  skew  cubic;  the  line 
is  really  part  of  the  cuspidal  curve,  or  c'  ~  4 

The  equations  of  the  cuspidal  cubic  may  be  written  in  the  more  complete  form 


y,  z 

y,    w,    -  80 


=  0. 


Section  XV  =  12-  177. 
Article  Nos.  172  to  176.     Equation 
172.     The  diagram  of  the  lines  and  planes  is 
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where  the  equations  of  the  lines  and  planes  are  shown  in  the  margins. 

173.  The  mere  line  is  facultative:  /o/  =  fe/  =  l;  ^  =  0. 

174.  The  Hessian  surface  is 


IZ.  this  is  the  uniplane  -5T  =  0  twice,  and  a  quadric  cone  having  its  vertex  at  £T7. 
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The  complete  intersection  with  the  surface  is  made  up  of  X  =  0,  F=0  (torsal 
ray)  six  times;  X  =  0,  #  =  0  (single  ray)  twice;  and  of  a  residual  quartic,  -which  is 
the  spinode  curve;  <j'  =  4. 

The  equations  of  the  spinode  curve  are  X£-F2  =  0,  ZF+2#2=0;  the  first 
surface  is  a  cone  having  its  vertex  on  the  second  surface  ;  and  the  curve  is  thus  a 
nodal  quadriquadric. 

The  mere  line  is  a  single  tangent  of  the  spinode  curve;  $'=1.    . 

Reciprocal  Surface. 
175.    The  equation  is  obtained  by  means  of  the  binary  cubic 

(-  §y\  $yg,  bxw,  Qyw&X,  F)3, 
viz.  throwing  out  the  factor  y,  the  equation  is 

w»  (-  640s)  +  w  (-  16#V  +  720y«  *  +  2V)  +  16yV  =  0. 

The  section  by  the  plane  w  =  0  (reciprocal  of  Z77)  is  w  =  0,  z  =  0  (reciprocal  of 
torsal  ray)  three  times,  and  w  =  0,  y  =  0  (reciprocal  of  single  ray)  twice. 

Nodal  curve.    This  is  the  line  %  =  0,  y  =  0,  reciprocal  of  the  mere  line  :   V  =  1. 
Cuspidal  curve.     The  equation  of  the  surface  may  be  written 
(640,  -16#,  -3w*$js*  +  3xw,  9y*  +  kzxf  =  0, 


where 

4  .  640  (-  See;)  -  256s2  =  -  256  (^2  + 

This  exhibits  the  cuspidal  curve  z*  +  §ccw  =  0,  9yz  +  kzx  =  0,  where  the  surfaces  are 
each  of  them  cones;  the  vertex  of  the  second  cone  is  on  the  first  cone,  and  the  two 
cones  have  at  this  point  a  common  tangent  plane;  the  curve  is  thus  a  cuspidal 
quadriquadric. 

1*76.     {The  equation 

(64a?,  -  16*,  -  :3tt/8>2  +  Saw,  9f  +  kzxf  =  0 
resembles  that  of  a  quintic  torse,  viz.  the  equation  of  a  quintic  torse  is 

(  x,  -  4^r,  8w*faP  -  Zwsc,  f  -  2jga?)"  =  0, 
which  equation,  writing  9y  for  y,  —  2#  for  x,  and  jw  for  w,  becomes 

(-  2#,  -  4*,  ew^  +  30w,  9y2  +  4^)2  =  0, 
or,  what  is  the  same  thing, 

and  developing,  this  is 


+  x  .  — 
- 

which,  however,  difTers  from  the    equation  of   the    reciprocal    surface,  not   only  in   the 
numerical  coefficients,  but  by  the  presence  of  a  term  xtf] 
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Section  XVI  =  12  -  4C2. 

Article  No.  177  to  180.     Equation  W(XY+XZ+ 
177.     The  diagram  of  the  lines  and  planes  is 
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where  the  equations  of  the  lines  and  planes  are  shown  In  the  margins. 
C.    VI. 
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178.  The  transversals  are  each  facultative:  p'=&'  =  3;   £'  =  1. 

179.  Hessian  surface.     The  equation  is 

4X7ZW-(X+  Y+Z  +  W)(WXY  +  WXZ  +  WYZ+XYZ)  =  Q, 

or,  what  is  the  same  thing, 

X*  (TZ  +YW+  ZW) 

+  Y*(ZW  +  ZX  +  WX) 
+  Z*  (WX+WY+XY) 
+  W*(XY  +XZ  +  YZ  )  =  0. 

The   complete    intersection  with    the  cubic    surface  is  made  up   of    the    six    axes   each 
twice,  and  there  is  no  spinode  curve  ;   a  =  0,  whence  also  ff  —  0. 

Reciprocal  Surface. 

180.  The  equation  is  immediately  obtained  in  the  irrational  form 


or  rationalizing,  it  is 

(as2  -f  j/2  +  &  +  M?  —  2^  —  2za&  —  2^y  —  2^m;  —  2yw  —  2^-w;)2  —  Q&xyzw  =  0  ; 
so  that  this  is  in  fact  Steiner's  quartic  surface. 

Nodal   curve.     This  consists   of  the   lines   x  —  y  =  0,  #  —  w  =  0;  a?  —  ^  =  0,  y  —  ^  =  0  ; 
^?  —  w  =  0,  y  —  ^  =  0;   so  that  6'  =  3. 

To  put  any  one  of  these,  for  instance  the   line  ®  —  y  =  0,  z  —  w  =  0,  in   evidence,  we 
may  write  the  equation  of  the  surface  in  the  form 


-  wf  -  2  (a? 
that  is 


+  4  [(a?  +  y)2  (fr  +  w)a  -  Wosysw]  =  0, 
or  finally 


+  4  {(^-y)5(^  -  w)2  +  4^y  (^-^  ^)2+  4*2iw  (M  —  y)*}  =  0, 
where  each  term  is  at  least  of  the  second  order  in  #  —  y,  z  —  w. 
There  is  no  cuspidal  curve;   c/=0. 
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Section  XVII  =  12  -  2_B3  -  O,. 

Article  Nos.  181  to  185.     Equation  WXZ+  XY2+  F 
181.     The  diagram  of  the  lines  and  planes  is 
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where  the  equations  of  the  lines  and  planes  are  shown  in  the  margins. 

182.  There  is  no  facultative  line;   6/=p/  =  0,  ^  =  0. 

183.  The  Hessian  surface  is 


viz.  this  breaks  up  into 


(the  common  biplane),  and  into  a  cubic  surface. 
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The  complete  intersection  with  the  cubic  surface  is  made  up  of  Jf=0,  F=0 
(55-axis)  four  times,  of  7=0,  2=0  and  F=0,  F=0  (ftS-axes)  each  three  times;  and 
of  a  residual  conic,  which  is  the  spinode  curve  ;  <7y  =  2.  The  equations  of  the  spinode 
curve  are  F2  —  SZW  =  Q,  4X4-37=0;  viz.  it  lies  in  a  plane  passing  through  the 
.KB-axis ;  since  there  is  no  facultative  line,  /3'  =  0. 


Reciprocal  Surface. 
184    The  equation  is  found  to  be 


=  0, 
or  say  this  is 


The  section  by  plane  w  =  0  (reciprocal  of  SB  =  D)  is  ^  ==  0,  y3  (y  —  %)  =  0,  viz.  this  is 
the  line  w  =  0,  y  =  0  (reciprocal  of  edge)  three  times,  and  the  line  w  =  0,  y  —  #  =  0 
(reciprocal  of  ray)  once  ;  and  the  like  as  to  section  by  plane  z  =  0. 

The  section  by  plane  #  =  0  (reciprocal  of  <73-  A)  is  #  =  0,  (y3  +  few)2  =  0,  viz.  this 
is  the  conic  (reciprocal  of  nodal  cone)  twice. 

There  is  no  nodal  curve  ;  V  =  0. 

185.     Cuspidal  curve.    The  equation  of  the  surface  may  be  written 
(1,  -y, 


where   4  .1.  Szw-y*  =  -(y*  —  12zw);  and  there  is  thus  a  cuspidal   conic  y2  — 
9#-8y  =  0:   wherefore  c'  =  2. 

Attending  only  to  the  terms  of  the  second  order  in  y,  z,  w,  the  equation  becomes 
a?2W  =  Q;  that  is,  the  point  #  =  0,  #  =  0,  w  =  0  (reciprocal  of  the  common  biplane)  is  a 
binode  of  the  surface  ;  or  there  is  the  singularity  j?'  =  1. 
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Section  XVIII  =  12  -  B4  -  2C2. 


Article  Nos.  186  to  189.     Equation  WXZ+  Y*(X  +  Z)  =  0. 
186.     The  diagram  of  the  lines  and  planes  are 
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where  the  equations  of  the  lines  and  planes  are  shown  in  the  margins. 


187.    The  mere  line  is  facultative;  the  edge  is  also  facultative  counting  twice  (this 
will  appear  from  the  discussion  of  the  reciprocal  surface)  :  V  =  //  =  3,  if  =  1. 
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188.     The  Hessian  surface  is 

(X  +  Z)  WXZ+(X-Z)*  F2  =  0. 

The  complete  intersection  with  the  cubic  surface  is  F=0,  Z=0  and  F=0,  X  =  0 
(the  CB-axes)  each  four  times;  F=0,  FF  =  0  (55-axis)  twice;  and  X  =  0,  #=0  (the 
edge)  twice.  There  is  no  spinode  curve,  o-'  =  0 ;  wherefore  also  ft'  =  0. 


Eeciprocal  Surface. 

189.     The  equation  is  obtained  from  the  binary  quadric  4tw  (X  +  Z)  (Xx  -h  Zz)  +  jfXZ, 
or  say 

(Sow,  4%;  (a?  +  s)  +  y\  §wz$X,  ZJ>. 

The  equation  is  thus 

(j/2  +  &wx  4-  4^^)2  —  64w2d7^  =  0, 
or  in  an  irrational  form 

ty  +  2  V^JJw  4-  2  VW  =  0. 

The  section  by  the  plane  w  =  0  (reciprocal  of  54)  is  w  =  0,  y  =  0  (reciprocal  of  edge) 
four  times. 


The  section  by  the  plane  z  =  0  (reciprocal  of  (72  =  (7)  is  z  =  0,  #2  +  4w#  =  0  (reciprocal 
of  nodal  cone)  twice  ;  and  similarly  for  the  section  by  %  =  0  (reciprocal  of  Ga  =  A). 

Nodal  curve.     Writing  the  equation  in  the  form 

y4  +  8w7/3  (z  +  %)  +  16w2  (a?  -s)2  =  0, 

we  have  a  nodal  line  y  =  0,  cc  —  z  =  0,  reciprocal  of  the  mere  line  : 
and  writing  the  equation  in  the  form 


we  have  y  =  0,  w  =  0  (reciprocal  of  edge),  a  tacnodal  line  counting  as  two  lines  ;    V  =  3. 
There  is  no  cuspidal  curve;    c'  =  0. 
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Section  XIX  =  12  -  B,  -  C.2. 

Article  Nos,  190  to  193.     Equation  WXZ  +  F2Z  +  Xs  =  0. 
190.     The  diagram  of  the  lines  and  planes  is 
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where  the  equations  of  the  lines  and  planes  are  shown  in  the  margins. 

191.  The   axis  is  a  facultative  line   counting  three  times  (as  will  appear  from  the 
reciprocal  surface);   p'  =  b'  =  3,  ^=1. 

192.  The  Hessian  surface  is 

Z(WXZ+  Y*Z-3X*)  =  0, 
viz.  this  is  the  oscular  biplane  Z  =  0  and  a  cubic  surface. 

The  complete  intersection  with  the  cubic  surface  is  made  up  of  Z=0,  Z—Q 
(the  edge)  six  times,  and  JC—  0,  F=0  (the  axis)  six  times.  There  is  no  spinode  curve, 
o-'srQ;  whence  also  /8'  =  0. 

Reciprocal  /Surface. 

193.  The  equation  is  at  once  found  to  be 

=  0. 
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The   section    by   the    plane  w  =  0    (reciprocal   of   -B6)   is  w  =  0,   y  =  0    (reciprocal    of 
edge)  four  times.     The  section  by  the  plane  #  =  0  (reciprocal  of  <72)  is  £  =  0, 
(reciprocal  of  nodal  cone)  twice. 

Nodal  curve.     The  equation  gives 


showing  that  the   line  w  =  0,  y  -  0  (reciprocal  of  edge)  is  an  oscnodal  line   counting  as 
three  lines  ;  V  —  3. 

There  is  no  cuspidal  curve  ;  c'  =  0. 


Section 

Article  Nos.  194  to  197.     Equation  X*W  +  XZ*+ 
194.     The  diagram  of  the  lines  and  planes  is 
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where  the  equations  of  the  line  and  plane  are  shown  in  the  margins. 

195.  There  is  no  facultative  line;   6/  =  p'  =  0,  f  =  0. 

196.  The  Hessian  surface  is   X3F=0,  viz.  this  is   the  uniplane    Z  =  0,  three  times, 
and    the    plane    F=0    through   the   ray.      The    complete    intersection    with    the    cubic 
surface   is  made  up  of  X  =  0,  3r=0  (the  ray)  ten  times,  and  of  a  residual  conic,  which 
is  the  spinode  curve;  </  =  2. 

The  equations   of  the  spinode   conic  are    F==0,  XW  +  ZZ  =  Q,  viz.   the  plane  of  the 
conic  passes  through  the  ray.    Since  there  is  no  facultative  line,  ySx  =  0. 
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Reciprocal  Surface. 
197.     The  equation  is  at  once  found  to  be 

27  (z*  +  4#w)2  -  64       =  0. 


The   section   by  the  plane   w  =  0  (reciprocal  of  the  Unode)  is  w  =  0,  <z  =  0  (reciprocal 
of  ray)  four  times. 

There  is  no  nodal  curve  ;   V  =  0.     But  there  is  a  cuspidal  conic,  y  =  0,  z*  +  kocw  =  0. 

The   point   y  =  0,  #  =  0,  w=0   (reciprocal   of  the   uniplane   J5T  =  0)   is  a  point  which 
must  be  considered  as  uniting  the  singularities  B'  =1,  ^'  =  2. 

I   give   in   an   Annex   a  further  investigation  in   reference   to  this  case  of  the  cubic 
surface. 

Section  XXI  =  12  -  3^3. 

Article  Nos.  198  to  201.     Equation  WXZ+Y3  =  Q. 
198.     The  diagram  of  the  lines  and  planes  is 
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where  the  equations  of  the  lines  and  planes  are  shown  in  the  margins. 

199.  There  is  no  facultative  line;  p'  =  b'  =  Q,  f==0. 

200.  The    Hessian    surface    is    XYZW=Q,    the    common    biplane    and    the    other 
biplanes   each   once.      The   complete  intersection   with   the   surface   consists    of   the  axes- 
each  four  times;   there  is  no  spinode  curve,  o-^O;  whence  also  y3'=0. 

C.   VI.  57 
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Reciprocal  Surface. 

201.  This  is  %7xzw  —  y3  =  0,  viz.  it  is  a  cubic  surface  of  the  form  XXI  =  12  —  3-B3. 
There  is  no  nodal  curve,  V  =  0,  and  no  cuspidal  curve,  cr  =  0.     Moreover  B'  =  3. 

Article  No.  202.     Synopsis' for  the  foregoing  sections. 

202.  I  annex  the   following  synopsis,  for  the  several  cases,  of  the  facultative  lines 
(or  node-couple  curve)    and  of    the   spinode    curve   of    the  cubic  surface;    also    of    the 
nodal  curve  and   the    cuspidal  curve  of    the    reciprocal    surface.     It   is  to   be   observed 
that   in   designating    a    curve,   for   instance,   as   18  =  4  x  5  ~  2,   this   means   that  it   is   a 
curve  of   the   order    18,   the    partial   intersection    of   a  quartic    surface    and    a    quintic 
surface,  but  without    any   explanation   of    the   nature   of    the   common    curve   2    which 
causes  the  reduction,  viz.   without  explaining  whether  this  is  a  conic  or  a  pair  of  lines, 
and  so   in  other  cases;    this  may  be  seen   by  reference   to  the  proper   section    of  the 
Memoir. 


Facultative  lines. 

Nodal  curve. 

Spinode  curve. 

Cuspidal  curve. 

1=12 

27 

27 

12=3x4 

24=6x4 

11=12-  <72 

15 

15 

12  =  3x4 

18=4x5-2 

m=12-J?8 

9 

9 

12  =  3x4 

16=4x5-4 

IV=12-2C2 

7 

7 

10=3x4-2 

12=4x4-2-2 

V=12-54 

7=  5+  edge  twice 

7=5+  rec.  of  edge  twice, 
rec.  of  edge  tacnodal 

10  =  3x4-2 

12  =  4x4-4 

VI=12-53-(7a 

a 

3 

9=3x4-3 

10=4x4-4-2 

YII=12-B5 

3=2+edge 

3  =2+  rec.  of  edge, 
rec.  ofedgeiseuspnodal 

9  =  edge  +  unicursal 
8-thic 

10=  rec.  of  edge  + 
unicursal  9-thic, 
rec.  of  edge  is  cuspnodal 

VHE=12-3(72 

a 

3 

6=2x3 

6=2x3 

IX=12-2B3 

none 

none 

8=4  conies 

8  =4  conies 

X=12-B4-<72 

a  =  1+  edge  twice 

3=1+  rec.  of  edge  twice, 
rec.  of  edge  is  tacnodal 

6  =  2x3 

6  =  2x3 

XI=12-B6 

3=  edge  3  times 

3=  rec.  of  edge  3  times, 
rec.  of  edge  is  oscnodal 

6=3  conies 

6=3  conies 

XIE=12-  U6 

3 

3 

6=2x3 

6=2x3 

Xm=12-J58-2C2 

1 

1 

4  =  2x2,  nodal  qua- 
driquadric 

4=2x2  quadriquadric 

XIV=  12-Bs-Oj 

l=edge 

l=rec.  of  edge, 
rec.  of  edge  is  cuspnodal 

4=3  +  edge 

4  5=  3+  rec.  of  edge, 
rec.  of  edge  is  cuspnodal 

XV=12-*77 

1 

1 

4=2x2,  nodal  qua- 
driquadric 

4=2  x  2  cuspidal  qua- 
driquadric 

XVI=12-4<72 

a 

3 

none 

none 

XVH=  12  -2^3-0, 

none 

none 

2=  conic 

2=  conic 

XVm=12-  B4-2<72 

8=l+edge  twice 

1+rec.  of  edge  twice, 
rec.  of  edge  tacnodal 

none 

none 

XIX=12-,B6-<73 

3=  axis  3  times 

3=  rec.  of  axis  3  times, 
rec.  of  axis  oscnodal 

none 

none 

XX=12-Ug 

none 

none 

2=  conic 

2=  conic 

XXI=12-3.B3 

none 

none 

none 

none 

I  pass  now  to  the  two  cases  of  cubic  scrolls. 
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Article  No.  203.     Section  XXII  =S(1,  1).     Equation  X*W+  Y*Z  =  Q. 

203.  As  this  is  a  scroll  there  is  here  no  question  of  the  27  lines  and  45  planes; 
there  is  a  nodal  line  X  =  Q,  F=0,  (6  =  1)  and  a  single  directrix  line,  ^=0,  TF=0. 

The  Hessian  surface  is  J5T3Fa  =  0;  the  complete  intersection  with  the  cubic  surface 
is  made  up  of  X=Q,  F=0  (the  nodal  line)  eight  times,  and  of  the  lines  X  =  Q,  Z=Q, 
and  F=0,  TF  =  0,  each  twice. 

The   reciprocal   surface   is   ^  -  2^  =  0  ;    viz-   tnis   is   a   like   scroll,   XXII  =  5(1,  1); 


Article  No.  204.     Section  XXIII  =  S  (ITl).     Equation  X  (XW+  YZ)  +  Y*  =  0. 

204.     This  is  also  a  scroll;  there  is  a  nodal  line  X  =  Q,  F=  0,  and  a  single  directrix 
line  united  therewith. 

The   Hessian   surface   is   Jf4  =  0;   the   complete  intersection  with  the  cubic  surface  is 
X  =  0,  F  —  0  (the  nodal  line)  twelve  times, 

The  reciprocal  surface  is  w  (xw  +  yz)  —  &  =  0  ;  viz.  this  is  a  like  scroll,  XXIII  =  *?(!,  1);. 


AnneoD  containing  Additional  Researches  in   regard  to  the  case  XX  =  12—Dr8;   equation 


Let   the   surface   be    touched   by  the   line   (a,   b,   c,  f,  g,  h),   that    is,  the   line   the 
equations  whereof  are 

(      0,         7i,  -<7,     a  $X,  F,  Zt  F)  =  0. 

-A,         0,        /,     6 
g,     -f,        0,     c 

-  a,    -  6,  -  c,    0 


Writing    the    equation    in    the    form   cW  .  cX*  +  X(cZ}*  +  C2F3  =  0,    and    substituting    for 
cW,  cZ  their  values  in  terms  of  X,  F,  we  have 

(-  gX  +/F)  cZ2  +  X  (aX  +  6F)2  +  c2F3  =  0, 
that  is 

(     a*-cg,  2ab  +  cf,  6s,    c^X,  F)*-0, 

or  say 


viz.   the   condition   of   contact   is   obtained  by  equating  to   zero   the   discriminant   of  the 
cubic  function.     We  have  thus 


4c3(2aZ>  +c/)» 
6*(2a&  +  c/)2 
1862c2  (a2  -  eg)  (2ab  +  c/)  =  0, 


57—2 
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viz.  this  is 

+  27 


30  tffrcf 


+  36  ab*cg 
+  24  a&c2/2 

•f 


+  27  cy 


which  is  the  condition  in  order  that  the  line  (a,  b,  c,  f,  g,  h)  may  touch  the  surface 
X*W+XZZ+  F*=0;  and  if  we  unite  thereto  the  conditions  that  the  line  shall  pass 
through  a  given  point  (a,  /3,  7,  8),  we  have  in  effect  the  equation  of  the  circumscribed 
cone,  vertex  (a,  /S,  7,  S). 

Writing  (/,  g}  h,  a,  &,  c)  in  place  of  (a,  6,  c,  /,  g,  A),  we  obtain 


H- 


+  27 
-f 


as  the  condition  that  the  line  (a,  b,  c,  f,  g,  h)  shall  touch  the  reciprocal  surface 

27  (4*aw  +  ^)2  -f  64y*i0  =  0  ; 
and  if  we  consider  a,  &,  c,  /,  ^  A  as  standing  for 

7y-£*,  a^-7^?,  frsc  —  oiy,  Sx-aw,  Sy-pw,  Sz-yw, 
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values  which  satisfy  the  relation 

(       0,         h,     —  g}     a 
-h,         0,        /,     b 

g,   -f,      o,   c 

-a,    —  6,     -  c,    0 

then    the    equation    in    (a,   6,    c,  /,   g,    K)   is    that    of    the    circumscribed    cone,    vertex 
(a,  0,  %  S);  the  order  being  (as  it  should  be)  a!  =  6. 


The  cuspidal  conic  is  y  =  0,  4txw  +  z*  =  Q,  and  we  at  once  obtain  a2  —  4c#  =  0  as 
the  condition  that  the  line  (a,  &,  c,  /,  #,  A)  shall  pass  through  the  cuspidal  cone. 
Hence  attributing  to  (a,  b,  c,  f,  g,  h)  the  foregoing  values,  we  have 

a*  —  4cg  »=  0 


for  the  equation  of  the  cone,  vertex  (a,  j3,  7,  S),  which  passes  through  the  cuspidal 
conic;  this  is  of  course  a  quadric  cone,  c  =  2.  I  proceed  to  determine  the  intersections 
of  the  two  cones. 

Representing  by  ®  =  0  the  foregoing  equation  of  the  circumscribed  cone,  and  putting 
for  shortness 


-  bK)  - 


I  find  that  we  have  identically 


whence    in    virtue    of    the    relation  a 
o?  —  4*cg  =  03  are  equivalent  to 


=  0  : 


=Q,   we   see  that   the    equations    ®  =  0, 


(/2  -bK)X  =  0,    a2  -  %  =  0, 
or  the  twelve  lines  of  intersection  break  up  into  the  two  systems1 


and 


To  determine  the  lines  in  question,  observe  that  we  have 

(      0,  h,  -g,  a$a,  &   %   S)  =  0; 

-A,  0,  /,  6  I 

^,  -/,  0,  c 

-a,  —6,  -c,  0 
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and  we  can  by  the  first  three  of  these  express  a,  6,  c  linearly  in  terms  of  /,  g,  h; 
the  equations  /2-&&  =  0,  a2-4c#  =  0,  27A2  (/2  -  IK)  -  Zf  (2fy  +  ah)  =  0  become  thus 
homogeneous  equations  in  (/,  g>  A);  the  equations  may  in  fact  be  written 


(7*  +  4<*S)  g*  +  /32/i2  -  20/yA  -  4£8A/«  0, 
8  (f*-bh)  =  $f*-ah*  +  yhf=0, 
BX  =  27A»  (S/2  -  ah*  +  jhf)  +  2#2  ($K  -  7^/1  -  2S/#)  =  0, 


viz.   interpreting  (/,  g>  A)  as  coordinates  m  piano,  the  first  equation  represents  a  conic, 
the  second  a  pair  of  lines,  and  the  third  a  quartic. 

We  have  identically 
-  (73 


and  it  thus  appears  that  the  two  conies  touch  at  the  points  given  by  the  equations 

S/2  -  ah*  +  yhf=  0, 

we  have  moreover 

aS)  (/9A2  -  ygh  - 


hence  at  the  last-mentiQned  two  points  —  fth*  +  7^  +  ZSfff  is   =  0  ;   and  the  quartic  X  =  0 
thus  passes  through  these  two  points. 

The  conic  (a2  —  0*7)  =  0  and  the  quartic  -3T  =  0  intersect  besides  (as  is  evident)  in 
the  point  #  =  0,  A=0  reckoning  as  two  points,  since  it  is  a  node  of  the  quartic;  and 
they  must  consequently  intersect  in  four  more  points:  to  obtain  these  in  the  most 
simple  manner,  write  for  a  moment 

n=-(7 
then  we  have  identically 

2  -  ah*  +   A     -  fl2  =  - 


=  -  S  (a2  - 
and  moreover 

2^3  08A*  -  2S&  -  WA)  -  fl  --=  (f  +  4a8)  (72  +  ph*  -  2^A  -  W#  =  S  (a2  - 
Hence  when  a2  —  4cgr  ==  0,  we  have 
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and  substituting  these  values  in  the  equation  X  =  Q,  it  becomes 


viz.  multiplying  by  160*8,  and  omitting  the  factor  ft,  this  is 
or  finally 


4  -  27  (72  +  4aS)  tfh*  +  27/SW  =  0, 

a  pencil   of  four   lines,  each  passing  through  the  point  g  =  0,  h  =  0,  and  therefore  inter- 
secting the  conic 

0 


at  that  point   and   at   one  other  point  ;    and  we  have   thus  four  points  of  intersection, 
which  are  the  required  four  points. 

Recapitulating,  the   conic   a2  —  4<cg  =  0   meets   the   sextic    (/2  —  bfi)  X  ~  0  in  the  two 
points 


(  2/3S/-  (7* 

each  three  times,  in  the  point  gr  —  0,  h  =  0  twice,  and  in  the  four  points 

-  27  (T2  +  4aS)#2A2  +  27/3%4  =  0, 


0 

each  once.  Or  reverting  to  the  proper  significations  of  (a,  &,  c,  /,  #,  A),  instead  of 
points  we  have  2  lines  each  three  times,  a  line  twice,  and  4?  lines  each  once;  the 
line  #~0,  A  =  0,  that  is,  <7  =  0,  &=0,  a  =  0,  being,  it  will  be  observed,  the  line 

^  =  -  =  ~    drawn    from    (a,   yS,    7,   S)   to    the   point    y  -  0,  #  =  0,    w  =  0,    which    is    the 

P     7      o 

reciprocal   of  the   uniplane  X  —  0:  the  twelve  lines   are  the  aV  lines  of  intersection  of 

the   circumscribed   cone   o!  with  the  cuspidal  cone  c',  viz.  aV  =  [aV]  +  3c/  +  x  \   [aV]  =  4 

referring   to   the   last-mentioned  four  lines  ;   a  =  2   to  the  two  lines  ;  and  %'  =  2   to  the 

line  #  =  0,  A  =  0,   a  =  0,  which  it   thus  appears   must   in  the   present   case    be   reckoned 

twice. 


456 


413. 

A    MEMOIR    ON    ABSTRACT    GEOMETRY. 
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the  year  1870),  pp.  51—63.    Received  October  14,— Read  December  16,  1869.] 

I  SUBMIT  to  the  Society  the  present  exposition  of  some  of  the  elementary  principles 
of  an  Abstract  m-dimensional  Geometry.  The  science  presents  itself  in  two  ways, — as  a 
legitimate  extension  of  the  ordinary  two-  and  three-dimensional  geometries ;  and  as  a 
need  io  these  geometries  and  in  analysis  generally.  In  fact  whenever  we  are  concerned 
with  quantities  connected  together  in  any  manner,  and  which  are,  or  are  considered  as 
variable  or  determinable,  then  the  nature  of  the  relation  between  the  quantities  is 
frequently  rendered  more  intelligible  by  regarding  them  (if  only  two  or  three  in  number) 
as  the  coordinates  of  a  point  in  a  plane  or  in  space :  for  more  than  three  quantities 
there  is,  from  the  greater  complexity  of  the  case,  the  greater  need  of  such  a  repre- 
sentation; but  this  can  only  be  obtained  by  means  of  the  notion  of  a  space  of  the 
proper  dimensionality;  and  to  iise  such  representation,  we  require  the  geometry  of  such 
space.  An  important  instance  in  plane  geometry  has  actually  presented  itself  in  the 
question  of  the  determination  of  the  number  of  the  curves  which  satisfy  given  con- 
ditions: the  conditions  imply  relations  between  the  coefficients  in  the  equation  of  the 
curve;  and  for  the  better  understanding  of  these  relations  it  was  expedient  to  consider 
the  coefficients  as  the  coordinates  of  a  point  in  a  space  of  the  proper  dimensionality. 

A  fundamental  notion  in  the  general  theory  presents  itself,  slightly  in  plane  geometry, 
but  already  very  prominently  in  solid  geometry;  viz.  we  have  here  the  difficulty  as  to 
the  form  of  the  equations  of  a  curve  in  space,  or  (to  speak  more  accurately)  as  to  the 
expression  by  means  of  equations  of  the  twofold  relation  between  the  coordinates  of  a 
point  of  such  curve.  The  notion  in  question  is  that  of  a  A-fold  relation, — as  dis- 
tinguished from  any  system  of  equations  (or  onefold  relations)  serving  for  the  expression 
of  it,  and  as  giving  rise  to  the  problem  how  to  express  such  relation  by  means  of 
a  system  of  equations  (or  onefold  relations).  Applying  to  the  case  of  solid  geometry 
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my  conclusion  in  the  general  theory,  it  may  be  mentioned  that  I  regard  the  twofold 
relation  of  a  curve  in  space  as  being  completely  and  precisely  expressed  by  means  of 
a  system  of  equations  (P=0,  Q  =  0,  ...  T=0),  when  no  one  of  the  functions  P,  Q,  ...T 
is  a  linear  function,  with  constant  or  variable  integral  coefficients,  of  the  others  of 
them,  and  when  every  surface  whatever  which  passes  through  the  curve  has  its  equation 
expressible  in  the  form  U  =  AP  +  BQ  . . .  +  KT,  with  constant  or  variable  integral 
coefficients,  A,  B,  ...  R.  It  is  hardly  necessary  to  remark  that  all  the  functions  and 
coefficients  are  taken  to  be  rational  functions  of  the  coordinates,  and  that  the  word 
integral  has  reference  to  the  coordinates. 


Article  Nos.  1  to  36.     General  Explanations;   Relation,  Locus,  <&c. 

1 .  Any  m  quantities   may  be    represented  by   means   of  m  + 1    quantities    as   the 
ratios   of   pi   of  these  to   the   remaining  (m  H-  l)th   quantity,   and   thus  in  place   of   the 
absolute  values  of  the  m  quantities  we  may  consider  the  ratios  of  m  +  1  quantities. 

2.  It   is   to   be   noticed  that  we   are   throughout  concerned  with  the   ratios   of  the 
m  + 1   quantities,  not   with   the   absolute   values ;   this  being  understood,  any  mention   of 
the   ratios   is   in   general  unnecessary;    thus    I    shall    speak   of   a   relation    between   the 
m  + 1    quantities,   meaning  thereby  a  relation  as   regards   the  ratios  of    the   quantities  ; 
and   so  in   other  cases.     It  may  also  be  noticed  that  in  many  instances  a  limiting  or 
extreme  case  is  sometimes  included,  sometimes  not  included,  under  a  general  expression; 
the   general  expression  is  intended   to  include   whatever,   having  regard   to  the  subject- 
matter  and  context,  can  be  included  under  it. 

3.  Postulate.     We  may  conceive  between  the  m  +  1  quantities  a  relation^). 

4.  A   relation  is   either   regular,  that  is,  it  has  a  definite   manifoldness,  or,  say,  it 
is   a   A- fold   relation;    or   else   it   is  irregular,  that   is,  composed   of  relations   not   all   of 
the  same  manifoldness.     As  to  the  word  "  composed,"  see  post,  No.  14. 

5.  The  ratios  are  determined  (not  in  general  uniquely)  by  means  of  a  m-fold  relation  ; 
and   a  relation   cannot  really   be  more   than   m-fold.      But  the  notion   of  a   more   than 
m-fold  relation  has  nevertheless  to  be   considered.     A  relation  may  be,  either  in   mere 
appearance   or   else  according  to  a  provisional  conception  thereof,  more  than  m-fold,  and 
be  really  m-fold   or   less   than   m-fold.      Thus    a   relation    expressed    by  m  +  1    or    more 

1  The  whole  difficulty  of  the  subject  is  (so  to  speak)  in  the  analytical  representation  of  a  relation; 
•without  solving  it,  the  theories  of  the  text  cannot  be  exhibited  analytically  -with  equivalent  generality;  and 
I  have  for  this  reason  presented  them  in  an  abstract  form  without  analytical  expression  or  commentary. 
But  it  is  perfectly  easy  to  obtain  analytical  illustrations;  a  onefold  relation  is  expressed  by  an  equation  P=0; 
and  (although  a  Mold  relation  is  not  in  general  expressible  by  k  equations)  any  k  independent  equations 
P=0,  Q=Q,  &e.  constitute  a  &-fold  relation.  Thus,  No.  4,  an  instance  of  an  irregular  relation  is,  MP=0, 
MQ=zQ,  viz.  this  is  satisfied  by  the  satisfaction  either  of  the  onefold  relation  Jf=0,  or  of  the  twofold 
relation  P=0,  Q  =  0.  And  post,  Nos.  14  and  21,  the  relation  composed  of  the  two  onefold  relations  P=0  and 
Q  =  Q  is  the  onefold  relation  PQ=0;  the  relation  aggregated  of  the  same  two  relations  is  the  twofold  relation 

p=o,  g=o. 

c.  vi.  58 
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equations  is  in  general  and  primd  facie  more  than  m-fold;  but  if  the  equations  are 
not  independent,  and  equivalent  to  w  or  fewer  equations,  then  the  relation  will  be 
77i-fold  or  less  than  w-fold.  Or  the  given  relation  may  depend  on  parameters,  and  so 
long  as  these  are  arbitrary  be  really  more  than  m-fold ;  but  the  parameters  may  have 
to  be,  and  be  accordingly,  so  determined  that  the  relation  shall  be  m-fold  or  less  than 
7?&-fold.  A  more  than  m-fold  relation  is  said  to  be  superdeterminate. 

6.  A  system  of  any  number  of  onefold  relations,  whether  independent  or  dependent, 
and   if  more  than  m  of  them,  whether  compatible  or  incompatible,   is  termed  a  '  Plexus/ 
viz.   if  the  number  of   onefold  relations   be   =  0,  then   the    plexus    is    0-fold.      A   0-fold 
plexus  constitutes  a    relation  which   is    at    most    0-fold,  but  which    may  be    less    than 
0-fold. 

7.  Every  relation  whatever  is  expressible,  and  that  precisely,  by  means  of  a  plexus  ; 
but  for  the  expression  of  a  Mold  relation  we  may  require  a  more  than  fe-fold  plexus. 

8.  Postulate.     We  may  conceive  a  m-dimensional  space,  the  indetermination  of  the 
ratios   of  m  + 1  coordinates,  and   locus  in  quo   of  the  point,  the   unique  determination  of 
these  ratios.     More  generally  we  may  conceive  any  number  of  spaces,  each   of  its   own 
dimensionality,  and  existing  apart  by  itself. 

9.  Conversely,  any  m-hl  quantities  may  be  taken  as  the  coordinates  of  a  point  in 
a  m-dimensional  space. 

10.  The  m  + 1  coordinates  may  have  a  A-fold   relation ;    it   appears   (ante,  No.    5) 
that  the  case    k>m,  or   where    the   relation    is    more    than    m-fold,  is    not    altogether 
excluded ;  but  this  is  not  now  under  consideration.    The  two   limiting  cases  k  =  0   and 
k  =  m  will  be  presently  mentioned ;    the  remaining    case   is   k  >  0  <  m ;    the    system    of 
points  the  coordinates  of  which  satisfy  such  a  relation   constitutes  a  A-fold  or  (m  —  &)- 
dimensional  locus.    And  k  is  the  manifoldness,  m  —  k  the  dimensionality,  of  the  locus. 

11.  If   k  —  m}  that  is,  if  the    ratios    are    determined,    we    have  the  point-system, 
which,   if   the  determination  be  unique,   is  a  single    point.     The    expression   "a    locus" 
may  extend  to  include  the  point-system,  and  therefore  also  the  point.     If  k—0,  that  is, 
if  the  coordinates  are  not  connected  by  any  relation,  we  have  the  original  m-dimensional 
space. 

12.  We  may  say  that  the  m-dimensional   space  is  the   locus  in   quo  not   only   of 
the  points  in  such  space,  but  of  the  locus  determined  by  any  relation  whatever  between 
the  coordinates;    and  in  like  manner  that  any  (m  —  &)dimensional  locus  in  such  space 
is  a  (m  —  Dimensional  space,  a  locus  in  quo  of  the  points  thereof,  and  of  every  locus 
determined  by  a   relation  between  the   coordinates,  implying  the  A-fold  relation  which 
corresponds  to  the  (m  —  &)dimensional  locus. 

13.  There  is  not  any  locus   corresponding  to  a  relation  which  is  really  more  than 
m-fold ;  hence  in  speaking    of   the   locus   corresponding   to   a  given  relation,   we    either 
assume  that  the  relation   is    not    more    than  m-fold,   or    we    mean    the    locus,  if  any, 
corresponding  to  such  relation. 
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14.  Any    two    or    more    relations    may    be    composed    together,   and    they   are    then 
factors    of  a   single   composite  relation;   viz.  the   composite   relation  is  a  relation  satisfied 
if,  and  not  satisfied  unless,  some  one  of  the  component  relations  be  satisfied. 

15.  The    foregoing   notion   of  composition  is,  it  will  be  noticed,  altogether  different 
from    that   which    would    at    first    suggest    itself.     The    definition    is    defective    as    not 
explaining   the   composition  of  a  relation   any   number   of  times  with   itself,  or  elevation 
thereof  to  power;   which  however  must  be  admitted  as  part  of  the  notion  of  composition. 

16.  A    A-fold    relation    which    is    not    satisfied    by   any    other    &-fold    relation,    and 
which  is  not  a   power,  is  a  prime  relation.     A  relation  which   is   not  prime  is  composite, 
viz.  it  is  a  relation  composed  of  prime  factors  each   taken   once   or   any  other  number  of 
times ;   in  particular,  it   may  be   the   power   of  a   single  prime  factor.     Any  prime  factor 
is  single  or  multiple  according  as  it  occurs  once  or  a  greater  number  of  times. 

1*7.  A  relation  which  is  either  prime,  or  else  composed  of  prime  factors  each  of 
the  same  manifoldness,  is  a  regular  relation;  a  &-fold  relation  is  eat  vi  termini  regular. 
An  irregular  relation  is  a  composite  relation  the  prime  factors  whereof  are  not  all  of 
the  same  manifoldness. 

18.  A  prime  &-fold  relation  cannot  be  implied  in  any  prime  &-fold  relation  different 
from   itself.     But   a  prime   &-fold   relation    may   be   implied   in   a  prime  more-than-&-fold 
relation, — or  in   a   composite  relation,   regular  or  irregular,   each   factor  whereof  is   more 
than   &-fold ;   and   so   also   a  composite  relation,  regular  or  irregular,  each  factor  whereof 
is   at  most    &-fold,   may  be   implied   in   a   composite  relation,  regular    or    irregular,   each 
factor   whereof  is   more   than   &-fold.     In   a    somewhat    different   sense,    each   factor    of  a 
composite  relation  implies  the  composite  relation. 

19.  A  composite  relation  is  satisfied  if  any  particular  one  of  the  component  relations 
is  satisfied;  but  in   order  to  exclude  this  case  we  may  speak   of  a  composite  relation  as 
being   satisfied  distributively  ;    viz.  this  will  be  the  case  if,  in  order  to  the  satisfaction  of 
the   composite   relation,  it  is  necessary  to  consider  all  the  factors  thereof,  or,  what  is  the 
same  thing,  when  the  reduced  relation  obtained  by  the  omission  of  any  one  factor  what- 
ever  is   not  always  satisfied.     And  when   the  composite  relation  is  satisfied  distributively, 
the    several    factors    thereof    are    satisfied    alternatively ;    viz.   there    is    no    one   which   is 
throughout  unsatisfied. 

20.  A   composite   onefold  relation  is  never  distributively  implied  in  a  prime  &-fold 
relation — that   is,   a  prime   A-fold  relation  implies   only   a  prime   onefold   relation,   or  at; 
least   only  implies   a   composite  onefold   relation  improperly,  in   the   sense  that  it  implies 
a  certain  prime  factor  of  such   composite   onefold   relation.     Conversely,  every  &-fold  rela- 
tion which  implies  distributively  a  composite  onefold  relation  is  composite. 

21.  Any  two  or  more  relations  may  be  aggregated  together   into,  and  they  are  then 
constituents   of,   a   single  aggregate  relation ;   viz.   the   aggregate  relation  is  only  satisfied 
when   all  the   constituent  relations   are  satisfied.     The  aggregate  relation  implies  each  of 
the  constituent  relations. 

58—2 
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22.  There   is  no   meaning   in   aggregating  a   relation   with  itself;   such   aggregation 
only   occurs    accidentally    when   two   relations   aggregated   together  become   one   and   the 
same  relation;    and  the  aggregate   of    a  relation  with  itself   is  nothing  else   than   the 
original  relation. 

23.  A  onefold  relation  is   not  an   aggregate,    but  is    its    own    sole    constituent ;    a 
more  than   onefold  relation  may  always   be  considered  as   an  aggregate  of  two  or  more 
constituent  relations,     The  constituent   relations   determine,  they   in   fact    constitute,   the 
aggregate   relation ;  but  the  aggregate   relation  does  not  in  any  wise  determine  the  con- 
stituent relations.     Any  relation  implied  in  a    given   relation    may   be   considered  as  a 
constituent  of  such  given  relation. 

24  The  aggregate  of  a  fe-fold  and  a  Z-fold  relation  is  in  general  and  at  most  a 
(k  +  l)fold  relation;  when  it  is  a  (*  +  Z)fold  relation,  the  constituent  relations  are 
independent,  but  otherwise,  viz.  if  the  aggregate  relation  is,  or  has  for  factor,  a  less 
than  (k  -f  Z)fold  equation,  the  constituent  relations  are  dependent  or  interconnected. 

25.  Passing  from  relations   to   loci,  we   may  say  that  the   composition   of  relations 
corresponds  to  the  congregation  of  loci,   and  the  aggregation   of  relations   to    the  inter- 
section of  loci. 

26.  For,   first,  the    locus  (if    any)   corresponding  to   a  given  composite   relation  is 
the  congregate   of   the   loci    corresponding   to    the    several   prime    factors    of    the    given 
relation,  the  locus  corresponding    to  a  single   factor  being    taken    once,   and    the    locus 
corresponding    to    a    multiple    factor    being    taken    a    number    of    times    equal    to    the 
multiplicity  of  the  factor. 

27.  And,  secondly,  the  locus  (if  any)   corresponding  to   a  given   aggregate  relation 
is  the  locus  common  to  and  contained  in  each  of  the  loci  corresponding  to  the  several 
constituent  relations  respectively;  or,  what  is  the   same  thing,  it  is  the  intersection  of 
these  several  locL 

28.  It  may  be  remarked  that  a  &-fold  locus  and   a  Z-fold   locus  where   k  -f 1  >  m 
(or  where  the   aggregate  relation  is  more  than  ra-fold)  have  not  in  general  any  common 
locus, 

29.  Any  onefold    relation    implied    in    a    given    4-fold   relation    is    said    to    be   in 
involution  with   the    A-fold    relation,  and   so    in    a    system    of  onefold   relations,  if    any 
relation  be  implied  in  the  other  relations,  or,  what  is  the   same  thing,  in  the  relation 
aggregated  of  the  other  relations,  then  the  system  is  said  to  be  in  involution ;  a  system 
not  in  involution  is  said  to  be  asyzygetic. 

30.  Consider  a  given  &-fold  relation,  and,  in  conjunction  therewith,  a  system  of  any 
number  of  onefold  relations   each  implied  in  the  given  i-fold  relation.     We  may  omit 
from  the  system   any  relation  implied  in   the  remaining  relations,   and    so    successively 
until    we    arrive    at    an    asyzygetic    system.      Consider    now    any  other   onefold   relation 
implied  in  the  given  jfc-fold  relation;   this  is   either  implied   in  the  system  of  onefold 
relations,  and  it  is  then  to  be  rejected,  or  if  it  is  not  implied  in  the  system,  it  is  to- 
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be  added  on  to  and  made  part  of  the  system.  It  may  happen  that,  in  the  system 
thus  obtained,  some  one  relation  of  the  original  system  is  implied  in  the  remaining 
relations  of  the  new  system;  but  if  this  is  so  the  implied  relation  is  to  be  rejected; 
the  new  system  will  in  this  case  contain  only  as  many  relations  as  the  original  system, 
and  in  any  case  the  new  system  will  be  asyzygetic.  Treating  in  the  same  manner 
every  other  onefold  relation  implied  in  the  given  k-fold  relation,  we  ultimately  arrive 
at  an  asyzygetic  system  of  onefold  relations,  such  that  every  onefold  relation  implied 
in  the  given  k-fold  relation  is  implied  in  the  asyzygetic  system.  The  number  of  onefold 
relations  will  be  at  least  equal  to  k  (for  if  this  were  not  so  we  should  have  the  given 
&-fold  relation  as  an  aggregate  of  less  than  k  onefold  relations) ;  but  it  may  be  greater 
than  k,  and  it  does  not  appear  that  there  is  any  [assignable]  superior  limit  to  the 
number  of  onefold  relations  of  the  asyzygetic  system. 

31.  The   system   of   onefold  relations  is  a   precise  equivalent   of    the    given   &-fold 
relation.     Every  set  of  values  of  the  coordinates  which  satisfies  the  given  &-fold  relation 
satisfies    the    system    of    onefold  relations ;    and  reciprocally   every   set   of  values    which 
satisfies   the   system   of  onefold  relations   satisfies  the  given  k-fold.  relation.    But  if  we 
omit   any  one   or  more   of  the   onefold  relations,  then  the  reduced  system  so  obtained  is 
not   a   precise    equivalent   of   the   given   k-fold  relation;    viz.   there   exist   sets    of  values 
satisfying  the  reduced  system,  but  not  satisfying  the  given  k-fold  relation. 

32.  In  fact  consider  a  k-fold  relation  the  aggregate  of  less   than  all  of  the  onefold 
relations    of   the    asyzygetic    system,    and   in    connexion    therewith    an    omitted    onefold 
relation;   this  omitted  relation  is   not   implied  in  the  aggregate,  and  it  constitutes  with 
the   aggregate   not  a  (k  +  l)fold,  but   only  a  Mold  relation.     This  happens  as  follows, 
viz.  the  omitted  relation  is  a  factor  of  a  composite  onefold  relation  distributively  implied 
in   the   aggregate;    hence   the    aggregate    is   composite,   and    it    implies    distributively  a 
composite  onefold  relation  composed  of  the  omitted  relation  and  of  an  associated  onefold 
relation ;   that   is,   the   aggregate   will   be   satisfied   by  values   which   satisfy   the   omitted 
relation,   and    also    by   values   which    (not    satisfying    the    omitted    relation)   satisfy   the 
associated  relation  just  referred  to. 

33.  Selecting  at   pleasure  any  k  of  the   onefold  relations  of  the  asyzygetic  system, 
being  such   that  the   aggregate   of  the   k  relations  is  a  k-fold    relation,  we  have  a  com- 
posite  k-fold  relation    wherein   each   of   the  remaining  onefold   relations  is   alternatively 
implied;  viz.   each  remaining  onefold  relation  is  a  factor  of  a  composite   onefold  relation 
implied  distributively  in    the    composite   A?-fold    relation.     Hence    considering    the   k  +  l 
onefold  relations,  viz.  any  k  +  1  relations  of  the  asyzygetic  system,  each  one  of  these  is 
implied  alternatively  in    the  aggregate   of  the   remaining   k   relations ;   and  we  may  say 
that  the  k  +  1  onefold  relations  are  in  convolution. 

34.  More  generally  any  k  +  1  or  more,  or  all   the  relations  of  the  asyzygetic  system 
are  in  convolution,  that  is,   any  relation  of  the  system   is  alteraatively  implied  in   the 
aggregate    of   the  remaining  relations,  or   indeed  in  the   aggregate   of   any   k  relations 
(not    being    themselves    in    convolution)    of   the    remaining   relations   of   the    asyzygetic 


462  A  MEMOIB   ON    ABSTRACT    GEOMETRY.  [413 

system.    It  may  be  added  that,  besides  the  relations  of  the  system,  there  is  not  any 
onefold  relation  alternatively  implied  in  the  asyzygetic  system. 

35.  The  foregoing  theory  has  been  stated  without  any  limitation  as  to  the  value 
of  k,  and  it  has  I  think  a  meaning  even  when  k  is  >  m  ;  but  the  ordinary  case  is  k  :)>  m. 
Considering  the  theory  as  applying  to  this  case,  I  remark  that  the  last   proposition,  viz. 
that  no  reduced  system  is  a  precise  equivalent  of  the  given  k-  fold  relation,  is  generally 
true    only   on    the    assumption    of   the    existence   or  quasi-existence    of   sets    of  values 
satisfying  a  more  than  m-fold  relation.    For  let  k  be  ^>  m,  and,  on  the  contrary,  assume, 
as  we  usually  do,  that  it  is  not  in  general  possible  to  satisfy  a  more  than  m-fold  relation 
between  the  coordinates  ;  the  number  of  relations  in  the  system  may  be  >  m  +  1  ;  and  if 
this  is   so,  then  selecting  any  m  +  1  relations   of  the  system,  it   may  very  well  happen 
that  the  given  Mold  relation  is   not  satisfied  by  any  sets  of  values  other  than  those 
which    satisfy    the  m+1   relations,  —  that    is,   that    the   m+1   relations    are    a    precise 
equivalent  of  the  given  Mold  relation.     But  even  in  this  case  the  consideration  of  the 
entire  system    of   the    onefold    relations    is   not    the   less   advantageous;    and    I    say   in 
general  that  the  given  Mold  relation  has  for  its  precise  and   complete  equivalent   the 
asyzygetic  system  of  onefold  relations. 

36.  {In  illustration  of  the  foregoing  Nos.  29  to  35,  I  remark  that,  for  the  functions 
or  equations  P  =  0,  Q  =  0,  R  =  0,  &c.,  if  we  have  identically  AP  +  £Q  +  OR  +  .  .  .  =  0,  where 
the  factors  A,  B,  G,  ...  are  integral  functions  of  the  coordinates,  and  where  some  one  of 
these  factors,  say,  A,  is  a  constant  (or  if  we  please   =1),  then  the  system  of  functions 
or  equations  is  in  involution;  or,   to  speak  more  accurately,    the  function  or   equation 
P  =  0  is    in    involution    with    the    remaining    functions   or    equations    Q  =  0,  J2  =  0,  ____ 
But  when  the  factors  -4,  J3,  0,  ...   are  no   one  of  them  constant,  then  we   have  a  con- 
volution.    If  P  =  0   is  in  involution   with  the  remaining  equations    Q  =  0,    R  =  0,  ...  , 
then   P  =  0   is   implied    in    these   equations,    and   the   relations    (Q  =  0,  JS  =  0,  ...)    and 
(P  =  0,  Q  =  0,  jB-0,  ...)  are  equivalent  to  each  other.    But  in  the  case  of  a  convolution 
where 


then  the  relation  the  equations  Q  =  0,  R  =  0,  .  .  .  imply  AP  =  0,  that  is,  -4=0  or  else 
P  =  0;  or,  what  is  the  same  thing,  the  relation  (Q=  0,  J2  =  0,  ...)  is  a  relation  composed 
of  the  two  relations  (-4=0,  Q=0,  JZ  =  0,...)  and  (P«0,  Q  =  0,  J?  =  0,...).  In  the 
Mold  relation  expressed  by  the  more  than  k  equations  (P=0,  Q  =  0,  JS  =  0,  ...),  selecting 
any  k  of  these  equations  which  are  not  in  convolution,  and  uniting  thereto  any  one  of 
the  remaining  equations,  we  have  a  convolution  of  k  +  1  equations;  and  when  a  Mold 
relation  is  precisely  expressed  by  means  of  a  system  of  k  or  more  equations  (P  =  0, 
Q=Q,  ...),  then  every  equation  fl  =  0  implied  in  the  given  relation,  or,  what  is  the 
same  thing,  the  equation  of  any  onefold  locus  passing  through  the  locus  given  by 
the  Mold  relation  is  in  involution  with  the  equations  P  =  0,  Q  =  0,  .  .  .  ,  that  is,  we 
have  identically  O  =  AP  +  BQ  +  OR+  ...,  A,  B,  (7,...  being  integral  functions  of  the 
coordinates.} 
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Article  Nos.  37  to  42.     Omal  Relation;    Order. 

37.  A    A?-  fold   relation   may  be   linear   or  omal     If   &  —  m,   the   corresponding  locus 
is  a  point  ;   if  k  <  m  the  locus  is  a  i-fold,  or  (m  —  &)dimensional   omaloid  ;   the  expression 
omaloid  used  absolutely  denotes  the   onefold   or  (m  —  l)dimensional   omaloid;   the  point 
may  be  considered  as  a  m-fold  omaloid. 

38.  A   m-fold   relation  which  is   not   linear  or  omal  is   of  necessity  composite,  com- 
posed  of  a   certain  number  M  of  m-fold  linear  or  omal  relations  ;   viz.  the  m-fold  locus 
corresponding  to  the   m-fold  relation  is  a  point-system  of  M.   points,  each  of  which  may 
be  considered  as  given  by  a  separate  m-fold  linear  or  omal  relation  ;   each  which  relation 
is   a   factor  of  the   original  m-fold   relation.     The  given  m-fold    relation,  and  the  point- 
system  corresponding  thereto,  are  respectively  said  to  be  of  the  order  M. 

39.  The  order  of  a  point-system   of  M  points  is  thus   =M,   but  it  is   of   course 
to   be   borne   in   mind   that   the   points   may  be   single   or  multiple   points;   and   that   if 
the   system   consists   of  a   point   taken   a  times,  another  point   taken   /3  times,  &c.,  then 
the   number  of  points   and  therefore   the   order  M  of  the   system  is   considered    to    be 


40.  If    to    a    given    &-fold    relation    (k  <  m)    we    unite    an    absolutely    arbitrary 
(m  —  &)fold   linear  relation,  so   as   to  obtain   for  the  aggregate  ja    m-fold    relation,  then 
the   order  M  of  this   m-fold  relation   (or,   what   is   the   same   thing,   the    number  M  of 
points   in   the    corresponding   point-system)  is  said   to   be   the  order   of  the   given  &-fold 
relation.     The  notion  of  order  does  not  apply  to  a  more  than  m-fold  relation. 

41.  The   foregoing   definition   of    order   may    be   more    compendiously    expressed   as 
follows:  viz. 

Given  between  the  m  +  1  coordinates  a  relation  which  is  at  most  m-fold  ;  then  if 
it  is  not  m-fold,  join  to  it  an  arbitrary  linear  relation  so  as  to  render  it  m-fold; 
we  have  a  m-fold  relation  giving  a  point-system;  and  the  order  of  the  given  relation 
is  equal  to  the  number  of  points  of  the  point-system. 

42.  The   relation  aggregated   of  two   or  more  given  relations,  when   the  notion  of 
order  applies  to  the   aggregate  relation,   that  is,   when  it  is  not  more  than  m-fold,  is 
of  an   order   equal  to  the  product   of  the   orders  of  the   constituent  relations  ;  or,    say, 
the  orders  of  the   given  relations   being'  /u,,   p,  ...,   the   order  of  the   aggregate  relation 

is     =  /JLfJL.  .  .  . 

Article  Nos.  43   and  44.     Parametric  Relations. 

43.  We  have  considered  so  far  relations  which  involve  only  the  coordinates  (cc,  y,  ...)  (x); 
the   coefficients  are  purely  numerical,  or,  if  literal,  they   are    absolute    constants,   which 
either  do  or  do  not   satisfy  certain  conditions  ;  if  they  do  not,  the  relation  assumed  in 
the  first   instance   to  be  A-fold  is  really  &-fold,  or,  as  we  may  express  it,  the  relation  is 

1  The  only  exception  is  ante,  No.  5,  where,  in  illustration  of  the  notion  of  a  more  than  m-fold  relation, 
mention  is  made  of  "parameters." 
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really  as  well  as  formally  Mold ;  if  they  do  satisfy  certain  relations  in  virtue  whereof 
the  formally  Mold  relation  is  really  less  than  Mold,  say,  it  is  (k  -  Z)fold,  then  the  relation 
is  in  fact  to  be  considered  ab  initio  as  a  (&-Z)fold  relation:  there  is  no  question  of 
a  relation  being  in  general  Mold  and  becoming  less  than  Mold,  or  suffering  any  other 
modification  in  its  form;  and  the  notion  of  a  more  than  m-fold  relation  is  in  the 
preceding  theory  meaningless. 

44.  But  a  relation  between  the  coordinates  (#,  y,...)  may  involve  parameters,  and 
so  long  as  these  remain  arbitrary  it  may  be  really  as  well  as  formally  Mold;  but  when 
the  parameters  satisfy  certain  conditions,  it  may  become  (k  —  Z)fold,  or  may  suffer  some 
other  modification  in  its  form.  And  we  have  to  consider  the  theory  of  a  relation 
between  the  coordinates  (so,  y, ...),  involving  besides  parameters  which  may  satisfy  certain 
conditions,  or,  say  simply,  a  relation  involving  variable  parameters.  If  the  number  of 
the  parameters  be  ra',  then  these  parameters  may  be  regarded  as  the  ratios  of  mr 
quantities  to  a  remaining  m'  -f  1  th  quantity,  and  the  relation  may  be  considered  as 
involving  homogeneously  the  m'  +  l  parameters  (#',  y' ,...).  And  these  may,  if  we  please, 
be  regarded  as  coordinates  of  a  point  in  their  own  m'-dimensional  space,  or  we  have 
to  consider  relations  between  the  m  +  1  coordinates  (x,  y,  ...)  and  the  rnf  +  1  (parameters 
or)  coordinates  (#',  y', ...).  It  is  to  be  added  that  a  relation  may  involve  distinct  sets 
of  parameters,  say,  we  have  besides  the  original  set  of  parameters,  a  set  of  m"  + 1 
parameters  (#",  y",  ...)  involved  homogeneously.  But  this  is  a  generalization  the 
necessity  for  which  has  hardly  arisen. 


Article  Nos.  45  to  55.     Quantics,  Notation,  &c. 

45.     A   homogeneous   function    of    the    coordinates   (#,    y,  ..,)    is    represented   by   a 
notation  such  as 

«fay,...)M 

(where  (*)  indicates  the  coefficients  and  (  •  )  the  degree),  and  it  is  said  to  be  a 
quantic;  and  in  reference  to  the  quantic  the  quantities  or  coordinates  (x,  y,  ...)  are 
also  termed  faaents.  More  generally  a  quantic  involving  two  or  more  sets  of  coordi- 
nates, or  facients,  is  represented  by  the  similar  notation 


46.  The  quantic  is  unipartite,  bipartite,  tripartite,  &c.,  according  as  the  number  of 
sets  is  one,  two,  three,  &c.;  and  with  respect  to  any  set  of  coordinates,   it   is   binary, 
ternary,    quaternary,...  (m  +  l)ary,  according  as  the  number   of  the   coordinates  is  two, 
three,  four,  or  ra-f-1;    and   it    is  linear,   quadric,   cubic,    quartic,  ...  ,  according   as    the 
degree  in  regard  to  the  coordinates  in  question  is  1,  2,  3,  4,  .... 

47.  A  quantic  involving  two  or  more  sets  of  coordinates,  and  linear  in  regard  to 
each  of  them,  is  said  to  be  tantipartite  ;    or,  in   particular,   when  there  are  only  two 
sets,  it  is  said  to  be  lineo-linear;  we  may  even  extend  the  epithet  lineo-linear  to  the 
case  of  any  number  of  sets. 
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48.  Instead  of  the  general  notation 

(*$*,  y,...)H(*',  2/'>.-.)(:)... 

we  may  write 

(a,  ...$*,  y,...y<X,  tf,...y,...> 

where  the  coefficients  are  now  indicated  by  (a,...),  and  the  degrees  are  /*,  A6'*-" 

49.  In  the  cases  where  the  particular  values  of  the  coefficients  have  to  be  attended 
to,   we   write   down   the    entire   series   of    coefficients,    or  at    least    refer   thereto    by  the 
notation   (a,...);   and   it  is  to   be   understood  that  the   coefficients   expressed  or  referred 
to   are   each   to  be  multiplied   by  the  appropriate  numerical   coefficient,  viz.  for  the  term 

...  #'a'y'P'...  this  numerical  coefficient  is 


50.     It   is   sometimes   convenient   not   to  introduce   these   numerical   multipliers,  and 
we  then  use  the  notation 

(a,...$ff,  y,  ...)*(*,  y',...X— 


or 


In  particular  (a,  b}  c]£#,  y)2,  (a,  6,  c,  dj[x,  y)3  &c.  denote  respectively 


axs  +  S&tffy  +  Bcxf  +  dy\ 
&c.  ; 

but  (a,  b,  c$x,  y}\  (a,  6,  c,  d$0,  2/)2,  &c.  denote 

a^  +  bay  +  cy2, 


(fee., 
and  so  (a,  6,  c,  /,  flr,  AJfl?,  y,  ^)2  and  (a,  6,  c,  /,  ^,  &5«*  y>  ^)3  d^note  respectively 

and 

51.  To  show  which  are  the  coefficients  that  belong  to  the  several  terms  respectively, 
it  is  obviously  proper  that  the  quantic  should  be  once  written  out  at  full  length; 
thus,  in  speaking  of  a  ternary  cubic  function,  we  say  let  J7=(a,  ...$#,  y,  zf 

=  O,  6,  c,  /,  g,  h,  i,  j,  k,  Z$>,  y,  zf 
=  ax?  +  If  +  cz* 

+  3  (/y2^  4-  flrA?  -h  Aa^y  +  Zy^2  +jtsf  +  Ao?y2) 
4-  6fe?y5, 
and  the  like  in  other  cases. 

c.  vi.  59 


466  A   MEMOIR   ON    ABSTRACT   GEOMETRY.  [413 

52.  A  onefold   relation   between    the    coordinates    is    expressible    by   means    of   an 
equation  of  the  form 

(*5X  y,-~)(m}  ==°- 

53.  The  expression  "an  equation"  used  without  explanation  may  be  taken  to  mean 
an   equation  of  the  form  in  question,  viz.  the  equation  obtained  by  putting   a  quantic 
equal  to   zero;    the    quantic  is  said   to  be  the   nilfactum    of    the   equation.      We    may 
consequently   say   simply   that    a    onefold    relation    between    the    coordinates    is    always 
expressible  by  an  equation. 

54.  It  is  frequently  convenient   to   denote  the    quantic   or    nilfactum  by  a    single 
letter,  and  to  use  a  locution  such   as  "the  equation    £7=  (#][#,  y .  -,)('}  =0,"  which   really 
means  that  the  single  letter    U  stands   for  the   quantic  (*$#,  y,  ...)(">»   so  *^a^  we   are 
afterwards  at  liberty  to  write    £7=0  as  an  abbreviated   expression  for  (#$#,  y,  ...)*  — Q. 
We  may  also  speak  of  the  equation  or  function    17=0,  meaning  thereby  the   equation 
£7=0,  or  the  function  U. 

55.  A  Mold  relation  between   the   coordinates   is   (as  has  been  shown)  equivalent 
to  a  system  of  k  or  more  onefold  relations ;  each  of  these  is  expressible  by  an  equation 
£7=0,   and  the  Mold    relation   is   thus    expressible    by   a    system    of  k   or    more    such 
equations.    Eepresenting  by  ((£/))   the  system  of   functions  which   are  the    nilfacta    of 
these   equations  respectively,  the  Mold  relations  may  be  represented  thus,  ((Cr))=0;   or 
more  completely,  the  relation  being  Mold,  and  the  number  of  equations  being  =  s,  by 
the  notation 

((£7)s)(Mold)  =  0. 

We  may  also  speak  of  the  system  or  relation  ((£7))  =  0,  meaning  thereby  the  system  of 
functions  ((£7)),  or  the  relation  ((£7))=0. 


Article  Nos.  56  to  62.    Eesultant,  Discriminant,  &c. 

56..  In  the  case  k>m>  a  given  Mold  relation  between  the  m  +  1  coordinates 
{#,  y,...)  and  the  parameters  (af>  yf, ...)  leads  to  a  (k  —  m)fold  relation  between  the 
parameters.  This  is  termed  the  resultant  relation  of  the  given  Mold  relation,  or  when 
the  additional  specification  is  necessary,  the  resultant  relation  obtained  by  elimination 
of  the  coordinates  (#,  y, ...). 

57.  Consider  a  Mold  relation  between  the  m+1  coordinates  (#,  y}  ...)  and  the 
m'+l  coordinates  (of,  y*, ...).  If  k  $>  m,  then,  considering  the  (a,  y, ...)  as  coordinates 
and  the  (of,  yf,  ...)  as  parameters,  we  have  corresponding  to  the  given  relation  a  Mold 
locus  in  the  w-space;  and  so  if  k^wf,  then,  considering  the  (#',  yf, ...)  as  coordinates, 
but  the  (#,  y, ..,)  as  parameters,  we  have  corresponding  to  the  given  relation  a  yfc-fold 
locus  in  the  m'-space. 
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58.  If  k>m}  but   if  the   (&  —  m)fold  resultant   relation  is   satisfied,  then   the  given 
&-fold   relation   becomes  a   m-fold  linear  relation    between   the   coordinates   (%,  y, ...),   and 
is  consequently  satisfied  by  a  single  set  of  values  of  the  coordinates.     Hence,  considering 
the  given  A-fold  relation  as  implying  the  (k  —  m)fold  resultant  relation,  the  &-fold  relation 
will  represent  a  single  point  in  the  ??i-space,  say,  the  common  point. 

59.  A  m-fold  relation,  or  the  locus,  or  point-system  thereby  represented,  may  have  a 
double   or  nodal  point,   viz.   two   of  the   points   of  the   point-system    may  be    coincident. 
More  generally   a  &-fold  relation  (k  ^>  m),  or  the   locus   thereby  represented,  may  have  a 
double    or    nodal  point;    for  let    the  relation  if    less   than   m-fold    be    made    m-fold   by 
adjoining  to   it   a   linear  (m  —  &)fold   relation   satisfied   by   the   coordinates   of   the   point 
in   question  but  otherwise  arbitrary,  then,  if  the  point  in  question  be  a  double  or  nodal 
point   of  the   m-fold   relation,  or   of  the   point-system   thereby  represented,   the   point   is 
said   to   be   a   double   or  nodal    point   of    the   original    &-fold    relation,    or   of   the    locus 
thereby  represented. 

60.  A    given-fold    relation   (k  ^>  m)    between    the  m  -f  1    coordinates,   or   the   locus 
thereby  represented,  has  not  in   general   a  nodal  point.  But   if  the   relation  involve   the 
m'  +  1  parameters  (#',  y\  ...),  then,  if  a  certain   onefold  relation  be  satisfied  between  the 
parameters,  there  will   be   a   nodal  point.     The   onefold  relation  between  the   parameters 
is  the  discriminant  relation  of  the  given  A-fold  relation. 

61.  In    the    case    in    question,    k  %» m,    the    discriminant    relation    is    the  resultant 
relation  of  a  (m-hl)fold  relation   which   is  the  aggregate  of  the   given    k-fold.   relation 
with  a  certain  relation   called  the  Jacobian  relation,  or  when  the  distinction  is  required, 
the  Jacobian  relation  in  regard  to  the  (sc,  y,  ...). 

62.  Consider  a  &-fold  relation  (k  ^>  m,  ^  m')  between  the  m  +  1  coordinates  (#,  y,  ...) 
and  the  m'  +  l  coordinates  (#',  y', ...).     It  has  been  seen  that  to  a  given  set  of  values  of 
the   (#',  y', ...)  or,  say,  to  a  given   point  in  the  m'-space,  there  corresponds  a  k-fold  locus 
in   the  m-space,  and   that   to   a   given  set    of    values   of   the   (#,   y, ...),   or    to    a  given 
point  in  the  m-space,  there   corresponds    a   A-fold    locus    in    the   m'-space.      The    A-fold 
locus    in    the    wi'-space   may  have    a    nodal   point ;    this  will    be    the    case   if   there    is 
satisfied   between   the   (#,  y,  ...)   a  certain   one-fold  relation,  the   discriminant   relation   of 
the   given   &-fold   relation  in  regard  to   the  (#',  y', .,.).     This  onefold   relation  represents 
in    the  m-space   a  onefold  locus,   the  envelope  of  the  k-fold  loci  in  the  m-space    corre- 
sponding to  the   several  points  of  the  m'-space.    The  property  of  the   envelope  is  that 
to  each   point   thereof  there   corresponds  in  the   m'-space   a   fc-fold  locus  having  a  nodal 
point. 

Article  Nos.  63 — 69.     Consecutive  Points;     Tangent  Omals. 

63.  As   the  notions  of   proximity  and    remoteness  have  been   thus    far    altogether 
ignored,  it  seems  necessary  to  make  the  following 

Postulate.     We  may  conceive  a  point   consecutive  (or  indefinitely  near)  to  a  given 
point. 

59—2 
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64.  If  the  coordinates  of  the  given  point  are  (0,  y,  ...),  those  of  the  consecutive 
point  may  be  assumed  to  be  (0+80,  y  +  Sy  ,...),  where  Sx,  Sy,  ...  are  indefinitely  small 
in  regard  to  (#,  y,  ...). 


65.  It  may  be  remarked  that,  taking  the  coordinates  to  be  (x  +  X,  y+  F,  ...),  there 
is  no   obligation  to  have  (X,  F,...)  indefinitely  small;   in  fact  whatever  the  magnitudes 
of  these  quantities  are,  if  only  X  :  F:...=#  :  y:...,  then   the  point  (0  +  -T,  y  H-  F,  ...) 
will  be   the   very  same  with  the   original   point,  and   it  is  therefore  clear  that  a  con- 
secutive   point    may   be    represented    in    the    same    manner   with    magnitudes,    however 
large,   of  X,    F,  ...     But    we   may  assume  them    indefinitely   small,    that  is,   the  ratios 
#+g#  :  y+fy,...,  where   &c,   8y,  ...    are   indefinitely  small  in   regard  to  (OB,  y,  ...)>   w^l 
represent  any  set  of  ratios  indefinitely  near  to  the  ratios  (#  :  y,  ...). 

The  foregoing  quantities  (£a?,  5y,  ...)  are  termed  the  increments. 

66.  Consider  a  Mold  relation  between  the  m-hl  coordinates  (#,  y,  ...),  &>m;  the 
increments  (So?,  By,...)  are  connected  by  a  linear  Mold  relation. 

The  linear  Mold  relation  is  satisfied  if  we  assume  the  increments  proportional  to  the 
coordinates  —  this  is,  in  fact,  assuming  that  the  point  remains  unaltered.  We  may  write 
(&B,  8y,  ...)  =  (#,  y,  ...),  since  in  such  an  equation  only  the  ratios  are  attended  to.  But 
it  may  be  preferable  to  write  (&P,  Sy,...)  =  \(&,  y,  ...).  In  particular  if  k=m,  then  the 
increments  are  connected  by  a  linear  m-fold  relation  ;  that  is,  the  ratio  of  the  increments 
is  uniquely  determined  ;  and  as  the  relation  is  satisfied  by  taking  the  increments 
proportional  to  the  coordinates,  it  is  clear  that  the  values  which  the  linear  m-fold  relation 
gives  for  the  increments  are  in  fact  proportional  to  the  coordinates:  viz.  there  is  not 
in  this  case  any  consecutive  point. 

67.  Considering  the  Mold  relation  as  belonging  to  a  Mold  locus  in  the  w-space,  so 
that  (#,  y,  ...)  are  the  coordinates  of  a  point  on  this  locus,  then  if  in  the  linear  Mold 
relation  between  the  increments  these  increments  are  replaced  by  the  coordinates  (x,  y,...) 
of  a  point  in  the  w-space,  then  considering  the  original  coordinates  (x,  y,  ...)  as  para- 
meters, the  locus   of  the  point   (x,  y,  ...)   is  a  Mold   omal  locus:  it  is  to  be   observed 
that,  by   what  precedes,  the  linear   Mold  relation   is  satisfied    by   writing  therein    the 
values  x  :  y,  ...  =#  :  y,...,  that  is,   the  Mold  omal  locus  passes  through   the   original 
point  (a?,  y,  ...);    the  Mold  omal  locus  is   said  to  be  the  tangent-omal  of  the  original 
Mold  locus  at  the  point  (#,  y,...),  which  point  is  said  to  be  the  point  of  contact. 

68.  If  in  the   original  Mold  locus  we  replace   (x,  y,  ...)  by  (x,  y,  ...),  and  combine 
therewith  the  Mold  linear  relation,  we  have  between  the  coordinates  (x,  y,  ...)  a  24-fold 
relation  (containing  as  parameters  the  coordinates  (x,  y,  ...));  these  parameters   satisfy 
the    original  Mold  relation,  and  in  virtue    hereof   the   2Mold  relation    (whether  2&   is 
or  is  not  greater  than  m)  is  satisfied  by  the  values  x,  y,  ...  =#  :  y  ':...;  and  not  only 
so,  but  the  point  in   question  is  a  nodal   or    double   point    on    the    2Mold    locus.     It 
also    follows    that    the    tangent-omal    locus,    considering    in    the    Mold    linear   relation 
(#,  y,  ...)  as  parameters  satisfying  the  original  Mold  relation,  has  for  its  envelope   the 
Mold  locus. 
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69.  We  thus  arrive  at  the  notion  of  the  double  generation  of  a  A-fold  locus,  viz. 
such  locus  is  the  locus  of  the  points,  or,  say,  of  the  ineunt-points  thereof;  and  it  is 
also  the  envelope  of  the  tangent-omals  thereof.  We  have  thus  a  theory  of  duality; 
I  do  not  at  present  attempt  to  develope  the  theory,  but  it  is  necessary  to  refer  to 
it,  in  order  to  remark  that  this  theory  is  essential  to  the  systematic  development  of 
a  m-dimensional  geometry ;  the  original  classification  of  loci  as  onefold,  twofold, . . . 
(w— l)fold  is  incomplete,  and  must  be  supplemented  with  the  loci  reciprocally  connected 
with  these  loci  respectively.  And  moreover  the  theory  of  the  singularities  of  a  locus 
can  only  be  systematically  established  by  means  of  the  same  theory  of  duality;  the 
singularities  in  regard  to  the  ineunt-point  must  be  treated  of  in  connexion  with  the 
singularities  in  regard  to  the  tangent-omal.  These  theories  (that  is,  the  classification 
of  loci,  and  the  establishment  and  discussion  of  the  singularities  of  each  kind  of  locus), 
vast  as  their  extent  is,  should  in  the  logical  order  precede  that  for  which  other  reasons 
it  may  be  expedient  next  to  consider,  the  theory  of  Transformation,  as  depending  on 
relations  involving  simultaneously  the  m  +  1  coordinates  (a,  y,  ...)  and  the  m'  4- 1 
coordinates  (a/  y, . . .). 
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414. 

ON  POLYZOMAL  CURVES,   OTHERWISE  THE   CURVES 


[From  the   Transactions  of  the  Royal   Society  of  Edinburgh,  vol.  xxv.   (1868), 
pp.  1 — 110.     Read  16th  December  1867.] 

IF  U,  V,  &c.,  are  rational  and  integral  functions  (*$#,  y,  #)r,  all  of  the  same 
degree  ?*,  in  regard  to  the  coordinates  (#,  y,  z\  then  VZ7+ VT-h&c.  is  a  polyzome, 
and  the  curve  V?7  +  VF-f&c.  =  0  a  polyzomal  curve.  Each  of  the  curves  VZ7=0, 
VF=0,  &c.  (or  say  the  curves  /7  =  0,  F=0,  &c.)  is,  on  account  of  its  relation  of 
circumscription  to  the  curve  VT7"  +  VF+&C.  =0,  considered  as  a  girdle  thereto  (£co//.a), 
and  we  have  thence  the  term  "zome"  and  the  derived  expressions  "  polyzome/' 
"zomal/'  &c.  If  the  number  of  the  zomes  VCT,  VF,  &c.  be  =v,  then  we  have  a 
z/-zome,  and  corresponding  thereto  a  z>-zomal  curve;  the  curves  U=Q,  F=  0,  &c.,  are 
the  zomal  curves  or  zomals  thereof.  The  cases  v  —  1,  v  =  2,  are  not,  for  their  own 
sake,  worthy  of  consideration ;  it  is  in  general  assumed  that  v  is  =  3  at  least.  It  is 
sometimes  convenient  to  write  the  general  equation  in  the  form  vTCT-f  &c.  =  0,  where  I, 
&c.  are  constants.  The  Memoir  contains  researches  in  regard  to  the  general  z>-zomal 
curve;  the  branches  thereof,  the  order  of  the  curve,  its  singularities,  class,  &c. ;  also 
in  regard  to  the  y-zomal  curve  VZ  (@  +  £<&)  +  &c.  =  0,  where  the  zomal  curves  ®  +  L<&  =  0, 
all  pass  through  the  points  of  intersection  of  the  same  two  curves  ®  =  0,  <E>  — 0  of 
the  orders  r  and  r-s  respectively;  included  herein  we  have  the  theory  of  the 
depression  of  order  as  arising  from  the  ideal  factor  or  factors  of  a  branch  or  branches. 
A  general  theorem  is  given  of  "the  decomposition  of  a  tetrazomal  curve/'  viz.  if  the 
equation  of  the  curve  be  VZZ7+  VmF-f  *JnW+  *SpT=Q;  then  if  C7,  F,  TF,  T  are  in 
involution,  that  is,  connected  by  an  identical  equation  atT+bF-fcTF+dy^O,  and  if 

I,  m,  n,p,  satisfy  the   condition  -  +  ^  +  J+f  =  °>   the   tetrazomal  curve  breaks  up  into 
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two  trizomal  curves,  each  expressible  by  means  of  any  three  of  the  four  functions 
U,  V,  W,  T\  for  example,  in  the  form  VFZ7+  VmT-f  VpTs=0.  If,  in  this  theorem, 
we  take  ^  =  0,  then  the  original  curve  is  the  trizomal  >JlU  +  *JmV+  VnW  =  0,  T  is 

any  function    =  —  g  (aCT  +  bF-f  cW),   where,   considering    I,   m,   n  as    given,   a,   b,   c   are 

quantities   subject   only   to   the    condition  -  +  ^  +  -  =  0,   and   we    have    the    theorem    of 

"the  variable  zomal  of  a  trizomal  curve,"  viz.  the  equation  of  the  trizomal 
VZCT+A/mF+  V?iTr=0,  may  be  expressed  by  means  of  any  two  of  the  three  functions 
U,  V,  W,  and  of  a  function  T  determined  as  above,  for  example  in  the  form 
VZ7J7+  \/m'F  +  vVr=0;  whence  also  it  may  be  expressed  in  terms  of  three  new 
functions  T,  determined  as  above.  This  theorem,  which  occupies  a  prominent  position 
in  the  whole  theory,  was  suggested  to  me  by  Mr  Casey's  theorem,  presently  referred 
to,  for  the  construction  of  a  bicircular  quartic  as  the  envelope  of  a  variable  circle. 

In  the  z/-zomal  curve  VZ  (®  +  i<I>)  +  &c.  =  0,  if  ®  =  0  be  a  conic,  <E>  =  0  a  line, 
the  zomals  ®  +  Z<E>  =  0,  &c.  are  conies  passing  through  the  same  two  points  ®  =  0, 
<3>  =  0,  and  there  is  no  real  loss  of  generality  in  taking  these  to  be  the  circular  points 
at  infinity  —  that  is,  in  taking  the  conies  to  be  circles.  Doing  this,  and  using  a  special 
notation  21°  =  0  for  the  equation  of  a  circle  having  its  centre  at  a  given  point  A, 
and  similarly  21=0  for  the  equation  of  an  evanescent  circle,  or-  say  of  the  point  A, 
we  have  the  z>-zomal  curve  VZ2l°  -f  &c.  =  0,  and  the  more  special  form  VZ2l  +  &c.  =  0. 
As  regards  the  last-mentioned  curve,  VZ21  +  &c.  =  0,  the  point  A  to  which  the  equation 
2[  =  0  belongs,  is  a  focus  of  the  curve,  viz.  in  the  case  v  =  3,  it  is  an  ordinary  focus, 
and  in  the  case  v  >  3,  it  is  a  special  kind  of  focus,  which,  if  the  term  were  required, 
might  be  called  a  foco-focus;  the  Memoir  contains  an  explanation  of  the  general 
theory  of  the  foci  of  plane  curves.  For  v  =  3,  the  equation  VZ2[  +  Vw93  +  v^S  =  0  is 
really  equivalent  to  the  apparently  more  general  form  */Z2l°  +  Vw33°  4-  VnS°  =  0.  In  fact, 
this  last  is  in  general  a  bicircular  quartic,  and,  in  regard  to  it,  the  before-mentioned 
theorem  of  the  variable  zomal  becomes  Mr  Casey's  theorem,  that  "the  bicircular  quartic 
(and,  as  a  particular  case  thereof,  the  circular  cubic)  is  the  envelope  of  a  variable 
circle  having  its  centre  on  a  given  conic  and  cutting  at  right  angles  a  given 
circle."  This  theorem  is  a  sufficient  basis  for  the  complete  theory  of  the  trizomal 
curve  V72f°  4-  VmW5  +  V^S5  =  0  ;  and  it  is  thereby  very  easily  seen  that  the  curve 


+  V^S"0  =  0  can  be  represented  by  an  equation  VM'  +  VwW  -f  V^S7  =  0. 
But  for  z/>3  this  is  not  so,  and  the  curve  A/Z2l  +  &c.  =  0  is  only  a  particular  form  of 
the  curve  VW  +  &c.  =  0  ;  and  the  discussion  of  this  general  form  is  scarcely  more 
difficult  than  that  of  the  special  form  v72l  +  &c.  ~  0,  included  therein.  The  investi- 
gations in  relation  to  the  theory  of  foci,  and  in  particular  to  that  of  the  foci  of  the 
circular  cubic  and  bicircular  quartic,  precede  in  the  Memoir  the  theories  of  the  trizomal 
curve  Vm°  +  VmS5  +  V^  =  0,  and  the  tetrazomal  curve  VZ2T  +  VmSF  +  V^  +  Vp^  =  0, 
to  which  the  concluding  portions  relate.  I  have  accordingly  divided  the  Memoir  into 
four  parts,  viz.  these  are—  Part  I.,  On  Polyzomal  Curves  in  general;  Part  II.,  Subsidiary 
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Investigations ;  Part  III,  On  the  Theory  of  Foci ;  and  Part  IV.,  On  the  Trizomal  and 
Tetrazomal  Curves  where  the  zomals  are  circles.  There  is,  however,  some  necessary 
intermixture  of  the  theories  treated  of,  and  the  arrangement  will  appear  more  in 
detail  from  the  headings  of  the  several  articles.  The  paragraphs  are  numbered  con- 
tinuously through  the  Memoir.  There  are  four  Annexes,  relating  to  questions  which  it 
seemed  to  me  more  convenient  to  treat  of  thus  separately. 

It  is  right  that  I  should  explain  the  very  great  extent  to  which,  in  the  com- 
position of  the  present  Memoir,  I  am  indebted  to  Mr  Casey's  researches.  His  Paper 
"On  the  Equations  and  Properties  (1)  of  the  System  of  Circles  touching  three  circles 
in  a  plane ;  (2)  of  the  System  of  Spheres  touching  four  spheres  in  space ;  (3)  of  the 
System  of  Circles  touching  three  circles  on  a  sphere;  (4)  on  the  System  of  Conies 
inscribed  in  a  conic  and  touching  three  inscribed  conies  in  a  plane,"  was  read  to  the 
Royal  Irish  Academy,  April  9,  1866,  and  is  published  in  their  "Proceedings."  The 
fundamental  theorem  for  the  equation  of  the  pairs  of  circles  touching  three  given 
circles  was,  previous  to  the  publication  of  the  paper,  mentioned  to  me  by  Dr  Salmon, 
and  I  communicated  it  to  Professor  Cremona,  suggesting  to  him  the  problem  solved 
in  his  letter  of  March  3,  1866,  as  mentioned  in  my  paper,  "Investigations  in  connexion 
with  Casey's  Equation/'  Quarterly  Math.  Journ.  vol.  vm.  1867,  pp.  334—341,  [395],  and 
as  also  appears,  Annex  No,  IV  of  the  present  Memoir. 

In  connexion  with  this  theorem,  I  communicated  to  Mr  Casey,  in  March  or 
April  1867,  the  theorem  No,  164  of  the  present  Memoir,  that  for  any  three  given 
circles,  centres  A,  B,  C,  the  equation  ^VST-h  OA  \/»°  +  Z§  VS5  =  0  (where  BO,  CA, 
AB,  denote  the  mutual  distances  of  the  points  A,  B}  G)  belongs  to  a  Cartesian. 
Mr  Casey,  in  a  letter  to  me  dated  30th  April,  1867,  informed  me  of  his  own  mode 
of  viewing  the  question  as  follows: — "The  general  equation  of  the  second  order 
(a,  6,  c,  /,  g,  A$a,  /?,  7)*  —  0,  where  a,  /8,  7  are  circles,  is  a  bicircular  quartic.  If  we 
take  the  equation  (a,  &,  c,  f,  g,  h$\}  p>  i/)2  =  0  in  tangential  coordinates  (that  is,  when 
\  p,  v  are  perpendiculars  let  fall  from  the  centres  of  a,  y9,  7  on  any  line),  it  denotes 
a  conic;  denoting  this  conic  by  F3  and  the  circle  which  cuts  a,  0,  7  orthogonally  by 
J,  I  proved  that,  if  a  variable  circle  moves  with  its  centre  on  Ft  and  if  it  cuts  J 
orthogonally,  its  envelope  will  be  the  bicircular  quartic  whose  equation  is  that  written 
down  above ; "  and  among  other  consequences,  he  mentions  that  the  foci  of  F  are  the 
double  foci  of  the  quartic,  and  the  points  in  which  J  cuts  F  single  foci  of  the  quartic, 
and  also  the  theorem  which  I  had  sent  him  as  to  the  Cartesian,  and  he  refers  to 
his  Memoir  on  Bicircular  Quartics  as  then  nearly  finished.  An  Abstract  of  the 
Memoir  as  read  before  the  Royal  Irish  Academy,  10th  February,  1867,  and  published 
in  their  Proceedings,  pp.  44,  45,  contains  the  theorems  mentioned  in  the  letter  of 
30th  April,  and  some  other  theorems.  It  is  not  necessary  that  I  should  particularly 
explain  in  what  manner  the  present  Memoir  has  been,  in  the  course  of  writing  it, 
added  to  or  altered  in  consequence  of  the  information  which  I  have  thus  had  of 
Mr  Casey's  researches;  it  is  enough  to  say  that  I  have  freely  availed  myself  of  such 
information,  and  that  there  is  no  question  as  to  Mr  Casey's  priority  in  anything  which 
there  may  be  in  common  in  his  memoir  on  Bicircular  Quartics  and  in  the  present 
Memoir. 
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PAKT   I.   (Nos.   1   to   55).—  ON  POLYZOMAL  CURVES  IN   GENEKAL. 
Article  Nos.  1  to  4.     Definition  and  Preliminary  Remarks. 

1.     As  already  mentioned,  U>  Vt  &c.  denote  rational  and  integral  functions  (*$#,  y,  z)r, 
all  of  the  same  degree  r  in  the  coordinates  (x,  y,  z),  and  the  equation 


then  belongs  to  a  polyzomal  curve,  viz.,  if  the  number  of  the  zomes  VZT,  A/F,  &c.  is 
=  *>,  then  we  have  a  z/-zomal  curve.  The  radicals,  or  any  of  them,  may  contain  rational 
factors,  or  be  of  the  form  PVQ;  but  in  speaking  of  the  curve  as  a  z/-zomal,  it  is 
assumed  that  any  two  terms,  such  as  PVQ  +  PVQ,  involving  the  same  radical  VQ^ 
are  united  into  a  single  term,  so  that  the  number  of  distinct  radicals  is  always  =  i/; 
in  particular  (r  being  even),  it  is  assumed  that  there  is  only  one  rational  term  P. 
But  the  ordinary  case,  and  that  which  is  almost  exclusively  attended  to,  is  that  in 
which  the  radicals  VZ7,  VF,  &c.  are  distinct  irreducible  radicals  without  rational  factors. 

2.  The   curves    D"=F=0,   &c.   are    said    to    be    the    zomal    curves,   or   simply   the 
zomals   of  the  polyzomal  curve  V[7+  VF-f  &c.  =  0;  more  strictly,  the  term   zomal  would 
be   applied   to   the   functions    U,    F,   &c.      It   is   to   be   noticed,   that  although   the   form 
V77+  VT+&C.  =  0   is   equally  general   with   the   form   *JlU+  VmF  +  &c.  =  0  (in   fact,   in 
the    former   case,   the   functions    J7,    F,   &c.   are   considered   as   implicitly   containing    the 
constant   factors   I,  m,  &c.,  which   are   expressed  in   the   latter   case),  yet  it  is  frequently 
convenient  to  express  these  factors,  and  thus  write  the  equation  in  the  form  */lU+  VmF-h&c. 
For  instance,  in  speaking  of  any  given  curves   U  =  0,  F  =  0,  &c.,  we  are  apt,  disregarding 
the   constant   factors   which  they  may  involve,  to   consider    U,    F,  &c.  as  given  functions  : 
but   in  this   case   the   general  equation  of  the  polyzomal  with   the  zomals  £7=0,  F=0, 
&c.,  is  of  course  */LU  +  VmF  +  &c,  =  0. 

3,  Anticipating    in    regard    to    the    cases   v  =  1,   v  =  2,   the    remark    which    will    be 
presently  made  in  regard  to  the  r-zomal,  that  V  U  +  VT  -f-  &c.  =  0  is  the  curve  represented 
by  the   rationalised   form   of   this   equation,  the   monozomal   curve   VDr=0   is   merely  the 
curve    U=Q,  viz.,  this   is  any  curve   whatever    £7=0   of  the   order   r;    and   similarly,  the 
bizomal    curve    V77  +  VT  =  0    is    merely  the    curve    U  -  F  =  0,   viz.    this    is    any  curve 
whatever  <Q  =  0,   of  the   order  r;  the   zomal   curves    U=Q,  F=0,   taken   separately,   are 
not   curves   standing  in   any  special  relation   to  the   curve   in   question   O  =  0,  but  ?7=  0 
may  be   any  curve   whatever   of  the   order   r,  and  then    F=  0   is   a  curve   of   the  same 
order   r,   in   involution   with   the   two   curves   fl  =  0,   U  =  0  ;   we   may,   in   fact,   write  the 
equation   fl  =  0   under    the    bizomal    form   V77  +  Vfl  +  U  =  0.      In   the   case    r  even,  we 
may,  however,  notice  the  bizomal  curve  P+VT7=0  (P  a  rational  function  of  the  degree 
£r);   the  rational   equation  is   here   n=Dr-P2  =  0,  that  is    CT=^-fP2,   viz.,   P  is  any 
curve   whatever   of  the   order  %r,  and    17=0   is  a  curve    of   the  order   r,   touching  the 
given    curve   H  =  0   at   each   of   its   Jr2   intersections   with    the   curve   P  =  0.     I  further 
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remark  that  the  order  of  the  z/-zomal  curve  VTV&c.  =  0  is  =  2*-2r;  this  is  right  in 
the  case  of  the  bizomal  curve  Vl7+A/F=0,  the  order  being  =r,  but  it  fails  for  the 
monozomal  curve  VZ7=0,  the  order  being  in  this  case  r,  instead  of  £r,  as  given  by 
the  formula.  The  two  unimportant  and  somewhat  exceptional  cases  v  =  1,  v  —  2,  are 
thus  disposed  of,  and  in  all  that  follows  (except  in  so  far  as  this  is  in  fact  applicable 
to  the  cases  just  referred  to),  v  may  be  taken  to  be  =  3  at  least. 

4     It  is    to    be    throughout    understood   that  by  the    curve   VtT+  VF-f&c.  =  0    is 
meant  the  curve  represented  by  the  rationalised  equation 


viz.  the  Norm  is  obtained  by  attributing  to  all  but  one  of  the  zomes  VZ7,  VF,  &c., 
each  of  the  two  signs  -f,  —  ,  and  multiplying  together  the  several  resulting  values  of 
the  polyzome;  in  the  case  of  a  v-zomal  curve,  the  number  of  factors  is  thus  =2*~lr 
(whence,  as  each  factor  is  of  the  degree  Jr,  the  order  of  the  curve  is  2V~1  •  \r, 
=*2r~*r,  as  mentioned  above).  I  expressly  mention  that,  as  regards  the  polyzornal  curve, 
we  are  not  in  any  wise  concerned  with  the  signs  of  the  radicals,  which  signs  are  and 
remain  essentially  indeterminate;  the  equation  VZ7  +  VF-f-  &c.  =  0,  is  a  mere  symbol  for 
the  rationalised  equation,  Norm  (V[74-Jv/F+&c.)  =  0. 


Article  Nos.  5  to  12.     The  Branches  of  a  Polyzomal  Curve. 

5.  But  we  may  in  a  different  point  of  view  attend  to  the  signs  of  the  radicals  ; 
if  for  all  values  of  the  coordinates  we  take  the  symbol  «/„,  and  consider  JU,  JV} 
&c.  as  signifying  determinately,  say  the  positive  values  of  VZ7,  VF,  &c.  ;  then  each  of 
the  several  equations  +  JU  ±  >/F+  &c.  =  0,  or,  fixing  at  pleasure  one  of  the  signs, 

suppose  that  prefixed  to  JU,  then  each  of  the  several  equations  JU±  JV±  &c.  =  0, 
will  belong  to  a  branch  of  the  polyzomal  curve:  a  v-zomal  curve  has  thus  2"""1 
branches  corresponding  to  the  21""1  values  respectively  of  the  polyzome.  The  separation 

of  the  branches  depends  on  the  precise  fixation  of  the  significations  of  *JU,  JV,  &c., 
and  in  regard  hereto  some  further  explanation  is  necessary. 


6.  When    U  is  real  and  positive,  JU  may  be  taken  to  be,  in  the   ordinary  sense, 
the  positive  value  of   VI7,  and   so   when    U  is  real   and   negative,  »JU  may  be  taken 

to  be  =i  into  the  positive  value  of  V—  J7;  and  the  like  as  regards  ,/F,  &c.  The 
functions  U,  F,  &c.  are  assumed  to  be  real  functions  of  the  coordinates;  hence,  for 
any  real  values  of  the  coordinates,  U,  F,  &c.  are  real  positive  or  negative  quantities, 

and  the  significations  of  *JU,  JV>  &c.  are  completely  determined. 

7.  But  the   coordinates  may  be  imaginary.     In  this   case   the   functions    U,  V,  &c. 
will  for  any  given   values  of  the   coordinates  acquire   each   of  them  a  determinate,  in 
general   imaginary,  value.    If  for  all  real  values  whatever  of  a,  ff,  we  select  once  for 
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all  one  of  the  two  opposite  values  of  Va  -f-  fti,  calling  it  the  positive  value,  and 
representing  it  by  Jot.  +  fti,  then,  for  any  particular  values  of  the  coordinates,  U  being  « 
=  a+@i,  the  value  of  JU  may  be  taken  to  be  =*Ja  +  fti ;  and  the  like  as  regards 
JV9  &c.  x/77,  JV,  &c.  have  thus  each  of  them  a  determinate  signification  for  any 
values  whatever,  real  or  imaginary,  of  the  coordinates.  The  coordinates  of  a  given 
point  on  the  curve  VZ7+VT+&c.  =  0,  will  in  general  satisfy  only  one  of  the  equations 

s/i7±x/F±&c.  =  0;  that  is,  the  point  will  belong  to  one  (but  in  general  only  one)  of 
the  2"-1  branches  of  the  curve ;  the  entire  series  of  points  the  coordinates  of  which 
satisfy  any  one  of  the  21""1  equations,  will  constitute  the  branch  corresponding  to  that 
equation. 


8.  The  signification  to  be  attached  to  the  expression  Ja  +  ffi  should  agree  with 
that  previously  attached  to  the  like  symbol  in  the  case  of  a  positive  or  negative 
real  quantity;  and  it  should,  as  far  as  possible,  be  subject  to  the  condition  of 

continuity,   viz.,   as   a  +  /3i  passes   continuously   to   a!  +  £%   so   Va  +  fti  should    pass   con- 


tinuously to  Va'4-/3'z;  but  (as  is  known)  it  is  not  possible  to  satisfy  universally  this 
condition  of  continuity;  viz.,  if  for  facility  of  explanation  we  consider  (a,  yS)  as  the 
coordinates  of  a  point  in  a  plane,  and  imagine  this  point  to  describe  a  closed  curve 

surrounding  the  origin  or  point  (0,  0),  then  it  is  not  possible  so  to  define  Va  +  j8i 
that  this  quantity,  varying  continuously  as  the  point  moves  along  the  curve,  shall, 
when  the  point  has  made  a  complete  circuit,  resume  its  original  value.  The  signi- 

fication  to   be   attached   to   Va  +  /3i  is   thus    in    some    measure    arbitrary,  and  it    would 

appear   that  the    division   of   the    curve    into    branches    is    affected  by  a  corresponding 

arbitrariness,  but  this  arbitrariness  relates  only  to  the  imaginary  branches  of  the  curve: 
the  notion  of  a  real  branch  is  perfectly  definite. 

9.  It    would   seem   that   a    branch    may  be  impossible   for   any  series   whatever  of 
points    real    or    imaginary.      Thus,    in    the     bizomal     curve    VZJ+VT^O,    the    branch 
\/J7+VF=0   is  impossible.     In   fact,  for  any  point   whatever,  real   or   imaginary,  of  the 
curve,   we   have    U=V,  and  therefore   VjJ^V^F;   the   point  thus  belongs   to   the   other 
branch   Vl7-VT=0,   not   to    the  branch   VT7+VrF=sO;    the   only   points  belonging   to 
the    last-mentioned    branch    are    the    isolated    points    for   which    simultaneously   ^(7=0, 

^O;  viz.,  the  points  of  intersection  of  the  two  curves  £7"=0,  F=0. 

10.  It   is   not   clear  to   me  whether  the  case  is   the  same   in  regard  to  the  branch 

TJ^O     of    a    trizomal    curve.      In     fact,    for     each    point     of    the    curve 

A/17+  VT+  VlF=  0  we  have  (U  -  F-  TF)2=  4  FTP,  and  therefore,  U-  F-  TF=  ±  2VTVTF; 
there  may  very  well  be  points  for  which  the  sign  is  +;  that  is,  points  for  which 

£7=  F'  +  W  +2VTVW,  and  for  these  points  we  have  ±  VTr=VF-h\/TF;  for  real  values 
of  the  coordinates  the  sign  on  the  left  hand  must  be  +  (for  otherwise  the  two  sides 
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would  have   opposite  signs),  but  there  is  no  apparent  reason,  or  at  least  no   obviously 
apparent   reason,   why  this  should  be   so   for  imaginary  values  of  the    coordinates,  and 

if  the  sign  be  in  fact  -,  then  the  point  will  belong  to  the  branch 


11.  But   the  branch  in   question  is  clearly  impossible   for  any  series  of  real  points; 
so  that,  leaving  it  an  open  question  whether  the  epithet  "impossible"   is   to  be  under- 
stood to   mean  impossible  for  any  series  of  real  points  (that   is,  as   a  mere  synonym  of 
imaginary),   or    whether    it    is    to    mean    impossible    for    any   series    of   points,  real    or 
imaginary,  whatever,  I  say  that   in   a   z/-zomal   curve  some   of  the   branches   are  or   may 
be    impossible,    and    that    there    is    at    least    one    impossible    branch,   viz.,   the    branch 

VF-f  VF+&C.  =0. 

12.  For  the  purpose   of  referring  to   any  branch  of  a  polyzomai  curve   it   will  be 
convenient  to   consider  V?7  as  signifying  determinately  -fVjT,   or  else  —  VCT;    and   the 
like  as  regards  VF,   &c.,  but  without   any  identity  or  relation  between  the  signs  pre- 

fixed to  the  VTT,  VF,  &c.,  respectively;  the  equation  ^U+  VF+&C.  =  0,  so  understood, 
will  denote  determinately  some  one  (that  is,  any  one  at  pleasure)  of  the  equations 

VTT  ±  VT  ±  &c.  =  0,  and  it  will  thus  be  the  equation  of  some  one  (that  is,  any  one  at 
pleasure)  of  the  branches  of  the  polyzomai  curve  —  all  risk  of  ambiguity  which  might 
otherwise  exist  will  be  removed  if  we  speak  either  of  the  curve  V17+  \/F,  &c.  =  0,  or 
else  of  the  branch  Vj7+  \/F-j-&c.  =  0.  Observe  that  by  the  foregoing  convention,  when 
only  one  branch  is  considered,  we  avoid  the  necessity  of  any  employment  of  the  sign  ±, 
or  of  the  sign  —  ;  but  when  two  or  more  branches  are  considered  in  connection  with 
each  other,  it  is  necessary  to  employ  the  sign  —  with  one  or  more  of  the  radicals 
VCT,  \/F,  &c.  ;  thus  in  the  trizomal  curve  VZ7+  VF+  *fW=Q,  we  may  have  to  consider 
the  branches  VIT+  VT+  VF=  0,  VF+VF-VF=0;  viz.,  either  of  these  equations 
apart  from  the  other  denotes  any  one  branch  at  pleasure  of  the  curve,  but  when 
the  branch  represented  by  the  one  equation  is  fixed,  then  the  branch  represented  by 
the  other  equation  is  also  fixed. 


Article  Nos.  13  to  17.     The  Points  common  to  Two  Branches  of  a  Polyzomal  Curve. 

13.  I  consider  the  points  which  are  situate  simultaneously  on  two  branches  of 
the  i/-zomal  curve  VEf  +  VF  +  Aa^  0.  The  equations  of  the  two  branches  may  be  taken 
to  be 

V77  +  &c.  +  (VF-f  &c.)  =  0, 

VF  +  &c.  -  (V  F  +  &c.)  =*  0, 

viz.,  fixing  the  significations  of  VJ7,  VF,  VF,  &a  in  such  wise  that  in  the  equation 
of  one  branch  these  shall  each  of  them  have  the  sign  +,  we  may  take  VIF,  &c.  to 
be  those  radicals  which,  in  the  equation  of  the  other  branch,  have  the  sign  -f,  and 
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c.   to   be   those   radicals   which  have   the   sign  -.     The  foregoing  equations  break 
up  into  the  more  simple  equations 

VIT  +  &c.  =  0,     VF+  &c.  =  0, 

which  are  the  equations  of  certain  branches  of  the  curves  VIT  +  &c.  =  0,  and  VTF-h&c.  =  0, 
respectively,  and  conversely  each  of  the  intersections  of  these  two  curves  is  a  point 
situate  simultaneously  on  some  two  branches  of  the  original  z/-zomal  curve  VZf-f  VF+&C.  =  0. 
Hence,  partitioning  in  any  manner  the  z/-zome  */U+*/V+&c.  into  an  a-zome,  Vl7  =  &c. 
and  a  /3-zome  V  W  +  &c.  (a  +  /3  =  v),  and  writing  down  the  equations 


of  an  a-zomal  curve  and  a  /3-zomal  curve  respectively  each  of  the  intersections  of 
these  two  curves  is  a  point  situate  simultaneously  on  two  branches  of  the  z>-zomal 
curve  ;  and  the  points  situate  simultaneously  on  two  branches  of  the  p-zomal  curve 
are  the  points  of  intersection  of  the  several  pairs  of  an  a-zomal  curve  and  a  /3-zomal 
curve,  which  can  be  formed  by  any  bipartition  of  the  v-zome. 

14.  There  are  two  cases  to  be  considered  :  —  First,  when  the  parts  are  1,  v  —  I  (v  —  1  is  >  1, 
except  in  the   case   v  =  2,  which  may  be  excluded  from  consideration),  or  say  when  the 
y-zome  is  partitioned  into  a  zome  and   antizome.     Secondly,   when  the   parts   a,  /6,   are 
each    >1   (this   implies   z/  =  4  at  least),   or    say   when  the   j'-zome  is   partitioned  into   a 
pair  of  complementary  parazomes. 

15.  To    fix    the    ideas,  take    the    tetrazomal    curve    *fU+  VF-h  VF-h  V2f=0,   and 
consider  first  a  point  for  which   VTT=0,  VFf  VTF  +  Vr=0.     The  Norm  is  the  product 
of  (2s  =)  8  factors  ;  selecting  hereout  the  factors 


let  the  product  of  these 

^tf 

be  called  F>  and  the  product  of  the  remaining  six  factors  be  called  (?;  the  rationalised 
equation  of  the  curve  is  therefore  FG  —  0.  The  derived  equation  is  6dF+FdG  =  Q', 
at  the  point  in  question  V77=0,  VF+  VtT-f  Vf=  0;  G  and  dG  are  each  of  them 
finite  (that  is,  they  neither  vanish  nor  become  infinite),  but  we  have 


and  the  derived  equation  is  thus  GdU=Q,  or  simply  dU=Q.  It  thus  appears  that 
the  point  in  question  is  an  ordinary  point  on  the  tetrazomal  curve;  and,  further,  that 
the  tetrazomal  curve  is  at  this  point  touched  by  the  zomal  curve  Z7  =  0.  And  similarly, 
each  of  the  points  of  intersection  of  the  two  curves  VCr=0,  VT+  */W+  VT  =  0,  is  an 
ordinary  point  on  the  tetrazomal  curve;  and  the  tetrazomal  curve  is  at  each  of  these 
points  touched  by  the  zomal  curve  Z7=0. 
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16.     Consider,  secondly,  a  point   for  which   VF-f  vT=0,  VF-I-VT=0;  to  form  the 
Norm,  taking  in  this  case  the  two  factors 


let  their  product 

=  (VZT  +  V  VJ  - 

be  called  F,  and  the  product  of  the  remaining  six  factors  be  called  G;  the  rationalised 

equation    is  FG  =  0,   and    the    derived    equation    is  FdG  4-  GdF  =  0.  At    the    point    in 

question  G  and  dG  are  each  of  them  finite  (that  is,  they  neither  vanish  nor  become 
infinite),  but  we  have 

_F=0,  dF=(V^+v^(cZZ7-V77  +  ^  =0, 

that  is,  the  derived  equation  becomes  identically  0  =  0;  the  point  in  question  is  thus 
a  singular  point,  and  it  is  easy  to  see  that  it  is  in  fact  a  node,  or  ordinary  double 
point,  on  the  tetrazomal  curve.  And  similarly,  each  of  the  points  of  intersection  of 
the  two  curves  V77+vT=0,  V'IF-hV2T=0  is  a  node  on  the  tetrazomal  curve. 

17.  The  proofs  in  the  foregoing  two   examples  respectively  are   quite   general,  and 
we  may,  in  regard    to    a    z/-zomal    curve,   enunciate    the    results    as    follows,   viz.,   in    a 
j/-zomal  curve,  the  points  situate  simultaneously  on  two  branches   are   either  the  inter- 
sections  of  a  zomal   curve  and  its   antizomal   curve,  or  else  they  are   the  intersections 
of  a    pair    of   complementary   parazomal    curves.     In    the    former    case,   the    points    in 
question  are  ordinary  points   on  the  i>-zomal,  but    they  are    points    of   contact  of   the 
z/-zomal  with  the  zomal;    it  may  be    added,   that    the    intersections   of   the  zomal  and 
antizomal,  each  reckoned  twice,  are    all   the    intersections    of   the    z/-zomal    and    zomal. 
In  the  latter  case,  the  points  in  question  are  nodes  of  the   z/-zomal;   it  may  be  added, 
that  the  z/-zomal  has  not,  in  general,  any  nodes   other  than   the   points  which   are  thus 
the  intersections  of  a  pair  of  complementary  parazomals,  and  that  it  has  not  in  general 
any  cusps. 

Article  Nos.  18  to  21.    Singularities  of  a  v-zomal  Curve. 

18.  It  has  been  already  shown    that  the   order   of   the   ^-zomal  curve  is  =  2"~a  r. 
Considering    the    case    where   v  is   =3   at   least,  the   curve,   as   we   have  just   seen,   has 
contacts  with  each  of  the  zomal  curves,  and  it  has  also  nodes.     I  proceed  to  determine 
the  number  of  these  contacts  and  nodes  respectively. 

19.  Consider  first  the    zomal    curve    £7=0,   and  its  antizomal   VF+  VTF+  &c.  =  0, 
these  are  curves  of   the  orders  r  and  2v~3r  respectively,   and   they  intersect    therefore 
in   2"-"sr3  points.     Hence  the  i/-zomal  touches  the  zomal  in   2^~8r2  points,  and  reckoning 
each   of   these  twice,  the  number    of   intersections  is   =2I/-3r2,   viz.,  these    are    all    the 
intersections  of   the  i/-zomal  with  the  zomal    £7=0.     The  number  of    contacts    of   the 
z;-zomal  with  the  several  zomals  17=0,  F—  0,  &c.,  is  of  course 
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20.  Considering   next   a  pair  of  complementary  parazomal  curves,   an  a-zomal  and 
a   /S-zomal  respectively  (a+/3  =  z/),  these  are   of  the  orders  2a~2r  and  2P-*r  respectively, 
and    they  intersect   therefore    in    2a+^~4ra  =  2v~4r2  points,  nodes    of   the    z^-zomal.     This 
number  is   independent    of   the    particular    partition  (a,  fi),  and  the   z/-zomal   has  thus 
this  same  number,  2"~4r2,  of  nodes  in  respect  of  each  pair  of  complementary  parazomals; 
hence  the  total  number  of  nodes  is   —  21""4  r2  into  the  number  of  pairs  of  complementary 
parazomals.     For   the   partition  (a,  0)  the   number  of  pairs   is   =  \y\v  -s-  [a]a  [#]*,  or   when 
a  =  /3,  which   of  course   implies   v  even,  it   is  one-half  of  this;   extending  the  summation 
from    a  ~  2   to   a  =  z/  —  2,  each   pair   is   obtained   twice,  and   the  number  of  pairs   is  thus 
=  ^iM*^MaD8?};    the   sum   extended  from   a  =  0  to   a=z/  is   (1  +  1)",   =  2",  but   we 
thus  include  the  terms   1,  v9  v,  1,  which  are  together  ~  2v  -f  2,  hence  the   correct  value 
of  the  sum  is   =  2"  -  2u  -  2,  and  the  number  of  pairs  is  the  half  of  this  =  2"-1  -  v  -  1. 
Hence  the  number  of  nodes  of  the  i>-zomal  curve  is  =  (2*""1  —  v  —  1)  2"-*  r2. 

21.  The    i/-zomal    is    thus    a    curve    of   the    order    2*-3r,    with    (21^1-  v  —  l)2J^4ra 
nodes,  but  without  cusps;   the  class  is  therefore 

=*  2*-*  r  [(v  +  1)  r  -  2], 
and  the  deficiency  is 


These  are  the  general  expressions,  but  even  when  the  zomal  curves  {7=0,  F=0,  &c., 
are  given,  then  writing  the  equation  of  the  z;-zomal  under  the  form  VZJ74-  v^F-f&c.  =  0, 
the  constants  I  :  m  :  &c.,  may  be  so  determined  as  to  give  rise  to  nodes  or  cusps 
which  do  not  occur  in  the  general  case;  the  formulae  will  also  undergo  modification 
in  the  particular  cases  next  referred  to. 


Article  Nos.  22  to  27.     Special  Case  where  all  the  Zomals  have  a  Common,  Point  or 

Points. 

22.  Consider  the  case  where  the  zomals  £7=0,  F=0  have  all  of  them  any 
number,  say  k,  of  common  intersections — these  may  be  referred  to  simply  as  the  common 
points.  Each  common  point  is  a  2"~2-tuple  point  on  the  v-zomal  curve;  it  is  on  each 
zomal  an  ordinary  point,  and  on  each  antizomal  a  2v"~8-tuple  point,  and  on  any  a-zomal 
parazomal  a  2flt~2-tluple  point.  Hence,  considering  first  the  intersections  of  any  zomal 
with  its  antizomal,  the  common  point  reckons  as  2*~*  intersections,  and  the  k  common 
points  reckon  as  2*-**  intersections;  the  number  of  the  remaining  intersections  is 
therefore  =  2V~8  (r2  —  &),  and  the  zomal  touches  the  z>-zomal  in  each  of  these  points. 
The  intersections  of  the  zomal  with  the  y-zomal  are  the  i-common  points,  each  of 
them  a  2"~~3-tuple  point  on  the  i>-zomal,  and  therefore  reckoning  together  as  2v~aA 
intersections ;  and  the  2^8  (r2  -  k)  points  of  contact,  each  reckoning  twice,  and  therefore 
together  as  2"-2(r2 -k)  intersections  (2v-afc  +  2^(r2-i)==2^r2,  =r.2"-2r);  the  total 
number  of  contacts  with  the  zomals  U=Q,  F=0,  &c.,  is' thus  =  2"~8  (r2  -  k)  v. 
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23.  Secondly,   considering  any  pair   of  complementary  parazomals,  an   a-zomal    and 
a  /3-zomal,  each   of  the  common  points,   being  a   2a~M;uple  point  and  a  2^-tuple  point 
on   the  two  curves  respectively,  counts  as  2a+^-4,  =  21"-4  intersections,  and  the  k  common 
points  count   as   2"-4&  intersections;   the  number  of  the  remaining  intersections  is  there- 
fore =  21"-4  (r2  -  &),  each  of  which  is   a   node   on   the   f-zomal  curve;   and   we   have  thus 
in  all  2"-*  (2*-1  -  v  -  1)  (r2  -  k)  nodes. 

24.  There    are,  besides,  the  k   common    points,   each   of    them    a    2"~3-tuple   point 
on    the    y-zomal,  and   therefore    each   reckoning   as    £2"-*  (2"-2  -  1),    =  22*-fi  -  2*-3    double 
points,   or  together  as  (22*~5  —  2"~3)  k  double  points.     Reserving   the   term   node   for   the 
above-mentioned  nodes   or  proper  double   points,   and   considering,   therefore,   the    double 
points  (dps.)  as  made   up   of  the   nodes  and  of  the  2^-tuple   points,  the  total   number 
of  dps.  is  thus 


=  2*~4  (2"-1  -  v  -  1)  r2  4-  {(v  +  1)  2*~4  -  2"~3}  k  ; 
or  finally  this  is 


so  that  there  is  a  gain  =  2*-*  (v  —  1)  k  in  the  number  of  dps.  arising  from  the  k 
common  points.  There  is,  of  course,  in  the  class  a  diminution  equal  to  twice  this 
number,  or  2*~s(i>-  1)&;  and  in  the  deficiency  a  diminution  equal  to  this  number,  or 


25.  The  zomal  curves  £7=0,  F  =  0,  &c.,  may  all  of  them  pass  through  the  same 
v*  points  ;  we  have  then  k  =  r2,  and  the  expression  for  the  number  of  dps.  is 
—  (22*-e  -  2*-3)  r3,  viz.,  this  is  =^2V-3  (2"-3-l)r2.  But  in  this  case  the  dps.  are  nothing 
else  than  the  r12  common  points,  each  of  them  a  2  v~2-  tuple  point,  the  z/-zomal  curve 
in  fact  breaking  up  into  a  system  of  2""^  curves  of  the  order  r,  each  passing  through 
the  r3  common  points.  This  is  easily  verified,  for  if  ©  =  0,  <£  =  0  are  some  two  curves 
of  the  order  r,  then,  in  the  present  case,  the  zomal  curves  are  curves  in  involution 
with  these  curves  ;  that  is,  they  are  curves  of  the  form  I®  4-  V&  =  0,  m®  -f  m7<I>  =  0,  &c., 
and  the  equation  of  the  y-zomal  curve  is 


-j-  1'<&  +  Vm®  4-  m'<&  +  &c.  =  0. 

The  rationalised  equation  is  obviously  an  equation  of  the  degree  2V~~^  in  ®,  <I>,  giving 
therefore  a  constant  value  for  the  ratio  ®  :  <I>  ;  calling  this  q,  or  writing  ®  =  g<I>,  we 
have  __  _ 

Vi!j+f  +  Vmy  +  m'  +  &c.  =  0, 

viz,,  the  rationalised  equation  is  an  equation  of  the  degree  2"~2  in  q,  and  gives  there- 
fore 2v~a  values  of  #.  And  the  ^-zomal  curve  thus  breaks  up  into  a  system  of  2V~3 
curves  each  of  the  form  ®  —  g4>  —  0,  that  is,  each  of  them  in  involution  with  the 
curves  @  =  0a  <I>  =  0.  The  equation  in  q  may  have  a  multiple  root  or  roots,  and  the 
system  of  curves  so  contain  repetitions  of  the  same  curve  or  curves  ;  an  instance  of 
this  (in  relation  to  the  trizomal  curve)  will  present  itself  in  the  sequel  ;  but  I  do  not 
at  present  stop  to  consider  the  question. 
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26.  A  more  important  case  is  when  the  zomal  curves  are  each  of  them  in 
involution  with  the  same  two  given  curves,  one  of  them  of  the  order  r,  the  other  of 
an  inferior  order.  Let  ®  =  0  be  a  curve  of  the  order  r,  3>  =  0  a  curve  of  an  inferior 
order  r  —  s;  £  =  0,  M=Q,  &c.,  curves  of  the  order  s;  then  the  case  in  question  is 
when  the  zomal  curves  are  of  the  form  ®  +  L<&  =  0,  ©  +  M<&  =  0,  &c.,  the  equation  of 
the  j/-zomal  is 

+  Vm  (@  +  M  <£)  +  &c.  =  0, 


where    I,  m,  &c.  are   constants.     This   is  the  most  convenient  form  for  the  equation,  and 
by  considering   the   functions   L>  M,  &c.  as   containing  implicitly  the  factors  l~\  m~l,  &c. 


respectively,  we  may  take  it  to  include  the  form  v7©  +  L$>  •+  Vra©  -f  M<&  -h  &c.  =  0, 
which  last  has  the  advantage  of  being  immediately  applicable  to  the  case  where  any 
one  or  more  of  the  constants  Z,  m,  &c.  may  be  =  0. 

27.  In  the  case  now  under  consideration  we  have  the  r(i  —  s)  points  of  inter- 
section of  the  curves  @  ~  0,  <&  =  0  as  common  points  of  all  the  zomals.  Hence,  putting 
in  the  foregoing  formula  k  =  r  (r  —  s),  we  have  a  z>-zomal  curve  of  the  order  2"~V, 
having  with  each  zomal  2"~2rs  contacts,  or  with  all  the  zomals  2v~2rw  contacts,  having 
a  node  at  each  of  the  2"~4rs  intersections  (not  being  common  points  ®  =  0,  <S>=0) 
of  each  pair  of  complementary  parazomals  ;  that  is,  together  2V~*  (2"-1  —  v  —  1)  rs  nodes, 
and  having,  besides,  at  each  of  the  r(r—$)  common  points,  a  2r~"2-tuple  point,  counting 
as  22"~5  —  2l^~8  dps.,  together  as  (22v~5  —  2"~s)  r  (r  —  s)  dps.  ;  whence,  taking  account  of  the 
nodes,  the  total  number  of  dps.  is  =  2^  r  [(2"-1  -  2)  r  -  (v  -  1)  s]. 


Article  Nos.  28  to  37.     Depression  of  Order  of  the  v-zomal  Curve  from  the  Ideal  Factor 

of  a  Branch  or  Branches. 

28.  In   the   case   of  the   r  (r  —  s)  common  points   as  thus  far  considered,  the  order 
of    the    i>-zomal    curve    has    remained    throughout    =  2v~2r,   but    the    order    admits    of 
depression,  viz.,   the   constants   I,  m,  &c.,  and   those  of  the   functions  L,  M,   &c.,  may  be 
such  that   the   Norm  contains   the   factor  ^"j   the   i/-zomal   curve   then  contains   as  part 
of    itself  (<E>W  =  0)   the   curve   <3>  =  0   taken   G>   times,   and    this    being    so,   if   we    discard 
the  factor   in  question,  and   consider   the   residual   curve   as   being  the  v-zomal,  the  order 
of  the  I'-zomal  will  be  =  2v~2r  -  CD  (r  -  s). 

29.  To    explain    how    such    a    factor    <E>W    presents    itself,    consider    the    polyzome 
V/(®+i<E>)  +  &c.,    or,   what    is   the    same    thing,    Vr V®  +  L®  +  &c.,   belonging    to    any 
particular   branch   of  the  curve,  we  may,  it  is  clear,  take  V®  +  i<I>,  &c.  each  in  a  fixed 
signification   as  equivalent   to  V®-hi<I>,  &c.,  respectively,  and  the   particular   branch  will 
then   be   determined  by  means  of  the  significations  attached  to  V£  Vra,  &c.     Expanding 
the  several  radicals,  the  polyzome  is 
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or,  what  is  the  same  thing,  it  is 

V®  (VT+  &c.)  +  i  -—  (i  V7+  &c.)  -  ^ 


which  expansion  may  contain  the  factor  <J>,  or  a  higher  power  of  <E>.  For  instance,  if 
we  have  V7+&c.  =  0,  the  expansion  will  then  contain  the  factor  <t>  ;  and  if  we  also 
have  £VZ  +  &c.=  0  (observe  this  implies  as  many  equations  as  there  are  asyzygetic 
terms  in  the  whole  series  of  functions  L,  M,  &c.  ;  thus,  if  L,  M,  &c.,  are  each  of  them 
of  the  form  aP  +  bQ  +  cR,  with  the  same  values  of  P3  Q,  R,  but  with  different  values 
of  the  coefficients  a,  6,  c,  then  it  implies  the  three  equations  a  v7+  &c.  =  0,  b  VZ  4-  &c.  =  0, 
cvT-h&c.  =  0;  and  so  in  other  cases),  if  I  say  iVZ+&c,  be  also  =0,  then  the 
expansion  will  contain  the  factor  <£2,  and  so  on;  the  most  general  supposition  being, 
that  the  expansion  contains  as  factor  a  certain  power  <I>a  of  <1>.  Imagine  each  of  the 
polyzomes  expanded  in  this  manner,  and  let  certain  of  the  expansions  contain  the 
factors  <$*,  <t>0,  &c.,  respectively.  The  produce  of  the  expansions  is  identically  equal  to 
the  product  of  the  unexpanded  polyzomes  —  that  is,  it  is  equal  to  the  Norm;  hence, 
if  a  +  {3  H-  &c.  =  co,  the  Norm  will  contain  the  factor  <J>W. 


30.  It  has  been  mentioned  that  the  form  VZ  (©  +  £<!>)  is  considered  as  including  the 
form  V7©  -f-  £<!>,  that  is,  when  I  —  0,  the  form  V£<I>.  If  in  the  equation  of  the  z>-zomal  curve 
there  is  any  such  term  —  for  instance,  if  the  equation  be  Vi<3>  +  \lm(®  4-  M<&)  +  &c.  =  0, 
the  radical  Vi<J>  contains  the  factor  <£*;  but  if  L  contains  as  factor  an  odd  or  an 
even  power  of  <3>,  then  ViO  will  contain  the  factor  <E»a  where  a  is  either  an  integer, 


or  an   integer  +J.     Consider  the   polyzome  */£!>  -h  V  w  (©  +  M  4>)  +  &c.,  belonging  to  any 
particular  branch  of  the  curve;   the  radical  *JL<$  contains,  as  just  mentioned,  the  factor 


<!>tt,  and  if  the  remaining  terms  *Jm(®  +  M<&)  +  &c.,  are  such  that  the  expansion 
contains  as  factor  the  same  or  any  higher  power  of  <£,  then  the  expansion  of  the 
polyzome  VjWE>  +  ^m  (®  +  M  &)  +  &c.,  belonging  to  the  particular  branch  will  contain  the 
factor  <I>a;  and  similarly  we  may  have  branches  containing  the  factors  <taj  <&?,  &c.r 
whence,  as  before,  if  co  =  a  +  @  +  &c.,  the  Norm  will  contain  the  factor  <J>°»  ;  the  only 
diflference  is,  that  now  a,  /3,  &c.,  instead  of  being  of  necessity  all  integers,  are  each 
of  them  an  integer,  or  an  integer  +•£•;  of  course,  in  the  latter  case  the  integer  may 
be  zero,  or  the  index  be  =-J.  It  is  clear  that  co  must  be  an  integer,  and  it  is,  in 
fact,  easy  to  see  that  the  fractional  indices  occur  in  pairs  ;  for  observe  that  a  being 
fractional,  the  expansion  of  Vm(©  +^lf<l>)-h  &c.,  will  contain  not  <E>a,  but  a  higher  power, 
<&**£,  where  a+  q  is  an  integer;  whence  each  of  the  polyzomes  Vi$  ±  (*Jm(®  +  M<&)  4-  &c.) 
will  contain  the  factor  <!>*. 

31.  Observe  that  in  every  case  t^he  factor  3>a  presents  itself  as  a  factor  of  the 
expansion  of  the  polyzome  corresponding  to  a  particular  branch  of  the  curve  ;  the 
polyzome  itself  does  not  contain  the  factor  4>a,  and  we  cannot  in  anywise  say  that  the 
corresponding  branch  contains  as  factor  the  curve  4>a  =  0  ;  but  we  may,  with  great 
propriety  of  expression,  say  that'  the  '  branch  ideally  contains  the  curve  <3>*  =  0  ;  and  this 
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being  so,  the  general  theorem  is,  that  if  we  have  branches  ideally  containing  the  curves 
<I>«  =  0,  <E>0  =  0,  &c.  respectively,  then  the  i/-zomal  curve  contains  not  ideally  but  actually 
the  factor  <£<°=0  (GO  =  a  +  £  -4-  &c.),  the  order  of  the  z/-zomal  being  thus  reduced  from 
2"-2r  to  2"-2r  —  a>  (r  —  s)  ;  and  conversely,  that  any  such  reduction  in  the  order  of  the 
p-zomal  arises  from  the  factors  3>a  =  0,  *0«0,  &c.,  ideally  contained  in  the  several 
branches  of  the  v-zomal. 

32.  It  is  worth  while  to  explain  the  notion  of  an  ideal  factor  somewhat  more 
generally;  an  irrational  function,  taking  the  irrationalities  thereof  in  a  determinate 
manner,  may  be  such  that,  as  well  the  function  itself  as  all  its  differential  coefficients 
up  to  the  order  a  —  1,  vanish  when  a  certain  parameter  <3>  contained  in  the  function 
is  put  =0;  this  is  only  saying,  in  other  words,  that  the  function  expanded  in  ascending 
powers  of  <E>  contains  no  power  lower  than  <3>a;  and,  in  this  case,  we  say  that  the 
irrational  function  contains  ideally  the  factor  <E>a.  The  rationalised  expression,  or  Norm, 
in  virtue  of  the  irrational  function  (taken  determinately  as  above)  thus  ideally  con- 
taining <£a,  will  actually  contain  the  factor  <3>a;  and  if  any  other  values  of  the 
irrational  function  contain  respectively  <&&,  &c.,  then  the  Norm  will  contain  the  factor 


33.  A  branch  ideally  containing  <l>a  =  0  may  for  shortness  be  called  integral  or 
fractional,  according  as  the  index  a  is  an  integer  or  a  fraction;  by  what  precedes 
the  fractional  branches  present  themselves  in  pairs.  If  for  a  moment  we  consider 
integral  branches  only,  then  if  the  i/-zomal  contain  3>  =  0,  this  can  happen  in  one  way 
only,  there  must  be  some  one  branch  ideally  containing  <E>=0;  but  if  the  v-zomal 
contain  <E>3  =  0,  then  this  may  happen  in  two  ways,  —  either  there  is  a  single  branch 
ideally  containing  <3>2  =  0,  or  else  there  are  two  branches,  each  of  them  ideally  con- 
taining <I>  =  0.  And  generally,  if  the  z/-zomal  contain  <J>to  =  0,  then  forming  any  partition 
co  =  a  +  0  +  &c.  (the  parts  being  integral),  this  may  arise  from  there  being  branches 
ideally  containing  <t>a  =  0,  <3>P  =  0,  &c.  respectively.  The  like  remarks  apply  to  the  case 
where  we  attend  also  to  fractional  branches,  —  thus,  if  the  z/-zomal  contain  3>  =  0,  this 
may  arise  (not  only,  as  above  mentioned,  from  a  branch  ideally  containing  <1>  =  0,  but 
also)  from  a  pair  of  branches,  each  ideally  containing  <3>*  =  0.  And  so  in  general,  if 
the  v-zomal  contain  <J>W  =  0,  the  partition  o>  =  a  +  fi  +  &c.  is  to  be  made  with  the  parts 
integral  or  fractional  (—  J  or  integer  4-  -J-  as  above),  but  with  the  fractional  terms  in 
pairs  ;  and  then  the  factor  <E>W  =  0  may  arise  from  branches  ideally  containing  <£a  =  0, 
<3>0  =  0,  &c.  respectively. 


34,  Any  zomal,  antizomal,  or  parazomal  of  a  z^-zomal  curve,  V£  (@  +  i<E>)  4-  &c.  =  0, 
is  a  polyzomal  curve  (including  in  the  term  a  monozomal  curve)  of  the  same  form 
as  the  z/-zomal;  and  may  in  like  manner  contain  <E>  =  0,  or  more  generally,  <E>W  =  0, 
viz.,  if  o>  =  a  -f  /3  +  &c.  be  any  partition  of  a  as  above,  this  will  be  the  case  if  the 
zomal,  antizomal,  or  parazomal  has  branches  ideally  containing  <£*  =0,  <E>0  =  0,  &c. 
respectively.  It  is  to  be  observed  that  if  a  zomal,  antizomal,  or  parazomal  contain 
<l>  =  0,  or  any  higher  power  <E>W  =  0,  this  does  not  in  anywise  imply  that  the  zomal 
contains  even  <I>  =  0.  But  if  (attending  only  to  the  most  simple  case)  a  zomal  and  its 
antizomal,  or  a  pair  of  complementary  parazomals,  each  contain  $  =  0  inseparably  (that 

61—2 
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is,  through  a  single  branch  ideally  containing  3>  =  0),  then  the  z/-zomal  will  have  two 
branches,  each  ideally  containing  <£  =  0,  and  it  will  thus  contain  <1>2  =  0.  In  fact,  if  in 
the  zomal  and  antizomal,  or  in  the  complementary  parazomals,  the  branches  which 
ideally  contain  <3>-0  are 


L®)  4-  &c.  =  0,    Vn  (@  +  N<&)  +  &c.  =  0 
respectively  (for  a  zomal,  the  -f&e.  should  be  omitted,  and   the  first  equation  be  written 
v7(®  +iO)  =  0),  then  in  the  i/-zomal  there  will  be  the  two  branches 

±  (Vn(®  +  .?ra>)  4-  &c.)  =  0, 


each  ideally  containing  <I>  =  0. 

Conversely,  if  a  z/-zomal  contain  <E>3  =  0  by  reason  that  it  has  two  branches  each 
ideally  containing  <E>  =  0,  then  either  a  zomal  and  its  antizomal  will  each  of  them,  or 
else  a  pair  of  complementary  parazomals  will  each  of  them,  inseparably  contain  <E>  =  0. 

35.     Reverting  to  the  case  of  the  z/-zomal  curve 


Jl  (@  +  Lty  +  Vm  (@  +  M  <E>)  +  &c.  =  0, 

which  does  not  contain  <J>  =  0,  each  of  the  r  (r  —  s)  common  points  ®  =  0,  3>  =  0  is  a 
2I"~2-tuple  point  on  the  z/-zomal;  each  of  these  counts  therefore  for  2"~2  intersections 
of  the  z>-zomal  with  the  curve  <E>  =  0,  and  we  have  thus  the  complete  number 
2*-*  r(r  —  s)  of  intersections  of  the  two  curves,  viz.,  the  curve  <£  =  0  meets  the  z^-zomal 
in  the  r  (r  —  s)  common  points,  each  of  them  a  2"~2-tuple  point  on  the  i/-zomal,  and 
in  no  other  point. 

36.  But  if  the  z/-zomal   contains   <E>W  =  0,  then  each  of  the  r(r  —  s)  common  points 
is    still    a    2"~2-tuple    point    on    the    aggregate    curve;    the    aggregate    curve    therefore 
passes  %*~~*  times   through   each  common  point;  but  among  these   passages  are  included 
G>  passages  of   the  curve   <E>  =  0  through  the   common  point.     The    residual   curve — say 
the   z/-zomal — passes   therefore   only  21""2  —  o>   times   through   the   common   point ;    that   is, 
each   of   the  r(r  —  s)  common  points   is  a   (2V~*2  —  o>)  tuple   point   on  the   y-zomal.      The 
curve  4>  =  0   meets    the    v-zomal    in   {Zv^r  —  co(r  —  s)}  (r—  s)  points,   viz.,   these    include 
the  r  (r  —  s)  common   points,  each  of  them   a  (21^3  —  o>)  tuple  point   on  the   z/-zomal,  and 
therefore   counting  together  as  (2V~2  —  o>)  r  (r  —  s)  intersections ;   there  remain  consequently 
co  s  (r  —  s)  other  intersections  of  the  curve  ®  =  0  with  the  z/-zornal. 

37.  In  the  case  where  the   i>-zomal    contains    the   factor  <£w  =  0,   then   throughout 
excluding  from    consideration  the   r(r  —  s)   common  points   ®  =  0,   <£  =  0,   the  remaining 
intersections  of  any  zomal   with  its  antizomal  are  points  of  contact   of  the  zomal  with 
the   i/-zomal,  and   the  remaining  intersections   of  each   pair  of  complementary  parazomals 
are  nodes  of  the  y-zomal,  it  being  understood  that  if  any  zomal,  antizomal,  or  parazomal 
contain  a  power  of   <E>  =  0,   such  powers   of   <I>  =  0   are   to    be  discarded,  and    only  the 
residual    curves    attended    to.      The    number    of   contacts    and    of    nodes    may    in    any 
particular    case    be    investigated    without    difficulty,   and    some    instances    will    present 
themselves  in  the  sequel,  but   on  account  of   the    different   ways    in  which  the   factor 
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<&w  =  0  may  present  itself,  ideally  in  a  single  branch,  or  in  several  branches,  and  the 
consequent  occurrence  in  the  latter  case  of  powers  of  <&  =  0  in  certain  of  the  zomals, 
antizomals,  or  parazomals,  the  cases  to  be  considered  would  be  very  numerous,  and 
there  is  no  reason  to  believe  that  the  results  could  be  presented  in  any  moderately 
concise  form ;  I  therefore  abstain  from  entering  on  the  question. 


Article  Nos.  38  and  39.     On  the  Trizomal  Curve  and  the  Tetrazomal  Curve. 
38.    The  trizomal  curve 


has  for  its  rationalised  form  of  equation 


or  as  this  may  also  be  written, 

(1,  1,  1,  -1,  -1,  -IKE  F, 

and   we   may   from    this  rational   equation    verify  the    general    results   applicable   to   the 
case  in  hand,  viz.,  that  the  trizomal  is  a  curve  of  the  order  2r,  and  that 

V  =  0,  at  each  of  its  r2  intersections  with  F  -  W  =  0, 
F=0,  „  „  TT-P=0, 


respectively   touch   the  trizomal.      There  are   not,  in  general,   any  nodes   or    cusps,  and 
the  order  being  =  2r,  the  class  is  =  2r  (2r  —  1). 

39.     The  tetrazomal  curve 


has  for  its  rationalised  form  of  equation 

(  era  +  y*  4.  W2  +  T2  -  2  Z7F_  2  UW  -  2  UT  -  2  VW  -  2  VT  -  2  FT)3  -  64  UVWT  =  0, 

and  we  may  hereby  verify  the  fundamental  properties,  viz.,  that  the  tetrazomal  is  a 
curve  of  the  order  4r,  touched  by  each  of  the  zomals  ?7=0,  F=0,  W=0,  r=  0  in 
2T-2  points,  viz.,  by  Z7=0  at  its  intersections  with  Vl7+  VTf  +  \/2T=  0,  that  is, 
Y*+  W2+T*-2VW-2VT-2WT=*Qi  (and  the  like  as  regards  the  other  zomals),  and 
having  Sr2  nodes,  viz.,  these  are  the  intersections  of  (VF+/s/F=0,  V  W  +  VT  ==  0), 
<\/CT  +  V"F=0,  VF+vT=0),  (VF  +  VT^sO,  VF+VW=0),  or,  what  is  the  same  thing, 
the  intersections  of  (Z7-  F=0,  F  -  ^=0),  (Z7-  F-0,  F-T-0),  (U-T=  0,  F-F=0), 
There  are  not  in  general  any  cusps,  and  the  class  is  thus  =4r(4r-l)-  er2,  =  lOr3-  4r. 
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Article  Nos.  40  and  41.     On  the  Intersection  of  two  v-Zomals  having  the  same 

Zomal  Curves. 

40.  Without  going  into  any  detail,  I  may  notice  the  question  of  the  intersection  of 
two  z>-zomals  which  have  the  same  zomal  curves  —  say  the  two  trizomals  V?7+  vF+  vF=  0, 
V7F+  VmV+  VfiTF=0,  or  two  similarly  related  tetrazomals.  For  the  trizomals,  writing 
the  equations  under  the  form 


then,  when  these  equations  are  considered  as  existing  simultaneously,  we  may,  without 
loss  of  generality,  attribute  to  the  radicals  VlT,  VT,  VF,  the  same  values  in  the  two 
equations  respectively;  but  doing  so,  we  must  in  the  second  equation  successively 
attribute  to  all  hut  one  of  the  radicals  V£  Vw,  Vw,  each  of  its  two  opposite  values. 
For  the  intersections  of  the  two  curves  we  have  thus 


:  A/F  :  VF=Vm-  Vn  :  Vft-  VT  :  VT-  Vw, 
viz.,  this  is   one   of  a  system  of  four   equations,   obtained  from  it  by  changes   of    sign, 
say  in  the  radicals  Vm  and  Vrc.     Each  of  the  four  equations  gives  a  set   of  r2  points; 
we  have   thus   the   complete    number,   =  4r2,    of  the   points    of  intersection    of  the   two 
curves. 

41.     But  take,  in  lite  manner,  two   tetrazomal  curves;,   writing   their   equations  in 
the  form  __ 

VF+      VF  +      VT  =  0, 


rc  VF+  Vp  VT=  o, 

then  VZT,  VF,  VTT,  VT  may  be  considered  as  having  the  same  values  in  the  two 
equations  respectively,  but  we  must  in  the  second  equation  attribute  successively,  say 
to  Vm,  Vfl,,  *Jp,  each  of  their  two  opposite  values.  For  the  intersections  of  the  two 
curves  we  have 

(\/m  -  V7)  vT  +  (Vn  -  v7  )  VF  +  (Vp  -  Vr  )  Vy^  o, 

(Vr~  VTT?)  Vlf          .  +  (Vw  -  Vm)  VF  +  (Vp  -  Vm)  VF=  0, 

viz.,  this  is  one  of  a  system  of  eight  similar  pairs  of  equations,  obtained  therefrom  by 
changes  of  sign  of  the  radicals  \im,  Vn,  */p.  The  equations  represent  each  of  them  a 
trizomal  curve,  of  the  order  2r;  the  two  curves  intersect  therefore  in  4T*2  points,  and 
if  each  of  these  was  a  point  of  intersection  of  the  two  tetrazomals,  we  should  have 
in  all  8x4^  =3  2^  intersections.  But  the  tetrazomals  are  each  of  them  a  curve  of 
the  order  4r>  and  they  intersect  therefore  in  only  16r2  points.  The  explanation  is, 
that  not  all  the  4T3  points,  but  only  Sr2  of  them  are  intersections  of  the  tetrazomals. 
In  factj  to  find  all  the  intersections  of  the  two  trizomals,  it  is  necessary  in  their  two 
equations  to  attribute  opposite  signs  to  one  of  the  radicals  VF,  V?;  we  obtain  2r2 
intersections  from  the  equations  as  they  stand,  the  remaining  2r3  intersections  from  the 
two  equations  after  we  have  in  the  second  equation  reversed  the  sign,  say  of 
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Now,  from  the  two  equations  as  they  stand  we  can  pass  back  to  the  two  tetrazomal 
equations,  and  the  first-mentioned  2r2  points  are  thus  points  of  intersection  of  the 
two  tetrazomal  curves — from  the  two  equations  afteiT  such  reversal  of  the  sign  of 
VTJ  we  cannot  pass  back  to  the  two  tetrazomal  equations,  and  the  last-mentioned  2T-2 
points  are  thus  not  points  of  intersection  of  the  two  tetrazomal  curves.  The  number 
of  intersections  of  the  two  curves  is  thus  8x2^,  =  16r2,  as  it  should  be. 


Article  Nos.  42  to  45.     The  Theorem  of  the  Decomposition  of  a  Tetrazomal  Curve. 
42.     I  consider  the  tetrazomal  curve— 


where  the  zomal  curves  are  in  involution,  —  that  is,  where  we  have  an  identical  relation, 

&U+     bF+    cF+    dr=0; 
and  I  proceed  to  show  that  if  I,  m,  n,  p  satisfy  the  relation 

L+     ™+      !^+    £=o 

a^       I>  c          d       ' 

the  curve  breaks  up  into  two  trizomals.     In  fact,  writing  the  equation  under  the  form 

(*JW  +  VmF  +  VrTFF)2  -pT  =  0, 

and  substituting  for  T  its  value,  in  terms  of  £7",  F,  "FT,  this  is 

(Id  4-jpa)  U  +  (md  +  pb)  V  +  (nd  +  jpc)  W 


or,  considering  the  left-hand  side  as  a  quadric  function  of  (VET",  VF,  VlF),  the  condition 
for  its  breaking  up  into  factors  is 

W+2»,        dVTm,      d^ln       =0, 
d  Vml  ,     md  -f_pb,       d  Vmn 

d  VnZ  ,        d  \/nm,    nd+pc 

that  is 

p2  (Zbcd  +  mcda  +  wdab  +j?abc)  =  0, 

or  finally,  the  condition  is 


a 


bed 


43.     Multiplying  by  Zd+pa,  and  observing  that  in  virtue  of  the  relation  we  have 
(Id  +  »a)  (md  -fpb)  =  Zmd2  --  pn  , 


fl  CO 

(Zd  +  pa)  (nd  +  jpc  )  =  Ind*  -  -^-  pm, 
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the  equation  becomes 

((Id  +  jpa)  VF+  d  Vj^  VT+  d  Vfc  */Wj  =  ^p  (b  Vn  V  F  -  c 
or  as  this  is  more  conveniently  written 

f 


an  equation  breaking  up  into  two  equations,  which  may  be  represented  by 
where 

vs.*  + 


*    £CV^    , 

where,  in  the  expressions  for  VI,  &c.,  the  signs  of  the  radicals 

VI,  Vm,  Vw, 


may  be  taken  determinately  in  any  way  whatever  at  pleasure;  the  only  effect  of  an 
alteration  of  sign  would  in  some  cases  be  to  interchange  the  values  of  (V  l^m^  */%) 
with  those  of  (V^,  Vfl^,  Vn2).  The  tetrazomal  curve  thus  breaks  up  into  two  trizomals. 

44    It  is  to  be  noticed  that  we  have 

t,  fl*i  ,  fli_      I  ,  af*2  ,  c>P 


m,      a  np 


»      &_  mp 
c+bdT 


that  is 

and  that  similarly  we  have 


a       b       c 
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The  meaning  is,  that,  taking  the  trizomal  curve  *Jl1U+fJmlV+'JnlW=Q)  this  regarded  as  a 

tetrazomal  curve,  Vf  U+  V^T  +  V?^F  +  VOT=  0,  satisfies  the  condition  -  +  ^  +  —  +  ^  =  0; 

a       D       c      d 

and  the  like  as  to  the  trizomal  curve  V%£/"-h  vWjF-f  *Jn2W  =  0. 

45.     The   equation   by  which  the   decomposition   was   effected   is,  it  is   clear,  one   of 
twelve  equivalent  equations  ;   four  of  these  are 

,    *Jn         ,    o 


A1  7 
bed  I 


,,  , 

4-  - 
cda  m 


vr       ,  o 


(VI         ,    Vi,  ,    o  ,    ^+-)(  .  )', 


and   the   others   may  be   deduced  from   these   by  a  cyclical   permutation  of  (U,  V,    W)f 
(a,  b,  c),  (I,  m,  n),  leaving  T,  d,  p  unaltered. 


Article  Nos.  46  to  51.     Application  to  the  Trizomal;  the  Theorem  of  the  Variable  ZomaL 
46.     I  take  the  last  equation  written  under  the  form 

(a  V^-  b  VZF)2  -  ^  (Vp7+  V^F+  (p  +  d")  V?)2  , 
which,  putting  therein  p  —  0,  is 

(a  Vm  J7-  b  VZF)2  =  —  Tz?7, 
c 

which  is  in  feet  the  trizomal  curve, 


c.  vi.  62 
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viz.,  the  trizomal  curve  VW  +  VmF-f  *JnW~  0,—  if  a,  b,  c  be  any  quantities  connected 
by  the  equation 


(the  ratios  a,  b,  c  thus  involving  a  single  arbitrary  parameter);  and  if  we  take  T  a 
function  such  that  aZ7+bF+cTT+d2T=0;  that  is,  T  =  Q,  any  one  of  the  series  of 
curves  ai7-fbF-f  cTF=0,  in  involution  with  the  given  curves  £7=0,  F=0,  W—0,  — 
has  its  equation  expressible  in  the  form 


that  is,  we  have  the  curve  T=0  (the  equation  whereof  contains  a  variable  parameter) 
as  a  zomal  of  the  given  trizomal  curve  v/£i74V/mF4  VWTF—O ;  and  we  have  thus 
from  the  theorem  of  the  decomposition  of  a  tetrazornal  deduced  the  theorem  of  the 
variable  zomal  of  a  trizomal.  The  analytical  investigation  is  somewhat  simplified  by 
assuming  p  =  0  ab  initio,  and  it  may  be  as  well  to  repeat  it  in  this  form. 

47.    Starting,  then,  with  the  trizomal  curve 

VZ~ZT+  VmF  4  *JnW  =  0, 
and  writing 

aZ74     bF4    cW  +  dT=Q 

as  the  definition  of  T,  the  coefficients  being  connected  by 

u  Oil  Ifl         _, 

a   +     b    +     c  =  °' 
the  equation  gives 

or  substituting  in  this  equation  for  W  its  value  in  terms  of  U,  F,  T,  we  have 


(a7&  4  oZ)  U 4- (b?i  +  cm)  F 4-  2c vim UV 4-  dnT  =  0, 
•which  by  the  given  relation  between  a,  b,  c,  is  converted  into 

rt/%  1*)P  _   

b  a  ' 

that  is 

.     ^^j 

~~    c        * 
viz.,  this  is 

(aV^-bVrr>  =  —  nT 

c        ' 
or  finally 


a  VmCT-  b  VIF+  A /—  nT=  0. 

V      C 
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48.     The  result  just  obtained  of  course  implies  that  when  as  above 


a/7+bF+cF+dT=0,       +  ^  +  - 

a   b  c 
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the  trizomal  curve   */lU+  */mV+  */nW=  0  can  be  expressed  by  means  of  any  three  of 
the  four  zomals   U,  V,  W,  T,  and  we  may  at  once  write  down  the  four  forms 


/  In  /m                I  Id 

(        •         '  Vc^    '  -VK    '    -Va¥c 

/n  fl 

V  c2    '  •        '        '  V  a3    ' 

fm  fl 

V  b»    '  ~Va2    '  '         '     ~VaFc 

/jd_  /md  /nd 

Vabc'  Vabc'  Vabc' 


the  last  of  which  is  the  original  equation  */lU  +  V»iF+  VnW  =  Q.  It  may  be  added 
that  if  the  first  equation  be  represented  by  V??i1Tr+V7i1W+A/pl2T=0J — that  is,  if  we 
have 


m       /— 


and  therefore 


or  if   the  second   equation  be  represented  by 
have 


0,  —  that  is,  if   we 


n 


and  therefore 


or    if    the    third    equation    be    represented   by  V^7+ V77Z8F+ Vp8r=0, — that    is,  if   we 
have 


and  therefore 


62—2 
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then  the  equation  of  the  trizomal  may  also  be  expressed  in  the  forms 

(       „      ,        VTT^       ,        vV        ,        A/P!          )  (V  Uy  *J~V,  V  W, 

i 

/ —  /Pihc  /Tijbd 

~VmiJ  •          '        V^3~'    "V    ac 


[414 


ad  ' 


/—  /Mxbd 

-v*"     vis--  - 


/p5e          /-  /W 

V   bd'  ~VM2J  •          '    "V  ab 

r  f    T 

/Tioad           / —  /4cd 


and 


cd    ' 


vt 


49.    These  equations  may,  however,  be  expressed  in   a   much   more   elegant   form. 
Write 

'       a 


where,  for  shortness,  (£78)  =  (/3—  7)  (7  —  S)  (S  -  y3),  &c.  ;  (a,  09  y)  being  arbitrary  quantities  : 
or,  what  is  the  same  thing, 


a  :  b  :  c  : 


:  c'(fa/3)  :  -^ 


Assume 


I  :  m  :  n       =pa/(/8-7)2  :  crb'(7-a)3  :  rc'(a-/3)3; 


then  the  equation  -  +  T-  4-  -  =  0  takes  the  form 
^  a      b     c 
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and  the  four  forms  of  the  equation  are  found  to  be 

(  .          ,     VT  (8  -  7),     V^  OS  _  8  ),     Vp  (</-£))  (V^F,  vW,  Vc'TF,  VcLT)  =  0, 


fa-  (8  -  £),     Vp  (a  -  8),  .  ,      «/r  OS  -  a) 

viz.,  these  are  the  equivalent  forms  of  the  original  equation  assumed  to  be 


-  a)  V<rb'F-h  (a  -  £)  VrcfW  =  0. 

50.  I    remark    that    the    theorem    of    the    variable    zomal    may   be    obtained    as    a 
transformation   theorem  —  viz.,    comparing   the    equation    */lU+  VwF-h  *SnW=  0    with    the 
equation    Vlx  +  VWy  +  VW  =  0  :    this  last  belongs   to  a    conic   touched   by    the    three  lines 
#  =  0,  £/  =  0,  #  =  0  ;  the   equation    of  the    same    conic  must,  it    is   clear,  be    expressible  in 
a   similar    form    by  means    of  any  other  three   tangents    thereof,  but  the   equation  of  any 
tangent    of  the    conic  is   a#  4-  \>y  +  GZ  =  0,  where   a,  b,  c   are  any  quantities   satisfying  the 

condition    —  h  -r-  -\  —  =  0  ;    whence,   writing    a#  +  by  +  cz  -f  dw  =  0,  we   may   introduce    w  =  0 
a       o      c 

along  with  any  two  of  the  original  zomals  as  =  0,  y  =  Q,  z=;0,  or,  instead  of  them,  any 
three  functions  of  the  form  w  ;  and  then  the  mere  change  of  x,  y,  z,  w  into  27,  V,  W,  T 
gives  the  theorem.  But  it  is  as  easy  to  conduct  the  analysis  with  (Ut  F,  Ws  T)  as 
with  (#,  y,  z,  w),  and,  so  conducted,  it  is  really  the  same  analysis  as  that  whereby  the 
theorem  is  established  ante,  No.  47. 

51.  It  is  worth  while  to  exhibit  the  equation  of  the  curve 

Vm  V  +  VraJF  =  0, 


in    a   form    containing    three   new   zornals.      Observe    that   the    equation   -  +  -r--f-  =  0   is 

satisfied    by    a  =  l<f>x,    b  =  ra%0,    c  =  nO$,    if    only    0  +  <£-hx  =  0;    or    say,    if    6  =  a'  —  a", 
<fr  =  a"  —  a,  %  =  a  —  a".     The  equation 


X     (a- 


_  6')  (6  -  6")  117+  (V  -  6")  (V  -  6)  mV  +  (J>"  -  6)  (&"  -  &')  77  W 
+  v  V(c  -  c'Xc  —  <?)lU+(G'  —  G")(cf  —  G)mV+(c"  —  c)(c"  —  c')nW=  0 


is  consequently  an  equation  involving  three  zomals  of  the  proper  form  ;  and  we  can  deter- 
mine X,  ft,  v  in  such  wise  as  to  identify  this  with  the  original  equation  VT?7  -h  *Jm  V+  VnW, 
viz.,  writing  successively  U=Q,  F—  0,  W=Q,  we  find 


<X  -  a")  X  +  (6f  -  6")  /*  +  (e'  -  c'O  z/  =  0, 
(ax/-a  ) 
(a   -a' 


494 


ON"   POLYZOMAL   CURVES. 


[414 


equations  which  are,   as  they  should   be,  equivalent  to   two    equations   only,  and  which 
give 


X  : 


:  v- 


111 

, 

1,  1  ,  1 

1,  1,  1 

•*•}  •*•  }  •*• 

b,  V,  I" 
c,  o',  c" 

c,  c',  c" 
a,  a',  a" 

a  ,  a',  a" 
1),  V,  V 

and  the  equation,  with  these  values  of  X,  /j,,  v  substituted  therein,  is  in  fact  the 
equation  of  the  trizomal  curve  VZET+  VmF  +  V^Tf  =  0  in  terms  of  three  new  zomals, 
It  is  easy  to  return  to  the  forms  involving  one  new  zomal  and  any  two  of  the 
original  three  zomals. 


Article  No.  52.    Remark  as  to  the  Tetrazomal  Curve. 

52.  I  return  for  a  moment  to  the  case  of  the  tetrazomal  curve,  in  order  to  show 
that  there  is  not,  in  regard  to  it  in  general,  any  theorem  such  as  that  of  the  variable 
zomal.  Considering  the  form  VST-i-  Vmy-h  Vw*  +  \/pM;  =  0  (the  coordinates  cc,  y,  z,  w  are 
of  course  connected  by  a  linear  equation,  but  nothing  turns  upon  this),  the  curve  is 
here  a  quartic  touched  twice  by  each  of  the  lines  #  =  0,  y  =  0,  #  =  0,  w  =  0  (viz.,  each 
of  these  is  a  double  tangent  of  the  curve),  and  having  besides  the  three  nodes 
(&=y,  z  =  w)>  (#  =  #,  2/  =  w),  (x  —  w,  y  =  z)*  But  a  quartic  curve  with  three  nodes,  or 
trinodal  quartic,  has  only  four  double  tangents — that  is,  besides  the  lines  #  =  0,  y  =  0, 
£  =  0,  w-0,  there  is  no  line  CLSG  +  /3y  +  ye  +  Bw  =  0  which  is  a  double  tangent  of  the 
curve;  and  writing  U,  F,  W,  T  in  place  of  0,  y,  z,  w,  then  if  17,  F,  W,  T  are 
connected  by  a  linear  equation  (and,  d  fortiori,  if  they  are  not  so  connected),  there  is 
not  any  curve  aU  +  /3V '  +  yW  +  BT '=  0  which  is  related  to  the  curve  in  the  same  way 
with  the  lines  Z7=0,  F=0,  TF=0,  T=0;  or  say  there  is  not  (besides  the  curves 
J7=0,  F=0,  TF=0,  r=0),  any  other  zomal  aU+  @V+yW+ST=*Q,  of  the  tetrazomal 
curve.  The  proof  does  not  show  that  for  special  forms  of  17,  F,  TF,  T  there  may 
not  be  zomals,  not  of  the  above  form  aU+pV+yW  +  ST=0,  but  belonging  to  a 
separate  system.  An  instance  of  this  will  be  mentioned  in  the  sequel. 


Article  Nos.  53  to  56.     The  Theorem  of  the  Variable  Zomal  of  a  Trizomal  Curve  resumed. 

53.     I  resume  the  foregoing  theorem  of  the  variable  zomal   of  the  trizomal   curve 
^/W^VmV+^fnW=0.    The  variable  zomal  !F=0  is  the  curve  aJ7+bF+cF=0,  where 

a,  b,  c  are  cofiBtected  by  the  equation  -  +  T-  +  -  =  0 ;   that   is,   it   belongs   to   a   single 

a      D      c 

series  of  curves  selected  in  a  certain  manner  out  of  the  double  series  aJ7+bF-fcT;r=0 
(a  double  series,  as  containing  the  two  variable  parameters  a  :  b  :  c).  These  are  the 
whole  series  of  curves  in  involution  with  the  given  curves  Z7=0,  F=0,  TP"=0,  or  being 
such  that  the  Jacobian  of  any  three  of  them  is  identical  with  the  Jacobian  of  the  three 
given  curves;  in  particular,  the  Jacobian  of  any  one  of  the  curves 
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and  of  two  of  the  three  given  curves,  is  identical  with  the  Jacobian  of  the  three  given 
curves.  I  call  to  mind  that,  by  the  Jacobian  of  the  curves  i7=0,  F=0,  TF=0,  is 
meant  the  curve 

dzU 


.  F, 


y  ,  z 


4F,    dyV,    dzV 


dxW>    dyW,    dzW 


=  0, 


viz.,  the  curve  obtained  by  equating  to  zero  the  Jacobian  or  functional  determinant 
of  the  functions  U,  V,  W.  Some  properties  of  the  Jacobian,  which  are  material  as  to 
what  follows,  are  mentioned  in  the  Annex  No.  I. 

For   the   complete   statement   of   the    theorem    of   the   variable  zomal,   it  would  be 

necessary   to    interpret   geometrically   the    condition   -  -f-  -=-  +  -  =  0,   thereby  showing  how 

a      u      c 

the  single  series  of  the  variable  zomal  is  selected  out  of  the  double  series  of  the 
curves  a!7+bFH-cWr=0  in  involution  with  the  given  curves.  Such  a  geometrical 
interpretation  of  the  condition  may  be  sought  for  as  follows,  but  it  is  only  in  a 
particular  case,  as  afterwards  mentioned,  that  a  convenient  geometrical  interpretation  is 
thereby  obtained. 

54.     Consider    the    fixed   line   n=px  +  qy  +  rjs=Qy   and   let   it   be    proposed   to  find 
the   locus    of  the    (r  —  I)2  poles   of    the    line   H  =  0    in   regard   to   the   series   of  curves 

aCT  +  bF+cTF^O,  where   -  +  ^  +  -==0.     Take  (os,  y,  z)  as  the   coordinates   of  any  one 

a      b      c 

of  the  poles  in  question,  then  in  order  that  (x,  y,  z)  may  belong  to  one  of  the 
{r—  I)2  poles  of  the  line  £l=px  +  qy  +  rz  =  Q  in  regard  to  the  curve  ai7-t-bF-f  cPT=0, 
we  must  have 


=j>  :  q  :  r; 
or,  what  is  the  same  thing, 


and  these  equations  give  without  difficulty 

a  :  b  :  c  =  Jr(F,  W,  O)  :  J(W,   U,  fl)  :  J(U,  V,  fl), 

whence,  substituting  in  the  equation  -  +      -f  -  =  0,  we  have 


m  t    .        n 


,  u, 

as  the  locus  of  the  (r  — I)2  poles  in  question.  Each  of  the  Jacobians  is  a  function 
of  the  order  2r  — 2,  and  the  order  of  the  locus  is  thus  =4r  —  4.  As  the  given  curves 
J7=0,  F=0,  Tf  =  0  belong  to  the  single  series  of  curves,  it  is  clear  that  the  locus 
passes  through  the  3(r-l)2  points  which  are  the  (r-1)2  poles  of  the  fixed  line  in 
regard  to  the  curves  ?7  =  0,  F=0,  TF=0  respectively. 
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55.     In  the  case  where  the  given  trizomal  is 


s  =  r-l,  that  is,  where  the  zomals  ©  -h  -£<£  =  0,  ®  +  -M3>  =  0,  ®  +  -ZV$  =  0  are  each  of 
them  curves  of  the  order  r,  passing  through  the  r  intersections  of  the  line  <E>  =  0 
with  the  curve  ®  =  0,  then,  taking  this  line  3>  =  0  for  the  fixed  line  11  =  0,  we  have 


J(V,  W, 

if,  for  shortness,  {M,  N}=J(M-N,  ®,  *)+*J"(-flf,  JT,  O),  and  the  like  as  to  the  other 
two  Jacobians,  so  that,  attaching  the  analogous  significations  to  {N,  L]  and  {L,  M],  the 
equation  of  the  locus  is 


where  observe  that  each  of  the  curves  (Jf,  -#"}  =  (),  {JV,  Z}=0,  {i,  -¥}  =  0  is  a  curve 
of  the  order  2r  — 3;  the  order  of  the  locus  is  thus  =  4r-6,  and  (as  before)  this 
locus  passes  through  the  3  (r  -  I)2  points  which  are  the  (r  —  I)2  poles  of  the  line  <3>  =  0 
in  regard  to  the  curves  ®  +  i<I>=0,  ®  +  lf<I>  =  0,  ®  +  N<&  =  0  respectively. 

56,     In  the  case  r  =  2,  the  trizomal  is 


>)  4-  Vm  (®  +  M<&)  +  V?i  (®  +  N<&)  =  0, 


where  the  zomals  are  the  conies  ®  +  i<I>  =  0,  ®  4-  M4>  =  0,  ®  4-  -BT^  ==  0,  each  passing 
through  the  same  two  points  ©  =  0,  $  =  0  ;  the  locus  of  the  pole  of  the  line  O  =  0, 
in  regard  to  the  variable  zomal,  is  the  conic 


m 


viz.,  {M,  J\T}  =  0,  {JV,  i}  =  0,  {L,  M]  =  0,  are  here  the  lines  passing  through  the  poles 
of  the  line  <3>  =  0  in  regard  to  the  second  and  third,  the  third  and  first,  and  the  first 
and  second  of  the  given  conies  respectively:  treating  I,  m,  n  as  arbitrary,  the  locus  is 
clearly  any  conic  through  the  poles  of  the  line  <E>  =  0  in  regard  to  the  three  conies 
respectively.  The  Jacobian  of  the  three  given  conies  is  a  conic  related  in  a  special 
manner  to  the  three  given  conies,  and  which  might  be  called  the  Jacobian  conic 
thereof,  and  it  would  be  easy  to  give  a  complete  enunciation  of  the  theorem  for  the 
case  in  hand.  (See  as  to  this,  Annex  No.  I,  above  referred  to.)  But  if,  in  accordance 
with  the  plan  adopted  in  the  remainder  of  the  memoir,  we  at  once  assume  that  the 
points  ®  =  0,  <3>  =  0  are  the  circular  points  at  infinity,  then  the  theorem  can  be 
enunciated  under  a  more  simple  form — viz.,  if  Sl°  =  0,  §3°  =  0,  &°  =  0  are  the  equations 
of  any  three  circles,  then  in  the  trizomal 

vTr + V^° + v^r  =  o, 

the  variable  zomal  is  any  circle  whatever  of  the  series  of  circles  cutting  at  right 
angles  the  orthotomic  circle  of  the  three  given  circles,  and  having  its  centre  on  a 
certain  conic  which  passes  through  the  centres  of  the  given  circles.  Moreover,  if  the 
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coefficients  I,  m,  n  are  not  given  in  the  first  instance,  but  are  regarded  as  arbitrary, 
then  the  last-mentioned  conic  is  any  conic  whatever  through  the  three  centres,  and 
there  belongs  to  such  conic  and  the  series  of  zomals  derived  therefrom  as  above,  a 
trizomal  curve  VZSP  +  Vm33°  4-  V?&S°  =  0.  This  is  obviously  the  theorem,  that  if  a 
variable  circle  has  its  centre  on  a  given  conic,  and  cuts  at  right  angles  a  given  circle, 
then  the  envelope  of  the  variable  circle  is  a  trizomal  curve  VM°  4-  Vm33°  4-  ViSS0, 
where  81°  =  0,  33°  =  0,  S°  =  0  are  any  three  circles,  positions  of  the  variable  circle,  and 
Z,  m,  n  are  constant  quantities  depending  on  the  selected  three  circles. 

PAET  II.  (Nos.  57  to  104).    SUBSIDIARY  INVESTIGATIONS. 

Article  Nos.  57  and  58.     Preliminary  Remarks. 

57.  We   have  just   been   led   to   consider   the   conies  which  pass  through   two  given 
points.     There   is   no   real   loss   of  generality  in   taking  these   to  be   the   circular  points 
at   infinity,  or   say  the  points   /,  J — viz.,  every   theorem   which   in   anywise   explicitly   or 
implicitly  relates   to  these  two   points,  may,  without  the   necessity  of  any  change   in  the 
statement   thereof,  be  understood  as  a   theorem  relating  instead  to   any  two  points  P,  Q. 
I   call   to   mind    that   a    circle    is   a    conic   passing    through    the    two   points   /,   J",   and 
that   lines   at   right   angles   to   each   other   are   lines   harmonically  related   to   the  pair  of 
lines  from   their  intersection   to   the  points   /,  J  respectively,  so   that   when   (/,  J")   are 
replaced   by  any  two   given   points  whatever,  the  expression   a  circle  must  be  understood 
to   mean   a   conic   passing  through   the   two   given   points ;   and  in   speaking   of  lines   at 
right   angles   to    each   other,   it    must    be    understood   that   we   mean   lines   harmonically 
related   to   the  pair  of  lines  from  their  intersection  to  the  two  given  points  respectively. 
For  instance,   the   theorem    that   the  Jacobian  of   any  three   circles  is  their   orthotomic 
circle,   will   mean  that   the    Jacobian   of    any  three    conies   which    each   of    them  passes 
through   the   two   given   points    is   the   orthotomic    conic   through   the   same  two    points, 
that  is,   the   conic   such   that   at   each   of   its   intersections   with    any   one   of   the  three 
conies,  the   two   tangents  are   harmonically  related   to   the   pair   of  lines   from  this  inter- 
section   to    the    two    given    points    respectively.     Such    extended    interpretation    of   any 
theorem   is   applicable   even  to  the  theorems  which  involve  distances  or  angles — viz.,  the 
terms   "distance"   and   "angle"    have    a    determinate    signification    when    interpreted    in 
reference  (not   to   the   circular   points   at   infinity,  but   instead   thereof)  to   any  two  given 
points   whatever   (see   as  to    this   my   "Sixth   Memoir   on    Quantics,"   Nos.   220,   et  seq.). 
Phil.  Trans.,  vol.  CXLix.  (1859),  pp.  61—90 ;  see  p.  86  ;  [158].     And  this  being  so,  the  theorem 
can,   without   change   in  the   statement  thereof,   be   understood  as   referring  to   the    two 
given  points. 

58.  I   say  then   that   any  theorem  (referring   explicitly  or  implicitly)  to  the  circular 
points   at   infinity  /,  J",  may  be   understood   as  a   theorem   referring  instead  to   any  two 
given   points.     We   might   of    course   give   the   theorems  in    the   first   instance   in  terms 
explicitly  referring   to   the   two   given   points — (viz.,  instead   of  a  circle,  speak  of  a  conic 
through   the   two   given  points,  and   so  in  other  instances);  but,  as  just   explained,  this 
is   not  really   more  general,  and    the    theorems  would    be    given  in  a  less  concise  and 

c.  vi.  63 
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familiar  form.     It    would   not,  on    the   face   of    the  investigations,   be  apparent   that    in 
treating  of  the  polyzonal  curves 


V£  (0  +  £<!>)  +  Vw  (@  +  M®)  +  &c.  =  0, 

(®  =  0  a  conic,  <E>  =  0  a  line,  as  above),  that  we  were  really  treating  of  the  curves  the 
zomals  whereof  are  circles,  and  therein  of  the  theories  of  foci  and  focofoci  as  about 
to  be  explained.  And  for  these  reasons  I  shall  consider  the  two  points  @  =  0,  3>  =  0, 
to  be  the  circular  points  at  infinity  I,  J,  and  in  the  investigations,  &c.,  make  use  of 
the  terms  circle,  right  angles,  &c.,  which,  in  their  ordinary  significations,  have  implicit 
reference  to  these  two  points. 

The  present  Part  does  not  explicitly  relate  to  the  theory  of  polyzomal  curves,  but 
contains  a  series  of  researches,  partly  analytical  and  partly  geometrical,  which  will  be 
made  use  of  in  the  following  Parts  III.  and  IV,  of  the  Memoir. 

Article  Nos.  59  to  62.     The   Circular  Points  at  Infinity;  Rectangular  and  Circular 

Coordinates. 

59.  The  coordinates   made  use   of  (except  in   the  cases  where   the  general  trilinear 
coordinates  (x,  y,  z\  or  any  other  coordinates,  are  explicitly  referred   to),  will   be   either 
the  ordinary  rectangular  coordinates  x,  y>  or   else,  as  we  may  term   them,  the  circular 
coordinates   %,  97  (=  #  -My,  x  —  iy  respectively,  i  =  V  —  1   as  usual),   but    in    either  case    I 
shall    introduce    for    homogeneity    the     coordinate    #,    it     being    understood    that    this 
coordinate  is  in  fact  =1,  and  that  it  may  be  retained  or  replaced  by  this  its  value, 
in  different  investigations    or    stages    of   the   same    investigation,   as  may  for    the  time 
being  be  most   convenient.     In  more    concise   terms,   we  may  say  that   the   coordinates 
are  either  the  rectangular  coordinates  x,  y,  and  z  (=1),  or  else   the   circular  coordinates 
f,  TI,  and  z  (—  1).     The  equation  of  the  line  infinity  is  z  =  0  ;  the  points  /,  J  are  given 
by  the   equations  (a?  +  iy  =  0,  z  =  0)  and  (x  —  iy  =  0,  z  =  0),   or,   what  is   the  same   thing, 
by  the  equations   (£=0,  #  =  0)  and  (^  =  0,  £=0)  respectively;    or  in    the    rectangular 
coordinates  the  coordinates  of  these  points  are  (—  i,  1,  0)  and  (i,  1,  0)  respectively,  and 
in  the  circular  coordinates  they  are  (1,  0,  0)  and  (0,  1,  0)  respectively.     It  is,  of  course, 
only  for  points  at  infinity  that  the  coordinate  z  is   =0  (and  observe   that   for  any  such 
point  the  x  and   y  or   £  and  i)  coordinates  may  be   regarded  as  finite)  ;   for   every  point 
whatever  not  at  infinity  the  coordinate  z  is,  as  stated  above,  =  1. 

60.  Consider  a  point  A,  whose  coordinates  (rectangular)  are  (a,  a',  1)  and  (circular) 
(a,   a'?  1),  viz.,  a  =  a-fa'i,  a'  =  a  —  a'i;    then   the   equations   of   the   lines   through    A    to 
the  points  /,  J,  are 

—  a'z)  =  0,    x—az  —  i(y—  a!z)  =  0 


respectively,  or  they  are 

£  —  02=0  ,     77  —  a'z-Q 

respectively.    These  equations,  if  (a,  a7)  or  (a,  a7)  are   arbitrary,  will,  it  is  clear,  be  the 
equations  of  any  two  lines  through  the  points  /,  J",  respectively. 
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61.     We  have  from  either  of  the  equations  in  (x,  y}  z) 
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that  is,  the  distance  from  each  other  of  any  two  points  (#,  y,  1),  and  (a,  a!,  1)  in  a 
line  through  I  or  J  is  =  0.  And  in  particular,  if  z  =  0,  then  a?  +  y2  =  0 ;  that  is,  the 
distance  of  the  point  (a,  a!,  1)  from  /  or  J  is  in  each  case~0. 

62.  Consider  for  a  moment  any  three  points  P,  Q,  A ;  the  perpendicular  distance 
of  P  from  QA  is  =  2  triangle  PQ A  -H  distance  QA ;  if  Q  be  any  point  on  the  line 
through  A  to  either  of  the  points  /,  J",  and  in  particular  if  Q  be  either  of  the  points 
/,  J,  then  the  triangle  PQA  is  finite,  but  the  distance  QA  is  =0:  that  is,  the 
perpendicular  distance  of  P  from  the  line  through  A  to  either  of  the  points  /,  J", 
that  is,  from  any  line  through  either  of  these  points,  is  =  oo .  But,  as  just  stated,  the 
tziangle  PQA  is  finite,  or  say  the  triangles  PI  A,  PJA  are  each  finite;  viz.,  the 
coordinates  (rectangular)  of  P,  A  being  (#,  y,  £=1),  (a,  of,  1)  or  (circular)  (f,  97,  0=1), 
(a,  a',  1),  the  expressions  for  the  doubles  of  these  triangles  respectively  are 


oc,     y,     z 

-i,     1,     0 

a,     a',     1 


*,     1,    0 

a,    a',     1 


that    is,    they    are    (rectangular    coordinates)    so  —  az  4-  i  (y  —  a's),    to  —  az  —  i  (y  —  a'#),    or 
(circular  coordinates)  f  —  a#,  97  —  a'#. 

Eepresenting   the  double  areas  by  PIAy  PJA,  respectively,  and  the  squared  distance 
of  the  points  A,  P,  by  21,  we  have  — 


=  (f  -  a*)  (77- 


Article  No.  63.     Antipoints;  Definition  and  Fundamental  Properties. 

63.  Two    pairs    of    points    (A,   E)    and    (A^  S^    which    are    such    that    the   lines 
AB,    AJi-L    bisect    each    other    at    right    angles    in    a    point    0    in    such    wise    that 
OA^OB  —  iOA^^iOB^  are   said  to   be   antipoints,  each   of  the   other.     In  rectangular 
coordinates,   taking  the    coordinates   of  (AB,)  to  be  (a,   0,  1)  and  (—a,   0,   1),  those  of 
(A19  .Bi)  will  be  (0,  ai,  1)  and  (0,  —ai,  1)  respectively,  whence  joining  the  points  (A,  B) 
with  the  points   (/,  J),  the  points  AI9  Bl  are  given  as  the  intersections   of  the  lines 
AI  and  BJ,  and   of  the   lines  AJ  and   BI  respectively.     Or,  what  is   the  same   thing, 
in    any  quadrilateral  wherein  /,  /  are   opposite  angles,  the  remaining  pairs  (A,  -B)  and 
(Al}  JBO  are  antipoints  each  of  the  other. 

64.  In   circular   coordinates,  if  the   coordinates  of  A  are  (a,  of,  1),  and  those  of  B 
are  (/3,  /3',  1),  then  the  equations  of 


AI,  AJ  are  %  —  az  =  0,     TJ  —  dz  =  0, 
BI,  BJ    „    £-£*=<>,    17-/3WO, 


63—2 
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whence  the  equations  of 

AJ,  AJ  are  f-<*z  =0,     97-^  =  0, 


65.  Considering  any  point  P  the  coordinates  of  which  are  £,  77,  z  (=1),  let 
21,  33,  8Tlf  33i  be  its  squared  distances  from  the  points  A,  B,  A19  Bl  respectively;  then 
by  what  precedes 

21  =(f- 

93  =(£- 


and  thence 

81.  »  =  «!.»!; 

that  is,  the  product  of  the  squared  distances  of  a  point  P  from  any  two  points  A,  B} 
is  equal  to  the  product  of  the  squared  distances  of  the  same  point  P  from  the  two 
antipoints  Aly  B:.  This  theorem,  which  was,  I  believe,  first  given  by  me  in  the 
Educational  Times  (see  reprint,  vol.  vi.  1866,  p.  81),  is  an  important  one  in  the  theory 
of  foci.  It  is  to  be  further  noticed  that  we  have 


if  Jf,  =  (a  —  a')  (ft  —  £'),  be  the  squared  distance  of  the  points  A,  B,  =  —  squared  distance 
of  points  Alt  Blf 

Article  No.  66.     Antipoints  of  a  Circle. 

66.  A    similar    notion    to  that    of   two    pairs    of   antipoints  is    as    follows,   viz.,   if 
from    the    centre    of  a    circle    perpendicular   to    its  plane    and    in    opposite    senses,   we 
measure   off  two  distances   each   =i  into   the  radius,  the  extremities   of  these   distances 
are  antipoints    of   the    circle.     It    is  clear    that    the    antipoints  of   the    circle  and  the 
extremities  of  any  diameter  thereof   are  (in  the  plane   of   these   four  points)   pairs   of 
antipoints.     It  is  to   be   added    that    each    antipoint   is   the   centre   of    a   sphere   radius 
zero,  or  say  of  a  cone  sphere,  passing  through   the  circle:    the   circle  is  thus  the  inter- 
section of  the  two  cone  spheres  having  their  centres  at  the  two  antipoints  respectively. 

Article  No.  67.     Antipoints  in  relation  to  a  Pair  of  Orthotomic  Circles. 

67.  It  is  a  well-known  property  that  if  any  circle  pass  through  the  points  (A,  E)} 
and  any  other   circle    through  the    antipoints   (A^  BJ,  then    these    two   circles   cut  at 
right   angles.     Conversely  if  a   circle  pass   through   the  points  A,  B,  then   all  the  ortho- 
tomic  circles  which    have    their    centres   on    the  line  AB    pass   through  the  antipoints 
A1}  B!*     In  particular,  if   on   AB   as   diameter  we  describe    a    circle   and  on  A  JB^  as 
diameter  a  circle,  then   these  two  circles  —  being,  it  is   clear,  concentric  circles  with  their 
radii   in   the  ratio   1   :   i}  and  as   concentric   circles  touching    each   other   at  the  points 
(/,  J)  —  cut  each  other  at  right  angles;   or  say  they  are  concentric  orthotomic  circles. 
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Article  Nos.  68  to  71.     Forms  of  the  Equation  of  a  Circle. 

68.     In    rectangular    coordinates    the    equation    of   a   circle,    coordinates    of    centre 
(a,  a',  1)  and  radius  =a",  is 


and  in  circular   coordinates,   the  coordinates  of  the   centre   being   (a,  a',  1),  and   radius 
=  a"  as  before,  the  equation  is 

81°  =  (f  -  az}      (77  -  afz)  -  a'V  -  0. 

69.  I   observe   in  passing,   that    the    origin    being    at   the    centre    and    the    radius 
being   =  1,  then   writing   also   z  =  1,    the   equation   of    the  circle  is    |fy  =  1,   that  is  the 
circular   coordinates   of  any  point   of  the   circle,  expressed   by  means  of  a  variable  para- 

meter 0,  are  [d,  -*,  l). 

70.  Consider    a    current    point    P,    the    coordinates    of    which    (rectangular)    are 
<G3  y}  z  (=  1),  and  (circular)  are  £,  77,  z  (=  1),  then  the  foregoing  expression 

21°  =  (x  - 


denotes,  it  is  clear,  the  square  of  the  tangential  distance  of  the  point  P  from  the 
circle  21°  =  0. 

71.  But    there   is   another    interpretation   of  this    same    function    21°,  viz,,   writing 
therein  #  =  1,  and  then 

«°  =  (*  -  of  +  (y  -  a')2  +  (a"i)2, 

we  see  that  21°  is  the  squared  distance  of  P  from  either  of  the  antipoints  of  the 
circle  (points  lying,  it  will  be  recollected,  out  of  the  plane  of  the  circle),  and  we  have 
thus  the  theorem  that  the  square  of  the  tangential  distance  of  any  point  P  from  the 
circle  is  equal  to  the  square  of  its  distance  from  either  antipoint  of  the  circle. 

Article  Nos.  72  to  77.     On  a  System  of  Sixteen  Points. 

72.  Take  (A,  B,  (7,  D)  any  four  concyclic  points,  and  let  the  antipoints  of 

(B,  0\  (A,  D)  be  (ft,  CO,  (A,,  ft), 
(0,  A),  (ft  D)  „  (ft,  Aj,  (ft,  A), 
(A,  B\  (09  D)  „  (A.,  ft),  (ft,  A), 

then  each  of  the  three  new  sets  (A^  ft,  ft,  A),  (^2,  ft,  ft,  A),  (^3,  ft,  ft,  A)  ^ill 
be  a  set  of  four  concyclic  points. 

73.  Let   0  be   the  centre  of  the  circle  through  (A,  B,  G,  D\  say  of  the  circle  0, 
and   then,  the  lines   BO,   AD  meeting    in  R,  the  lines    CA,   BD  in  S9  and  the   lines 
AD,    GD    in   T,  let    each  of   these  points  be  made  the   centre   of    a  circle  orthotomic 
to  0,  viz.,  let  these  new  circles  be  called  the  circles  R,  S,  T  respectively. 
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As  regards  the   circle  R,  since  its   centre    lies   in    BG,  the    circle    passes    through 

(Bl}  ft);   and  since   the   centre  lies  in   AD,  the   circle   passes   through  (Al9  A),  that  is, 

the  four   points  (Al9  Bl9  ft,  A)  lie  in  the   circle   R.      Similarly  (A»,  B»,  ft,  A)  He  in 

the  circle  S,  and  (A39  B3i  ft,  A)  in  the  circle  T. 


74.  The   points   R,  8,  T  are   conjugate  points  in  relation   to  the  circle  0  ;   that  is, 
ST,  TR,  R8  are  the   polars   of  R,  S,  T  respectively  in   regard  to  this   circle;  and  they 
are,  consequently,  at  right  angles  to   the  lines    OR,  OS,  OT  respectively;  viz.,  the   four 
centres    0,   Rf   S,   T  are   such   that  the    line  joining  any   two   of    them   cuts    at    right 
angles   the  line  joining  the   other  two  of  them,  and   we  see   that   the  relation  between 
the  four  sets  is  in   fact  a  symmetrical   one  ;   this  is  most   easily  seen  by  consideration 
of  the  circular  points  at  infinity  /,  J",  the  four  sets  of  points  may  be  arranged  thus  : 

A  ,  AS,  A%,  AI, 

BS}  B  ,  A>  Bz, 

G«,  Ci  >  0  ,  ft  , 

A,  A,  A,  D  , 

in  such  wise  that  any  four  of  them  in  the  same  vertical  line  pass  through  7,  and 
any  four  in  the  same  horizontal  line  pass  through  J;  and  this  being  so,  starting  for 
instance  with  (A3,  B3,  ft,  D8)  we  have  antipoints 

of  (A,  ft),    (A»  A)  are    (Bz,  ft),    (-4.,  A), 
„  (Cs,  Az\    (B3,  A)      „      (ft,  Aj,     (S19  AX 

„  (A>,  53),    (0,,  A)  „      (4,  3),     (C,D)9 

and  similarly  if  we  start  from  (Al3  Bl9  ft,  A)  or  (A2,  Bz,  C72,  A). 

75.  I  return  for  a  moment   to    the  construction    of  (Al9  Bly   0^   A);    these    are 
points   on  the  circle  R,  and  (B19    Oi)  are  the   antipoints   of  (5,   (7);  that  is,  they  are 
the  intersections  of  the  circle  R  by  the  line   at  right   angles  to   BO  from   its  middle 
point,   or,   what  is  the   same    thing,  by  the    perpendicular   on    BG   from    0.      Similarly 
(Al9   A)  are    the    antipoints    of  (A,   D);    that    is,  they  are    the    intersections    of   the 
circle  R  by   the  perpendicular  on  AD  from   0.      And   the   like  as  to  (A2,  BZt  C2,  A) 
and  (Az,  B^  03,  A)  respectively. 

76.  Hence,   starting  with  the  points  A,  B,  C,  D  on   the   circle  0,  and  constructing 
as  above  the  circles  P,  Q,  R,  and  constructing  also  the    perpendiculars  from    0   on  the 
six  chords  AB,  AC,  &e., 

the  perpendiculars  on  BG,  AD  meet  circle  R  in  (Bl3  CJ,  (Al9  A), 
OA,  BD  „  „  B  „  (ft,  Aj,  (A,  A), 
AB,  GD  „  „  T  „  (A99  38),  (ft,  A), 

so  that  ^  the   whole  system   is  given    by  means    of  the    circles   P,    Q,   £,  and   the   six 
perpendiculars. 
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77.  If  to   fix   the  ideas   (A,  B,  C,  D)  are   real  points  taken   in   order   on   the  real 
circle  0,   then   the    points  R,   8,   T  are   each  of  them  real ;  but   R  and   T  lie  outside, 
S  inside  the  circle    0.     The   circles  R  and   T  are   consequently  real,  but  the   circle  S 
imaginary,  viz.,  its  radius  is  —i  into  a  real  quantity;  the  imaginary  points  (Al3  B19  01}  A) 
are   thus  given  as  the  intersections   of  a  real   circle  by  a  pair  of  real  lines,  and  the 
like  as  to  the  imaginary  points  (AS}  B3,  (73,  Z)3) ;  but  the  imaginary  points  (J.2}  B2)  Cz,  D2) 
are   only  given  as   the  intersections  of   an  imaginary   circle   (centre   real    and    radius   a 
pure  imaginary)  by  a  pair  of  real  lines.     The  points   (<72,  A3)  qud   antipoints  of  (C,  A) 
are  easily   constructed  as   the   intersections   of  a  real  circle  by  a  real  line,   and  the  like 
as   to  the  points   (J?2,  Z>2)  qud  antipoints   of  (B,  D),  but  the  construction  for  the   two 
pairs  of  points  cannot  be  effected  by  means  of  the  same  real  circle. 

Article  Nos.  78  to  80.     Property  in  regard  to  Foiw  Confocal  Conies. 

78.  All   the   conies  which  pass  through  the  four  concyclic  points  A,  B,  C,  D,  have 
their  axes  in    fixed    directions ;    but   three    such    conies    are    the    line-pairs    (BO,   AD), 
(CA,  BD),  and  (AB,  CD),  whence  the   directions  of  the  axes  are  those  of  the  bisectors 
of  the  angles   formed  by  any  one  of   these    pairs   of  lines ;    hence,  in  particular,   con- 
sidering either  axis   of   a  conic  through    the    four  points,   the    lines    AB    and    GD  are 
equally  inclined   on   opposite   sides    to    this    axis,  and    this    leads   to  the  theorem   that 
the  antipoints    (A9,  B3)(GS,   Ds)   are  in   a    conic    confocal    to    the    given    conic    through 
(A}  B,  C,  D);  whence,  also,  considering  any  given  conic  whatever   through  (A,  B,  C,  JO), 
the  points  (AIy  Bl}  Clt  JDj),  (-42,  Bz,  02,  Z)2),  (As,  BS)  (7S,  D3)  lie  severally  in  three  conies, 
each  of  them  confocal  with  the  given  conic. 

79.  To   prove   this,  consider  any  two   confocal  conies,  say  an   ellipse  and  a  hyper- 
bola, and  let  F  be  one  of  their  four  intersections;  join  F  with  the  common  centre  0, 
and  let    OT,  ON  be  parallel  to  the   tangent  and  normal  respectively  of  the  ellipse  at 
the  point  F.      OF,    OT  are   in  direction   conjugate  axes    of   the    ellipse,  and    OF,    ON 
are  in  direction   conjugate   axes   of   the  hyperbola ;    and   if  they   are  also   the  axes  in 
magnitude,  that  is,  if  the  points   T,  N  are  the  intersections  of  OT  with  the  ellipse  and 
of    ON  with   the   hyperbola  respectively,   then  it  is   easy  to    show  that    02*+OJVra=0. 
And   this  being  so,  imagine   on  the  ellipse  any  two  points  A,  B   such  that  the   chord 
AB  is  parallel  to   OT,    that    is    conjugate    to    OF\  AB  is   bisected   by   OF,  say  in   a 
point  K,   or  we   have  parallel   to   OT  the  semichords  or  ordinates   KA  =  KB ;   and  we 
may,   perpendicularly  to  this  or  parallel  to   ON,  draw   through  K  in  the   hyperbola  a 
chord  AJB$>  which   chord  will   be  bisected  in  K,  or  we  shall  have  KAB  =  KBS.    Hence 
KA,  KAB  are  in  the   ellipse  and  the  hyperbola  respectively  ordinates  conjugate  to  the 
same   diameter    OF,  and  the  semi-diameters  conjugate  to  OF  being  OT,  ON  respectively, 
we  have  KA*  (=  K&)  :  KAJ (=  KB/)  =  OT2 :  W\  this  is,  KA*  =  K&  =  - KAf  =  -XBfi 
or  (A3,  B9)  will  be  the  antipoints  of  (A,  B). 

80.  Conversely,   if   in  the   ellipse  we   have  the  two  points   (A,  B),   then   drawing 
the  diameter   OF  conjugate  to  AB,  and   through  its  extremity  F,  the  confocal  hyper- 
bola, then  the  antipoints  (A9,  Bs)  will  lie  on   the  hyperbola.     And  similarly,  if  on  the 
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ellipse  we  have  the  two  points  (0,  D),  then  drawing  the  diameter  OG  conjugate  to 
CD,  and  through  its  extremity  G  a  confocal  hyperbola,  the  antipoints  (G3y  Ds)  will 
lie  on  the  hyperbola.  Suppose  (A,  B,  C,  D)  are  concyclic,  then,  as  noticed,  AB  and 
CD  will  be  equally  inclined  on  opposite  sides  to  the  transverse  axis  of  the  ellipse — 
the  conjugate  diameters  OF,  OG  will  therefore  be  equally  inclined  on  opposite  sides 
of  the  transverse  axis — and  the  points  F  and  G  will  therefore  be  situate  symmetrically 
on  opposite  sides  of  the  transverse  axis,  that  is,  the  points  F  and  G  will  respectively 
determine  the  same  confocal  hyperbola,  and  we  have  thus  the  required  theorem,  viz.,  if 
(A,  B,  G}  D)  are  any  four  concyclic  points  on  an  ellipse,  or  say  on  a  conic,  and  if 
(A3>  B3)  are  the  antipoints  of  (A,  B\  and  (<73,  D3)  the  antipoints  of  (C,  D),  then 
(A3,  B3)  G3>  D3)  will  lie  on  a  conic  confocal  with  the  given  conic. 


Article  Nos.  81  to  85.     System  of  the  Sixteen  Points,  the  Axial  Case. 

81.  The  theorems  hold  good  when  the  four  points  A,  B,  C,  D  are  in  a  line  ;  the 
antipoints  (B19  GJ  of  (B,  <7),  &c.,  are  in  this  case  situate  symmetrically  on  opposite 
sides  of  the  line,  so  that  it  is  evident  at  sight  that  we  have  (A19  Bl3  Olt  A), 
(A»,  B2,  <72,  jD2),  (-43,  B3)  C3}  D3),  each  set  in  a  circle;  and  that  the  centres  R3  8,  T 
of  these  circles  lie  in  the  line.  The  construction  for  the  general  case  becomes,  however, 
indeterminate,  and  must  therefore  be  varied.  If  in  the  general  case  we  take  any  circle 
through  (B,  G),  and  any  circle  through  (A,  D),  then  the  circle  It  cuts  at  right  angles 
these  two  circles,  and  has,  consequently,  its  centre  R  in  the  radical  axis  of  the  two 
circles;  whence,  when  the  four  points  are  in  a  line,  taking  any  circle  through  (B,  C), 
or  in  particular  the  circle  on  BG  as  diameter,  and  any  circle  through  (A,  D),  or 
in  particular  the  circle  on  AD  as  diameter,  —  the  radical  axis  of  these  two  circles 
intersects  the  line  in  the  required  centre  R>  and  the  circle  R  is  the  circle  with  this 
centre  cutting  at  right  angles  the  two  circles  respectively;  the  circles  S  and  T  are,  of 
course,  obtained  by  the  like  construction  in  regard  to  the  combinations  (G,  A  ;  B,  D) 
and  (A,  B\  (7,  D),  respectively.  It  may  be  added,  that  we  have 


(extremitie 
-jof  diamet 


extremities  (B,  0;  A,  D, 

centre  and  -jof  diameter  S\-  sibiconjugate  points  of  involutions  40,  A  ;  B  }  D, 
^of  circles 


and  that  (as  in  the  general  case)  the  circles  R,  S,  T  intersect  each  pair  of  them  at 
right  angles;  and  they  are  evidently  each  intersected  at  right  angles  by  the  line 
ABGD  (or  axis  of  the  figure),  which  replaces  the  circle  0  in  the  general  case. 

82.  If  the  points  A,   B,    G,    D  are  taken  in  order  on   the   line,   then  the  points 
R,  S,   T  are  all  real,  viz.,  the  point  jR  is  situate,  on   one  side   or  the  other,   outside 
AD,  but  the  points  S  and  T  are  each  of  them  situate  between  B  and  (7;  the  circles 
R  and  T  are  real,  but  the  circle  S  has  its  radius  a  pure  imaginary  quantity. 

83.  If  one  of   the  four  points,  suppose  D,  is    at    infinity   on    the    line,  then  the 
antipoints  of  (A,  D),  of  (B,  D),  and  of  (G,  D)  are  each  of  them  the  two  points  (7,  J). 
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It  would  at  first  sight  appear  that  the  only  conditions  for  the  circles  R,  8,  T  were 
the  conditions  of  passing  through  the  antipoints  of  (5,  G\  of  (C,  A),  and  of  (A,  B) 
respectively,  and  that  these  circles  thus  became  indeterminate;  but  in  fact  the  definition 
of  the  circles  is  then  as  follows,  viz.,  R  has  its  centre  at  A,  and  passes  through  the 
antipoints  of  (B3  C):  (whence  squared  radius  =AB.AC).  And  similarly,  8  has  its 
centre  at  B,  and  passes  through  antipoints  of  (C,  A\  (squared  radius  =  BA.BCT)',  and 
T  has  its  centre  at  0,  and  passes  through  antipoints  of  (A,  B),  (squared  radius 
=  C4.GB);  these  three  circles  cut  each  other  at  right  angles.  As  before,  A,  B,  C 
being  in  order  on  the  line,  the  circles  R,  T  are  real,  but  the  circle  8  has  its  radius  a 
pure  imaginary  quantity. 

84.  That  the  circles  are  as  just  mentioned  appears  as  follows:  taking  the  line 
as  axis  of  a?,  and  a,  b,  c,  d  for  the  at  coordinates  of  the  four  points  respectively,  then 
the  coordinates  of  Al3  A  are 

J(«  +  <0,  ±i<(a-«0; 

whence,  m  being  arbitrary,  the  general  equation  of  a  circle  through  Al9  D:  is 

a?  +  2/2  -  SwwRgr  +  [m(a  +  d)-  ad]  z*  =  0, 


writing  herein 

this  becomes 

viz.,  for  d  =  oo  it  is 


=  a  —  ? 
d 


which  is   a   circle   having   A   for  its   centre,   and  its  radius  an   arbitrary  quantity  k.    If 
the  circle  passes  through  the  antipoints  of  B3  C,  the  coordinates  of  these  are 


and  we  find 

*« 

85.  Reverting    to    the    general   case    of   four    points    A,   B,    C,   D  on  a  line,  the 
theorem   as   to   the   confocal   conies  holds  good   under  the   form   that,  drawing  any  conic 
whatever  through  (Al9  Bl7  G1}  A),  the  points  (A2>  .B3,  £7,,  D2),  and   (As,  B3>  C9,  D,)  lie 
in   confocal   conies,  these  conies   have  their  centre  on  the  line,  and   axes   in  the  direction 
of  and  perpendicular  to   the   line.     When  D  is  at   infinity,  the   confocal   conies  become 
any  three   concentric  circles  through  (Blt  Ca),  (G.2)  As),  and  (As,  B3)  respectively. 

Article  Nos.  86  to  91.     The  Involution  of  Four  Circles. 

86.  Consider  any  four  points  A,  B,  C,  D,  the   centres  of  circles  denoted  by  these 
same  letters,  and   let   21°,  33°,  (5°,  3)°   signify  as  usual,  viz.,  if  (in  orthogonal  coordinates) 
(a,   a',  1)   are   the   coordinates  of  the  centre,  and  a"  the  radius   of  the   circle  A,  then 
21°  stands  for  (a  -  azf  +  (y  -  a'z?  -  of  V,  and  the  like  for  33°,  (5°,  2)°.     Write  also 

a  :  b  :  c  :  d=BCD  :  -  CDA  :  DAB  :-ABC, 
C.   VI.  64 
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where  BCD,  &c.,  are  the   triangles  formed  by  the  points  (5,  (7,  D),  &c. ;  the  analytical 
expressions  are 

a  :  b  :  c  :  d  = 


so  that 


this  being  so,  it  is  clear  that  we  have 


b,    V,    1 
o,    c',    1 
d,    d',    I 

c,    o',    1 
d,    d',    I 
a,    a',    I 

d,    d',     1 
a,    a',     1 
&,    V,    1 

a,    a',     1 
b,    V,     I 
o,    c',     1 

a     +b    +c    +d    =0, 
a&  +  b6  +  cc  +  dd  =  0, 


= 


a  constant. 

87.  I  am  not  aware  that  in  the  general  case  there  is  any  convenient  expression 
for  this  constant  K\  it  is  =0  when  the  four  circles  have  the  same  orthotomic  circle; 
in  fact,  taking  as  origin  the  centre  of  the  orthotomic  circle,  and  its  radius  to  be  =1, 
we  have 

whence 


that  is,  if  the  circles  A,  B,  C,  D  have  the   same  orthotomic  circle,  then  21°,  93°,  <£°,  2>°, 
a,  b,  c,  d,  signifying  as  above,  we  have 


and,  in  particular,  if  the  circles  reduce  themselves  to  the  points  A,  B,  C,  D  respectively, 
then  (writing  as  usual  21,  S3,  S,  2)  in  place  of  21°,  33°,  S°,  2)°)  if  the  four  points 
A,  B,  C,  D  are  on  a  circle,  we  have 


88.     This  last  theorem  may  be  regarded  as  a  particular  case  of  the  theorem 


viz.,  the  four  circles  reducing  themselves  to  the  points  A,  B,  '  0,  D,  we  can  find  for 
the  constant  K  an  expression  which  will  of  course  vanish  when  the  points  are  on  a 
circle.  For  this  purpose,  let  the  lines  BO,  AD  meet  in  R3  the  lines  CA,  BD  in  S, 
and  the  lines  AB,  CD  in  T;  we  may,  to  fix  the  ideas,  consider  ABGD  as  forming 
a  convex  quadrilateral,  R  and  T  will  then  be  the  exterior  centres,  S  the  interior 
centre;  a,  b,  c,  d,  may  be  taken  equal  to  BCD,  -ODA,  DAB,  -ABC,  where  the  areas 
BCD,  &c.,  are  each  taken  positively.  The  expression  a$[  +  b25  -f  c(£  +  d2)  has  the  same 
value,  whatever  is  the  position  of  the  point  P  (cc,  y,  £  =  1);  taking  this  point  at  R, 
and  writing  for  a  moment 
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(22GD  -  E5J9)  =  %RD  (RC  -  JR5)  sin  R  =  (7  -  /3)  8  sin 
li  similar  expressions  for  the  other  triangles;    and  we  thus  have 


a2l  +  b33  +  c(S  4-  d3)  =  ±2* .  sin  R  H 


-  08)  (7- 


b  is,  replacing  a,  /3,  7,  S,  by  their  values,  and  writing  also  *  =  1,  we  have 

a2l  +  b33  +  cS  +  dS)  =£  sin  J2  .  (RB  .  RC-RA  .  RD)  BC  .  ^D, 

^re  £sin.K..BC../ijD  is  in  fact  the  area  of  the  quadrilateral  ABCD;   we  have  thus 

c(5  4-  d2>  =  (RB.RO-RA  .  JBD)  D 


=  (214  .  TB  -  ^(7  .  TD  )  D 

ire   it   is   to   be    observed   that   SA,    SG  being  measured   in   opposite   directions   from 
must   be    considered,  one   as   positive,  the   other  as   negative,  and   the  like  as  regards 
SD.     This  expression  for  the   value   of  the   constant   is   due  to  Mr  Crofton.     In  the 
iicular  case  where  A,  B}  C,  D,  are  on  a  circle,  we  have  as  before 


89.     If  the   four   points   A,    B,    C,   D,    are   on   a   circle,   then,   taking   as  origin   the 
bre  of  this  circle  and  its  radius  as  unity,  the  circular  coordinates   of   the    four   points 


corresponding  forms  of  21°,  &c.5  being 

21°  -  (f  -  w)  (n  -  -*)  -  a"*z*,  &c. 
expressions  for  a,  b,  c,  d,  observing  that  we  have 


A    /8-',    1 

_  1 

i,    A    /S2 

7.   y-1>    * 

1,     7>     T2 

s,  s-\   i 

1,     8,     S2 

&c. 


S7S>,  &c.  denote  (/3  -  7)  (7  -  «)  (8  -  #)>  &c->  become 
a  :  b  :  c  :  d=a(/37S)  :  -/3(<yBa)  : 
ch  are  convenient  formulae  for  the  case  in  question. 
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90.  If  the  points  A,  B,  C,  D,  are  on  a  line,  then  taking  this  line  for  the  axis  of 
x,  we  may  write  21°  =  (x  -  azf  +  t/2  -  a"2,^,  &c.  It  is  to  be  remarked  here  that  we  can, 
without  any  relation  whatever  between  the  radii  of  the  circles,  satisfy  the  equation 


in  fact  this  will  be  the  case  if  we  have 

a  +b  +  c  +  d  =0, 

aa  -fbft  -hcc  +  dd  =0, 


equations  which  determine  the  ratios  a  :  b  :  c  :  d.     In  the  case  where  the  circles  reduce 
themselves  to  the  points  A,  B,  0,  Z>,  these  equations  become 

a     +  b      +c      H-d       =0, 

aa  -f  b&    -f  cc   +  dd    =  0, 

aa2  +  b62   -f  cc2  +  dd2    =  0, 
giving 

a  :  b  :  c  :  d  =  (bcd)  :  —  (cda)  :  (dab)  :  -(a6c); 

if  for  shortness   (bed),  &c.  stand  for  (6  —  c)  (c  —  d)  (d  -  6),  &c.  ;   and  for  these   values,  we 
have 

=0. 


91.  A  very  noticeable   case  is   when   the  four  circles   are   such  that   the   foregoing 
values  of  (a,  b,  c,  d)  also  satisfy  the  equation 

agi°  +  b33°  +  c<£°  +  d2>0  =0; 
the  condition  for  this  is  obviously 

aa"3  +  b&''2  +  cc'/2+dcZ"3  =0; 
or,  as  it  may  also  be  written, 

a"2  5//a  o"2  <T2  _ 

(a-&)(a-c)(a~d)"h(&-c)(6-d)(6-a)  ~*~  (c-d)(c-a)(G-b)+  (d-a)(d-b)(d-c)~~ 

Article  No.  92,     On  a  LOGICS  connected  with  the  foregoing  Properties. 

92.  If,    as   above,  A,   B,    C,   D    are    any  four    points,   and    21,    3J,   S,   2)    are    the 
squared   distances   of   a   current  point    P  from    the    four    points    respectively,   then   the 
locus   of  the  foci  of  the  conies  which  pass  through  the  four  points  is  the  tetrazomal 
curve  __          _ 

a  V?T-f  b  VS5  -f  c  VS  -f  d  A/2)  =  0. 

In  fact  the  sum  aSl  -f  bS3  +  cS  4-  d25  has,  it  has  been  seen,  a  constant  value  for  all 
positions  of  the  point  P;  taking  P  to  be  the  other  focus,  its  squared  distances  are 
(k  —  V^l)2,  &c.,  whence  for  the  first-mentioned  focus  we  have 
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or  recollecting  that  a  +  b  +  c-l-d  =  0,  it  follows  that  we  have  for  the  locus  in  question 
a  V21 -f  b  V93  +  c  VS  +  d  V2)  =  0 ;  this  locus  will  be  discussed  in  the  sequel.  I  remark 
here,  that  in  the  case  where  the  four  points  are  on  a  circle,  then  (as  mentioned  above), 
the  axes  of  the  several  conies  are  in  the  same  fixed  directions ;  there  are  thus  two  sets 
of  foci,  those  on  the  axis  in  one  direction,  and  those  on  the  axis  in  the  other  direction ; 
it  might  therefore  be  anticipated,  and  it  will  appear,  that  in  this  case  the  tetrazomal 
breaks  up  into  two  trizomal  curves. 


Article  Nos.  93  to  98.    Formuke  as  to  the  two  Sets  (A,  B,  (7,  D),  cmd  (A1}  Blt  G13  A), 

each  of  four  Concyclic  Points. 

93.  Consider  the  four  points  A,  B,  G,  D  on  a  circle,  then  taking,  as  before,  their 
circular  coordinates  to  be  (a,  a',  1),  (j8,  &,  1),  (7,  7',  1),  (8,  8',  1),  the  condition  that 
the  points  may  be  on  a  circle  is 


1,  a,  a',  act? 

1,  &  ff,  Pff 

i>  7*  y>  77' 

1,  8,  8',  88' 


=  0, 


viz.,  this  equation  may  be  written 


-S)  :  (a- 


or  if,  for  shortness,  we  take 


and  consequently 


then  the  equation  is 


b  =  h~f,      V 

a  +  b    +  c  =  0,  a'    +  6' 

af  :  bg  :  ch  —  a!f  :  b'g 


.94    Let  a,  b,  G,  d,  denote  as  before  (a  :  b  :  c 
then  we  have 

a  :  b  :  c  : 


A   #,    i 

:  — 

%     7',     1 

: 

V,  y,  i 

Ssy      i 
,0,1 

c\            «v/            1 

0,       0  ,       1 

a,     a',     1 

=h'-f, 

=/'-/, 
=0, 


[  =  BGJ}  :  -  GDA  :  DAB  :  -ABO), 
S,    S',     1     :  -    a,     of,    1 

OL         Cf  J.  KJ         D  •        X 

wb,  »•     ,  -  y**,  ^-r    ,  — 

A    £',     1  7,     7'»     1 
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d  =  c6'  —  c'b ,    dd  —  o!c ,    l)o>  —  6  c&3          .        , 

viz.,  the   expressions  in    the    same    horizontal    line  are   equal,  and  a,   b,  c,  d   are  pro- 
portional to  the  expressions  in  the  four  lines  respectively. 

95.    I  say  that  we  have       .  , 


= 
ah         oh 


viz.,  this  will  be  the  case  if 


Sc'a  =  hg'  d, 


and  selecting  the  convenient  expressions  for  a,  b,  c,  d,  these  equations  become 


atf  (hf  -  h'f)  =fh  (ac1  -  a'c), 


viz.,  these  equations  are  respectively  bgc'h'  =  b'cfch,  oha'f'  =  c'h'af,  afb'g'  =  a'f'bg,  and  are 
consequently  satisfied.    It  thus  appears  that  the  equation 


is  transformable  into 


l_          m  n 

a     +  b"      +    c 


oh 


which  is  of  course  one  of  a  system  of  similar  forms. 

96.  Take  (Al9  A)  the  antipoints  of  (A,  D);  (Blt  CJ  the  antipoints  of  (B,  0); 
or  say  that  the  circular  coordinates  of  Al9  Bl9  Ol}  A  are  (a,  S',  1),  (£,  y',  1),  (%  $',  1), 
(S,  cf9  1)  respectively;  the  points  AI9  B1}  Cl9  A  are,  as  above  mentioned,  on  a  circle, 
the  condition  that  this  may  be  so  being  in  fact 


equivalent  to 


1,  a,  8', 

1,  A  7, 

1,  %  ff, 

1,  8,  a', 


0, 


af:  bg  : 


:  Vg'  :  c'hf. 
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97.     Let 


a*  : 


GI,    dx)   be    the    corresponding    quantities    to    (a,    b,    c,    d),    viz., 
?!  :  —  A^O-L ;   we  have 


:  d,  = 


ft,    7',     1 

:  — 

%    ff,    1 

: 

S,     «',     1 

:  — 

a,    *,    1 

7  »    /3'.     1 

S,    of,    1 

a,     X,     1 

A    •/,    1 

S,    <*,    1 

a,    8',    1 

ft,    •/,     1 

7,    £',     1 

giving  rise  to  a  similar  set  of  forms 

a,  =          .         ,  —  ac'  +  ha',      a'g  +  b'a,  —  o'g  —  b'k, 

bx c'b  -  g'h,          .        ,  -f'b  -  g'f,  -f'h  +  c'f, 

c,  =     b'c  +  h'g,  -f'c  +  h'f,           .       ,  f'g  +  g'f, 

dj  as     g'c  +  h'b,  —  h'a  -j-  afc,  —  afb  —  gfa}  .        , 
and  leading  to 


so  that  the  equation 


is  transformable  into 


98.     Let  A,  B,  C,  D,  be,  as  above,   points  on  a   circle; 
antipoints  of  (4,  D),  (B,  (?)  respectively.     Write 


»  =  (f  -  j 


SB. 


(f  - 


then  we  have  identically 

{S  _  «)  (S'  -  a')  S3  -  (/3  -  8)  (/3'  -  8')  21  +  08  -  a)  (^  -  a')  2) 


and  (-S1(  Oi)  the 


or,  in  the  foregoing  notation, 


//S   =  ^'21  + 
3!  =  ^'21  -  c6'3) 
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Article  Nos.  99  to  104.     Further  Properties  in   relation  to   the  same  Sets 
(A,  B,  C,  L)  and  (AI9  B,,  Clt  A). 

99.    It  is  to  be  shown  that  in  virtue  of  these  equations,  and  if  moreover  ~  +  ^  +  ~+^==^ 
then  it  is  possible  to  find  Il3  7?^,  ^,  pl9  such  that  we  have  identically 
-  m  -f  mS5  +  n£  -  p<$)  +  1&  -  m^  -  n&  +ft5>i  =  0. 

This  equation  will  in  fact  be  identically  true  if  only 

—ffl+gg'm  +  hh'n  .  -  gh^  —  g'fa^  =0, 

cc'm  +  Wn  —ffp      .  -f  c&'wj  +  fec^j  =  0, 

go'm  -  ^i^  -I-  ffli     +  ^6'm!  —  Mn^  =  0, 

c/m  —  bh'n  .  +  cA'm!  +  'bg'n-^  +ff'pi  =  0. 


From  the  first  and  second  equations  eliminating  im-L  or  w3,  the  other  of  these  quantities 
disappears  of  itself,  and  we  thus  obtain  two  equations  which  must  be  equivalent  to 
a  single  one,  viz,,  we  have 


7m  4-  &%'«/» 
which  equations  may  also  be  written 

%!+%„  +  & 

ah         bh  of 


and    it    thus    appears    that    the    equations    are    equivalent    to    each    other,   and    to    the 
assumed  relation 

!  +  ^  +  -+f  =  0. 
abed 

100.     Similarly,  from  the   third  and  fourth  equations  eliminating  m   or  n,  the  other 
of  these  quantities  disappears  of  itself,  and  we  find 


-  c'gffpl  =  0, 

-  afb'h'oh  H-  Iha'f'n^  -  Vhffp,  =  0, 
equations  which  may  be  written 

af          fa 

- 


af 
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where    we    see    that    the    two    equations    are    equivalent    to    each    other    and    to    the 
equation 


It  thus  appears  that  the  quantities  Il3  m^,  7^,  p1}  must  satisfy  this  last  equation.  It 
is  to  be  observed  that  the  iirst  and  second  equations  being,  as  we  have  seen,  equivalent 
to  a  single  equation,  either  of  the  quantities  wij,  nl9  may  be  assumed  at  pleasure,  but 
the  other  is  then  determined  ;  the  third  and  fourth  equations  then  give  h,  pl  ;  and  the 

quantities  llt  w^,  T^,  pl9  so  obtained,  satisfy  identically  the  equation  —  +-^  +  —  -j-^  =  0. 

3^        D!       CL       Q! 

101.     Now  writing 

-g  (c'm  +  &X)  +  h  (Vn 

=  ~  o  (gin  -  AX)  +  &  (h'n  - 
and 

ffp  =     c  (c' 

ff'l  =     g(g'm-h'r>il)+h(h'n--g'nl\ 
we  find 


-  mn), 
=3     aa^x  (mjT^  —  mra), 
that  is 


viz.,   this   equation   is  satisfied  ideotically  by  the   values   of  ^,  TT^,  r^,  pi   determined  as 
above. 

102.     Hence   if  m1n1  =  mn)  we  have  also   lipi=*lp,  and  we   can   determine  ml,  n^,  so 
that  ra^  shall  =mn9  viz.,  in  the  first  or  second  of  the   four   equations  (these  two  being 

equivalent  to   each  other,  as  already  mentioned),  writing  m±  =  6n,  and  therefore  ^  =  ^  m, 
we  have 

'^*  +  ^'^  ~"  ^'w^  —   ' 


^  -  ffp  +  c&xrc0  +  bc'm  -~  =  0, 

which  are,  in  fact,  the  same  quadric  equation  in  0,  viz.,  we  have 

-ffl  +  gg'm  +  hh'n  =  _  ghf  =  _  ^A 
cc'm  '  '  " 


The  final  result  is  that  there  are  two  sets  of  values   of  llt  mi,  n^  p1}  each  satisfying 
the  identity 

-  M  +  mSB  +  n®  -  p<5)  4-  ^  -  77^93!  -  %(?!  +  p^  =  0, 

C.    VI.  65 
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and  for  each  of  which  we  have 


103.     Consider,  in  particular,  the  case  where  p  =  0  ;  the  relation 


here  becomes 

aqf         a'h 


The  equation  in  0  is 

(cc'm  +  Wn)  0  +  cb'nP  +  bc'm  =  0, 
viz.,  this  is 


giving 

b  bn  cm 

6  =  --    ,     **  =  --  ,     *i  =  -y> 

or  else 

„         c'm  c'm  6'w. 

*  —  1ft'    ^—  -gr*    *—  7- 

Since  in  the  present  case  ^  =  0,  we  have  either  ^  =  0,  or  else  ^?i  =  0,  and  as  might 
be  anticipated,  the  two  values  of  6  correspond  to  these  two  cases  respectively,  viz., 
proceeding  to  find  the  values  of  Z^  plt  the  completed  systems  are 

.         b          ,         a    (   ,        ,,,  \  In  cm  A 

5  =  ~-     ,    li=tt,(cc'm-tt>n)3    77^=-—,    ni=-y,    ^i=0, 

c'm      „      A  v          c'm        ^          Vn 

5  =  -6%'    ?1  =  °  '    Wl  =  —  F»    Wl  =  ~-7' 

so  that  for  the  first  system  we  have 
-  +?^  +  -=Os 

a!         bj       Cj 

and  for  the  second  system 


104.  The  whole  of  the  foregoing  investigation  would  have  assumed  a  more  simple 
form  if  the  circular  coordinates  had  been  taken  with  reference  to  the  centre  of  the 
circle  ABGD  as  origin,  and  the  radius  of  this  circle  been  put  =1;  we  should  then 

have  a?  =  ~,  &c.,  and  consequently 

*'  —  &«>     &'  =  -fa6'     C'=-^C>     /'  = 

but  the  symmetrical  relation  of  the  circles  ABGD  and  AJS^PiDi  would  not  have  been 
so  clearly  shown. 
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I    will    however    give   the    investigation   in   this    simplified    form,  for   the   identity 

,;  viz.,  in  this  case  we  have 


and  the  identity  to  be  satisfied  is 


writing   £=02,  ^  =  -5^,   we   find  m^   and    writing   £  =  az.   <n  =  -z.   we   find  n,,   and   it   is 

"  p  °      *  ry 

then  easy  to  obtain  the  value  of  Il9  viz.,  the  results  are 


and  therefore  m^?!  —  mw;   it  may  be  added  that  we  have 


_-_. 

g-a-8 

viz.,  this  is  the  form  assumed  by  the  equation    —  -f  ^  +  —  =  0. 


PABT  III.  (Nos.  105  to  157).    ON  THE  THEOEY  OF  Foci. 
Article  Nos.  105  to  110.     Explanation  of  the  General  Theory. 

105.  If  from  a  focus  of  a  conic  we  draw  two  tangents  to  the  curve,  these  pass 
respectively  through  the  two  circular  points  at  infinity,  and  we  have  thence  the 
generalised  definition  of  a  focus  as  established  by  Plucker,  viz.,  in  any  curve  a 
focus  is  a  point  such  that  the  lines  joining  it  with  the  two  circular  points  at  infinity 
are  respectively  tangents  to  the  curve;  or,  what  is  the  same  thing,  if  from  each  of 
the  circular  points  at  infinity,  say  from  the  points  /,  J,  tangents  are  drawn  to  the 
curve,  the  intersections  of  each  tangent  from  the  one  point  with  each  tangent  from 
the  other  point  are  the  foci  of  the  curve.  A  curve  of  the  class  n  has  thus  in 
general  7i3  foci.  It  is  to  be  added  that,  as  in  the  conic  the  line  joining  the  points 
of  contact  of  the  two  tangents  from  a  focus  is  the  directrix  corresponding  to  that 
focus,  so  in  general  the  line  joining  the  points  of  contact  of  the  tangents  from  the 
focus  through  the  points  J,  J  respectively  is  the  directrix  corresponding  to  the  focus 
in  question. 

65—2 
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106.  A    circular    point    at    infinity    I    or    /,   may   be   an   ordinary  or    a    singular 
point   on  the   curve,   and   the    tangent    at    this   point    then    counts,   or,  in    the   case    of 
a    multiple   point,  the    tangents    at    this  point    count   a  certain    number  of   times,    say 
q   times,   among  the  tangents   which   can   be   drawn    to   the  curve  from   the  point;   the 
number  of  the  remaining  tangents   is  thus  =n  —  q.     In  particular,  if  the   circular  point 
at  infinity  be   an   ordinary  point,  then  the  tangent  counts  twice,  or  we  have   2  =  2;   if 
it  be  a  node,  each  of  the  tangents  counts  twice,  or  q  =  4 ;  if  it  be  a  cusp,  the  tangent 
counts   three  times,   or  g  =  3.     Similarly,   if  the   other  circular  point  an   infinity  be   an 
ordinary  or  a  singular  point  on  the  curve,  the  tangent  or  tangents  there  count  a  certain 
number    of   times,  say   q^   times,  among   the    tangents    to   the    curve    from    this    point ; 
the  number  of  the  remaining  tangents  is  thus  =  n  —  q'.     And  if  as  usual  we  disregard 
the  tangents  at  the  two  points   /,    J  respectively,   and  attend  only  to    the    remaining 
tangents,  the  number  of  the  foci  is  =  (n  —  q)  (n  —  q'). 

107.  Among  the  tangents  from  the  point  /  or  J  there  may  be  a  tangent  which, 
either  from  its  being  a  multiple   tangent   (that  is,   a   tangent    having  ordinary   contact 
at  two  or  more  distinct  points),  or  from   being  an  osculating  tangent  at   one   or  more 
points,  counts  a  certain  number  of   times,  say  r,  among  the  tangents   from   the  point 
in   question.    Similarly,  if  among   the  tangents   from  the   other  point  /  or  /,   there  is 
a  tangent  which  counts  t*  times,  then  the  foci  are  made  up  as  follows,  viz.  we  have 

Intersections  of  the  two  singular  tangents  counting  as     ,  r'r  foci. 

Intersections  of  the  first  singular  tangent  with  each  of 
the  ordinary  tangents  from  the  other  circular  point  at 
infinity,  as (n  —  q'  —  r')r,9 

Do.  for  second  singular  tangent,         .         .        .         .         .  (n  —  q  —  r)r'    „ 

Intersections  of  the  ordinary  tangents        .        .         .        ,     (n  —  q  —  r)(n  —  q' —  r')     „ 
Giving  together  the   . (n  —  q)  (n  —  q')  foci : 

and  the  like  observation  applies   to  the    more  general    case   where   the    tangents    from 
each  of  the  points  /,  /  include  more  than  one  singular  tangent 

108.  There    is  yet  another  case  to    be   considered ;    the    line   infinity  may  be   an 
ordinary  or  a   singular  tangent  to  the  curve :  assuming  that  it   counts  s   times  among 
the    tangents    from    either    of    the    circular    points    at    infinity,    the    numbers    of    the 
remaining  tangents  are  n—  q  —  $,  n—q'  —  s  from  the   two  points   /,  /  respectively,  and 
the  number  of  foci  is  =  (n  —  q  —  s)  (n  —  q'  —  s). 

109.  In  the   case   of  a  real   curve  the   two  points   /,  J  are  related   in   the  same 
manner  to    the    curve,   and    we    have  therefore    q  =  q'i    the  singular  tangents    (if   any) 
from  the  two  points  respectively  being  the   same   as   well  in   character   as    in    number. 
Writing  n  —  q  —  s=n-q'  —  $3    =p,  and  not    for   the  present    attending    to   the   case   of 
singular  tangents,  I  shall  assume  that  the  number  of  tangents  to  the  curve  from  each 
of  the  two  points  is  =f>;  the  number  of  foci  is  thus   =j32;  and  to   each  focus  there 
corresponds    a    directrix,  viz.,   this    is    the    line   through    the    points    of  contact    of   the 
tangents  from  the  focus  to  the  two  points  /,  J  respectively. 
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110.  Consider   any   two   foci  A,   B  not  in  lined  with   either  of   the  points   /,    /, 
then  joining   these  with  the   points  /,  Jy  and  taking  AI9  B1  the  intersections  of  AI,  BJ 
and  of  AJ,  BI  (A19  B^  being  therefore  by  a  foregoing  definition  the  antipoints  of  (A,  £)), 
then   Al9  B:  are,   it   is  clear,  foci  of  the  curve.     We  may  out  of  the  p2  foci  select,  and 
that  in   l.Z..p   different  ways,   a  system    of  p   foci    such    that    no    two    of   them    lie 
in   lined  with   either  of  the   points  /,  /;    and  this  being   so,  taking  the   antipoints   of 
each  of  the   ^p  (p  —  1)   pairs   out   of  the  p   foci,   we   have,  inclusively   of  the  p  foci,   in 
all  p  +  2  .  %p  (p  -  1),  that  is  pz  foci,  the  entire  system  of  foci. 

Article  Nos.  Ill  to  117.     On  the  Foci  of  Conies. 

111.  A  conic   is  a    curve   of    the  class  2,  and   the    number  of   foci    is    thus   =  4. 
Taking   as   foci   any   two  points   A3  B,  the   remaining   two   foci   will   be    the    antipoints 
Al9  Bj.     In   order  that  a  given  point  A   may  be   a  focus,   the   conic    must  touch   the 
lines   AI,    AJ]    similarly,   in    order    that   a  given  point   B  may  be  a   focus,   the   conic 
must   touch   the   lines   BI,  BJ-  the   equation  of  a  conic  having  the  given  points  A,  B 
for  foci  contains  therefore  a  single  arbitrary  parameter. 

112.  In    the   case,   Jiowever,   of  the  parabola  the   curve   touches   the   line   infinity  ; 
there    is    consequently    from    each    of   the   points    J,  J  only  a    single    tangent   to    the 
curve,  and   consequently  only  one   focus:   the  parabola   having  a   given  point  A   for  its 
focus   is   a   conic   touching  the  line    infinity  and  the    lines    AI,  AJ,  or  say  the  three 
sides  of  the  triangle  AIJ\  its  equation  contains  therefore  two  arbitrary  parameters. 

113.  Returning  to  the   general  conic,  there  are    certain  trizomal  forms  of  the  focal 
equation,    not    of   any    great    interest,    but    which    may  be    mentioned.     Using    circular 
coordinates,   and    taking  (a,  of,  1)   and  (/8,  £',   1)   for  the   coordinates   of  the  given   foci 
A}    B    respectively,    the    conic    touches    the    lines    £  —  o#  =  0,    17  —  «'#  =  0,    f  —  /3z  =  0, 
<ri  —  $'z  —  0  ;   the  equation  of  a  conic  touching  the  first  three  lines  is 


V  I  (£  -  az)  +  Vm  (£  -  £*)  +  Vn,  (17  -  ate)  =  0  , 

where   I,   m,  n  are   arbitrary,   and  it   is   easy  to  obtain,  in  order  that    the    conic   may 
touch  the  fourth  line  97  —  ffz  =  0,  the  condition 


114.     In  fact,  n  having  this  value,  the  equation  gives 
Z(£-«)+m  (£-£*)  + 
and  taking  over  the  term 

! 

this  gives 


-  as)  (£-  ftg)  =  -    ^,  (m  - 
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which  puts  in  evidence  the  tangent  77  —  ffz.    It  is   easy  to   see   that  the  equation  may 
be  written  in  any  one  of  the  four  forms 


viz.,  in  forms  containing  any  three  of  the  four  radicals  Vf  —  a#,  Vf  —  /3#,  vq  —  afz, 
VT;  —  /3'#.  The  conic  is  thus  expressed  as  a  trizomal  curve,  the  zomals  being  each  a 
line,  viz.,  they  are  any  three  out  of  the  four  focal  tangents;  the  order  of  the  curve, 
as  deduced  from  the  general  expression  2"~2r,  is  =  2  ;  so  that  there  is  here  no  depression 
of  order. 

115.  But  the  ordinary  form  of  the  focal  equation  is  a  more  interesting  one  ;  viz., 
21,  S3  being  as  usual  the  squared  distances  of  the  current  point  from  the  two  given 
foci  respectively,  say 


then  2a  being  an  arbitrary  parameter,  the  equation  is 


viz.,  the  equation  is  here  that  of  a  trizomal  curve,  the  zomals  being  curves  of  the 
second  order,  that  is,  the  zomals  are  (&*  =  ())  the  line  infinity  twice,  and  the  line-pairs 
AI,  AJ  and  JBI,  BJ  respectively:  the  general  expression  2I^2r  gives  therefore  the  order 
=  4  ;  but  in  the  present  case  there  are  two  branches,  viz.,  the  branches 


each   ideally   containing   (z  =  0)  the   line   infinity  ;    the   curve   contains   therefore    (z*  =  0) 
the  line  infinity  twice,  and  omitting  this  factor  the  order  is  =2,  as  it  should  be, 

116.     To   express  the  equation  by  means  of  the   other  two   foci  A19  JBIt  writing  the 
equation  under  the  form 

=  0, 


and    then    if    2k,    5Bi    are    the   squared    distances    of    the    current    point    from   Alf 
respectively,  we  have  (ante,  No.  65), 
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where   k  is   the   squared  distance   of  the  foci   A,    B,    =  4&2e2   suppose:    whence   putting 
a?  (1  —  e2)  =  &2,  the  equation  becomes 


Sk  +  S3i  +  2  VSJaSJ  -4&2*2  =  0, 
that  is 


which  is  the  required  new  form.  It  is  hardly  necessary  to  remark  that  the  equation 
2a#  +  A/81  4-  V33  =  0,  putting  therein  0  =  1,  and  expressing  SI,  33  in  rectangular  coordinates 
measured  along  the  axes,  is  the  ordinary  focal  equation  2a  =  V(#  —  aef  H-  3/2  4-  V(a?  +  <xe)2  -4-  y2. 

117.  I  remark  that  the  equation  2az+  V21+  V®  =0  gives  rise  to  4a2#2  +  £[-33  +4cwV8[«0, 
but  here   21  —  33  =  —  4o6#0,    so  that  the   equation    contains    z  =  0,  and    omitting    this    it 
becomes  (az—  ex)  +  V2l  =  0,  a  bizomal  form,  being  a  curve  of  the  order  =  2,  as  it  should 
be;   this  is  in  fact  the  ordinary  equation  in  regard  to  a  focus  and  its  directrix. 

Article  Nos.  118  to  123.     Theorem  of  the  Variable  Zomal  as  applied  to  a  Conic. 

118.  The   equation    2kz  +  V2P  +  V^°  =  0   is  in  like    manner    that    of   a    conic;    in 
fact,  this  would  be  a  curve  of  the  order  =  4,  but  there  are  as  before  the  two  branches 
2&z  +  V2F-  VS"°  =  0,  2Jte-VS5  +  V®"°  =  0,  each  ideally  containing  (0  =  0)  the  line  infinity, 
and   the   order   is   thus  reduced   to   be   =  2.      Each   of    the  circles   21°  =  0,   S30  =  0    is    a 
circle   having  double  contact   with   the  conic  (this   of  course  implies  that  the   centre  of 
the   circle   is   on   an    axis   of   the   conic).     We   may   if    we  please   start    from   the   form 
2&Z  +  V21+  V$B  ==0,  and  then  by  means   of  the  theorem   of  the  variable  zomal  introduce 
into  the  equation  one,  two,  or  three  such  circles. 

119.  It  is  in  this  point  of  view  that   I  will  consider  the  question,  viz.,  adapting 
the  formula  to  the  case  of  the  ellipse,  and  starting  from  the  form 


2az  +  V(#  -  aezf  +  y*  +  *J(x  +  aezf  +  y*  =  0, 
the  equation  of  the  variable  zomal  or  circle  of  double  contact  may  be  taken  to  be 


where   q   is   an   arbitrary  parameter;   writing  for  greater    simplicity  0=1,  and   reducing, 
the  equation  is 


120.     If  q<  1,  then  writing  £  =  sin0,  we  obtain  the  ellipse 


as  the  envelope  of  the  variable  circle 

(OG  -  ae  sin  0)*  ±f=T?  cos2  0, 
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viz.,  of  a  circle  having  its  centre  on  the  major  axis  at  a  distance  =  aesin#  from  the 
centre,  and  its  radius  =  6  cos  0.  (I  notice,  in  passing,  that  this  gives  in  practice  a 
very  convenient  graphical  construction  of  the  ellipse.)  It  may  be  remarked  that  for 
#  =  +  sin"1^  the  circle  becomes 


viz.,  this  is  the  circle  of  curvature  at  one  or  other  of  the  extremities  of  the  major 
axis  ;  as  6  passes  from  0  to  ±  sin"1  e  we  have  a  series  of  real  circles,  which,  by  their 
continued  intersection,  generate  the  ellipse  ;  as  6  increases  from  9  =  ±  sin"1  e  to  ±  90°, 
the  circles  continue  real,  but  the  consecutive  circles  no  longer  intersect  in  any  real 
point,  —  and  ultimately  for  9  =  +  90°,  the  circles  become  evanescent  at  the  two  foci 
respectively. 

121.    In  the  case  q  >  1,  we  have  a  real  representation  of 

(a?  -  qae)*  +  y*  +  tf  (<f  -  1), 

as  the  squared  distance  of  the  point  (#,  y)   from  a  point    (X,  0,  Z)  out  of  the   plane 
of  the  figure,  viz.,  putting  this  =  (sc- 
we  have 

whence 

or,  what  is  the  same  thing, 


that  is,  the  locus  is  the   focal  hyperbola,  viz.,  a  hyperbola  in  the   plane   of  zoo,  having 
its  vertices  at  the  foci,  and  its  foci  at  the  vertices  of  the  ellipse. 

122.     If  instead  of  the  form  first  considered,  we  start  from  the  trizomal  form 

2bz  +  V03  4-  (y  —  aeizf  +  *</a?  +  (y+aeizy  =  0, 
then  we  have  the  zomal  or  circle  of  double  contact  under  the  form 


or  putting  herein  q  =  —  i  tan  <£,  this  is 

x?  +  (y  —  aetan  <£)2  =  a2  sec2  <£  ; 

so  that  we  have  the  ellipse  as  the  envelope  of  a  variable  circle  having  its  centre 
on  the  minor  axis  of  the  ellipse,  distance  from  the  centre  =  ae  tan  <£,  and  radius 
=  asec$.  This  is,  in  fact,  Gergonne's  theorem,  according  to  which  the  ellipse  is 
the  secondary  caustic  or  orthogonal  trajectory  of  rays  issuing  from  a  point  and 
refracted  at  a  right  line  into  a  rarer  medium.  It  is  to  be  remarked  that  for 

CL6 

tan  <f>  =  +  j-  ,  the  equation  of  the  circle  is 
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viz.,  this   is  the   circle  of  curvature   at  one   or  other  extremity  of  the  minor  axis;   from 
<£  =  0  to   <p  =  +  tan'1  -r  ,  the   intersections   of  the  consecutive   circles   are  real,   and  give 

the   entire   real  ellipse  ;  from   <£  =  ±  tan~l  ^?  to   <£  =  +  90°,   the   circles  are   still  real,   but 
the  intersections  of  consecutive  circles  are  imaginary. 

123.     If  in   the   equation   of  the   generating   circle    we   interchange   so,   y3   a,   &,  the 
equation  becomes 

(a?  —  aei  tan  <£)2  +  y*  =  62  sec2  <f>, 


which  is  (as  it  should  be)  equivalent  to  the  former  equation 

(#  —  ae  sin  6)*  +  yz  =  62  cos  0, 
the  identity  being  established  by  means  of  the  equation 

cos0  = 7,  and  therefore  sin  6  =  i  tan  <f>,  tan  9  =  i  sin  <£, 

cos  <f>  r  r 

which  is  Jacobi's  imaginary  transformation  in  the  theory  of  Elliptic  Functions. 

Article  Nos.  124  to  126.     Foci  of  the  Circular  Cubic  and  the  Bidrcular  Qaartic. 

124.  For  a  cubic  curve,  the  class  is  in  general  =6,  and  the  number  of  the 
foci  is  =  36.  But  a  specially  interesting  case  is  that  of  a  circular  cubic,  viz.,  a  cubic 
passing  through  each  of  the  circular  points  at  infinity.  Here,  at  each  of  the  circular 
points  at  infinity,  the  tangent  at  this  point  reckons  twice  among  the  tangents  to  the 
curve  from  the  point ;  the  number  of  the  remaining  tangents  is  thus  =  4,  and  the 
number  of  the  foci  is  =16.  If  from  any  two  points  whatever  on  the  curve  tangents 
be  drawn  to  the  curve,  then  the  two  pencils  of  tangents  are,  and  that  in  four 
different  ways,  homologous  to  each  other,  viz.,  if  the  tangents  of  the  first  pencil  are 
(1,  2,  3,  4),  and  those  of  the  second  pencil,  taken  in  a  proper  order,  are  (I7,  27,  37,  4'), 
then  we  have  (1,  2,  3,  4)  homologous  with  each  of  the  arrangements  (I7,  2',  3',  47), 
(2',  I7,  47,  37),  (37,  47,  r,  2'),  (47,  37,  27,  I7).  And  in  each  case  the  intersections  of  the 
four  corresponding  tangents  lie  on  a  conic  passing  through  the  two  given  points  on 
the  curve^). 

1  It  may  be  remarked  that  if  the  equation  of  the  first  pencil  of  lines  he 

and  that  of  the  second  pencil 

(z  -  aw)  (z  -  Iw)  (z  -  cw)  (z-  dw)  =5  0, 
then  the  equations  of  four  conies  are 


C.    VI. 
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125.  Hence  taking  the  points  on  the  curve  to  be  the  circular  points  at  infinity, 
we  have  the  sixteen  foci  lying  in  fours  upon  four  different  circles  —  that  is,  we  have 
four  tetrads  of  concyclic  foci.  Let  any  one  of  these  tetrads  he  A,  B,  C,  J5,  then  if 

Antipoints  of  (5,  C)(A,  D)   are  (B19  CJ,    (A1}  D^ 
(C,A)(B,  D)     „     (Cz,  Az),    (52?  A), 
(A,B)(C,  D)     „    (A9,  B3),     (<39,  A), 
the  four  tetrads  of  concyclic  foci  are 

A,    B,     0,     D; 
^i,    A,     Ci,    A; 


AS3    B3,     C3,    A- 

It  is  to  be  observed  that  if  A,  B,  C,  D  are  any  four  points  on  a  circle,  then  i£  as 
above,  we  pair  these  in  any  manner,  and  take  the  antipoints  of  each  pair,  the  four 
antipoints  lie  on  a  circle,  and  thus  the  original  system  A,  B,  0,  £>,  of  four  points  on 
a  circle,  leads  to  the  remaining  three  systems  of  four  points  on  a  circle.  The  theory 
is  in  fact  that  already  discussed  ante,  No.  72  et  seq. 

126.  The    preceding    theory  applies    without    alteration    to    the    bicircular    quartic, 
via.,  the  quartic    curve  which    has    a    node   at  each   of   the  circular  points  at  infinity. 
The  class  is  here  =8,  but  among  the  tangents   from  a  node  each  of  the  two  tangents 
at  the  node  is  to  be  reckoned  twice,   and  the  number   of   the  remaining  tangents  is 
=  4:    the  number  of   foci  is  =16.     And,   by  the  general    theorem  that   in  a    binodal 
quartic  the  pencils  of   tangents    from    the  two  nodes  respectively  are   homologous,   the 
sixteen  foci   are   related   to   each    other   precisely  in   the    manner    of   the  foci    of   the 
circular  cubic.    The  latter  is  in  fact  a  particular  case  of  the  former,  viz.,  the  bicircular 
quartic  may  break  up  into  the  line  infinity,  and  a  circular  cubic. 

Article   Nos.   127   to    129.     Centre  of  the    Circular  Cubic,  and   Nodo-Foti,   &c.    of   the 

Bicircular  Quartic. 

127.  ^The  tangents  at  /,  J  have  not  been  recognised  as  tangents  from  J,  /,  giving 
by  their  intersection  a  focus,  but  it  is  necessary  in  the   theory  to  pay  attention  to  the 
tangents  in  question.    It  is  clear  that  these  tangents   are  .in  fact  asymptotes—  viz.,  in 
the  case  of  the  circular  cubic  they  are    the  two    imaginary  asymptotes  of   the   curve, 
and  m  the  case  of  a  bicircular  quartic,  the  two  pairs  of  imaginary  parallel  asymptotes; 
but  it  is  convenient  to  speak  of  them  as  the  tangents  at  /,  J. 

128.  In  the  case  of  a  circular  cubic,  the  tangents  at  /  and  J  meet  in  a  point 
which  I  call  the  centre  of  the  curve,  viz,  this  is  the  intersection  of  the  two  imaginary 
asymptotes. 
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129.  In    the    case   of    a    bicircular   quartic,   the    two   tangents   at   /  and    the    two 
tangents   at   J  meet    in    four   points,   which   (although   not   recognising   them   as   foci)   I 
call   the   nodo-foci;   these  lie   in  pairs   on  two  lines,  diagonals  of  the  quadrilateral  formed 
by  the   four  tangents   (the   third    diagonal    is    of   course  the   line  1*7),   which   diagonals 
I   call   the   "nodal   axes;"  and  the   point   of  intersection  of  the   two   nodal   axes  is   the 
"centre"   of  the   curve.     The   nodo-foci   are  four  points,  two  of  them   real,  the  other  two 
imaginary,    viz.,    they    are    two    pairs    of    antipoints,  the    lines    through    the    two    pairs 
respectively  being,  of  course,  the   nodal   axes;  these   are  consequently  real  lines  bisecting 
each    other   at  right  angles  in  the  centre  (with  the  relation   1  :  i  between  the  distances). 
The   centre   may  also   be   defined   as   the   intersection   of  the   harmonic  of  IJ  in  regard 
to  the   tangents   at  /,  and  the  harmonic   of  this  same   line  in   regard  to  the  tangents 
at   «7.      Speaking  of    the  tangents   as   asymptotes,   the  nodo-foci   are   the   angles    of    the 
rhombus    formed    by  the    two    pairs    of    parallel    asymptotes;    the    nodal    axes    are    the 
diagonals   of    this    rhombus,   and    the    centre    is    the    point    of   intersection  of   the   two 
diagonals;     as  such  it  is  also  the   intersection   of  the   two  lines  drawn  parallel  to  and 
midway  between  the  lines  forming  each  pair  of  parallel  asymptotes. 

Article   No.    130.     Circular   Cubic    and   Bicircular    Quartic;    the  Accial    or   Symmetrical 

Case. 

130.  In   a    circular    cubic   or    bicircular    quartic,   the   pencil    of    the   tangents   from 
/  and   that   of  the   tangents  through   J,   considered  as  corresponding  to   each  other   in 
some    one    of   the    four    arrangements,   rnay  be    such    that    the    line    IJ    considered    as 
belonging   to   the   two  pencils   respectively   shall  correspond   to  itself,   and  when   this   is 
so,  the   four  foci,  A,  B,  C,  D,  which   are   the  intersections  of  the   corresponding  tangents 
in   question,   will   lie  in   a   line   (viz.,   the   conic   which    exists    in    the   general   case  will 
break   up   into   a   line-pair    consisting    of    the   line   IJ  and   another   line).      The  line   in 
question  may  be   called  the   focal   axis ;  it   will  presently  be   shown  that  in  the   case  of 
the   circular  cubic   it   passes  through   the  centre,  and  that   in   the  case  of  the  bicircular 
quartic   it   not   only  passes   through   the   centre,  but  coincides  with  one   or  other  of  the 
nodal   axes,   viz.,   with   that   passing   through   the  real   or  the  imaginary  nodo-foci;   that 
is,   the   curve   may  have   on  the    focal   axis    two    real    or  else  two  imaginary  nodo-foci. 
The   focal   axis    contains,   as   has  been   mentioned,   four    foci — the   remaining  twelve   foci 
are  situate   symmetrically,  six   on  each  side  of  the  focal  axis,  the   arrangement  of  the 
sixteen    foci    being  as    mentioned    ante,  No.   81    et   seg.;    the  focal  axis  is    in    fact    an 
axis  of  symmetry  of  the  curve,  and  if  preferred  it  may  be  named  the  axis  of  symmetry, 
transverse  axis,  or  simply  the  axis.    And  the  curve  (circular  cubic,  or  bicircular  quartic) 
is  in  this  case  a  " symmetrical"  or  "axial"  curve. 

Article  Nos.  131  to  140.     Ciraidar  Cubic  and  Bicircular  Quartic:  Singular  Forms. 

131.  The  circular  cubic  may  have  a  node  or  a  cusp.     If  this  were  at  one  of  the 
points  Z,  J  the  curve   would  be  imaginary,  and  I   do   not   attend  to  the   case;  and  for 
the  same  reason,  for  the  bicircular  quartic  I  do  not  attend  to  the  case  where  one  of 
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the  points  I,  J  is  a  cusp.  There  remain  then  for  the  circular  cubic  and  for  the 
bicircular  quartic  the  cases  where  there  is  a  node  or  a  cusp  at  a  real  point  of  the 
curve;  and  for  the  bicircular  quartic  the  case  where  each  of  the  points  1,  J  is  a 
CUSp — ia  general  the  curve  has  no  other  node  or  cusp,  but  it  may  besides  have  a 
node  or  cusp  at  a  real  point  thereof. 

132.  I  consider  first  the  case  of  the  bicircular   quartic  where  each  of  the  points 
J,  J  is  a  cusp.    The  curve  is  in  this  case  of   necessity  symmetrical^) — it  is  in  fact 
a  Cartesian;    viz.,  the  Cartesian   may  be   taken    by  definition    to    be    a    quartic    curve 
having  a  cusp  at  each  of   the  circular    points   at    infinity.     But  in  this   case,  as  dis- 
tinguished   from    the    general    case    of    the    bicircular    quartic,    there    is    an    essential 
degeneration    of   all    the    focal    properties,   and    it    is    necessary  to   explain    what    these 
become.    The   centre  is  evidently  the  intersection   of  the  cuspidal  tangents;  the  nodo- 
foci  (so  far  as  they  can  be  said  to  exist)  coalesce   with   the  centre,  and  they  do   not 
in  so  coalescing  determine  any  definite  directions    for  the    nodal    axes;    that  is,   there 
are    no    nodal    axes,  and    the    only  theorem   in    regard    to    the    focal    axis    or    axis    of 
symmetry  is,  that  it  passes  through  the    centre.      Of   the    four    tangents    through   the 
point    /,  one    has   come    to    coincide    with    the    line    IJ\    and    similarly,    of   the    four 
tangents  through    the    point    J  one    has    come    to    coincide    with    the   line    JI:    there 
remain  only  three  tangents  through  /  and    three    tangents    through  J,   and    these  by 
their  intersections  determine  nine  foci — viz.,  three  foci  A,  B,  C  on  the  axis,  and  besides 
(Bly  <?j)  the  antipoints  of  (B,  G):  (C3?  A2)  the  antipoints   of  (0,  A)  and   (As,  B3)  the 
antipoints  of  (A,  B). 

133.  The  remaining  seven  foci  have   disappeared,  viz.,  we  may  consider   that   one 
of  them  has  gone  off  to  infinity  on  the   focal  axis,  and  that  three  pairs   of  foci  have 
come  to   coincide  with  the  points  J,  J"  respectively.     The  circle   0  (as  in   the  general 
<jase   of  a  symmetrical  quartic)  has  become  a  line,  the  focal  axis;   the  circles  R,  S,  T 
(contrary  to  what  might  at  first  sight  appear)  continue  to  be  determinate  circles,  viz., 
these  have  their  centres  at  A,  B,  G  respectively,  and  pass  through  the  points  (B1}  d), 
(02,  Az\  and  (As,  BS)  respectively,  see   ante,  No.   83.     But  on   each   of  these   circles   we 
have  not  more  than  two  proper  foci,  and  it  is  only   on  the  axis  as  representing  the 
circle   0  that  we  have  three  proper  foci,  the  axial  foci  A9  B,  0:  in  regard  hereto  it 
is  to   be   remarked   that    the    equation    of    the    curve   can    be    expressed    not    only  by 
means   of   these  three  foci  in  the   form  A/Z21  +  Vm33  +  ^nd  =  0 ;    but  by  means   of  any 
two  of  them  in  the  form   VZ21  +  VmSS  +  K  =  0,  where  K  is  a  constant,  or,  what  is  the 
same    thing   (#   being    introduced    for    homogeneity  in    the    expressions    of   2[    and    33 
respectively),  in  the  form  VZ2l  -f  VmS  +  Rz*  =  0. 

134    Using  for  the  moment  the  expression  "twisted"  as  opposed  to  symmetrical — 

1  It  will  appear,  post  Nos.  161—164,  that  if  starting  with  three  given  points  as  the  foci  of  a  bicircular 
quartic,  we  impose  the  condition  that  the  nodes  at  J,  /  shall  be  each  of  them  a  cusp,  then  either  the 
quartic  will  be  the  circle  through  the  three  points  taken  twice,  in  which  case  the  assumed  focal  property  of 
the  given  three  points  disappears  altogether,  or  else  the  three  points  must  be  in  lined,  and  thus  the  curve  be 
symmetrical,  that  is,  a  Cartesian. 
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(viz.,  the  curve  is  twisted  when  there  is  not  any  axis  of  symmetry,  but  the  foci  lie 
only  on  circles) — then  the  classification  is 

Circular  Cubics,  twisted, 
„  „        symmetrical, 

Bicircular  Quartics,  twisted, 

JOrdinary, 

[Bicuspidal  =  Cartesian, 

and  each  of  these  kinds  may  be  general,  nodal,  or  cuspidal — viz.,  for  the  two  last 
mentioned  kinds  there  may  be  a  node  or  a  cusp  at  a  real  point  of  the  curve. 

135.  In  the  case   of  a  node,  say  the  point  N;   first  if  the  curve  (circular   cubic 
or    bicircular    quartic)   be   twisted — then    of   the    four    foci    A,   B,  0,  D   we    have    two, 
suppose  B  and  C,  coinciding  with  JW;   and  the  sixteen  foci  are  as  follows,  viz. 

B,  C,  A,  D  are  N,  N,  A,  D; 

ft,  Ci,  A13  A  „     N,  N,  Antipoints  of  (A,  D); 

C2,  A2,  Bz,  A  „    Antipoints  of  (N,  A},  Antipoints  of  (N,  D) ; 

A3)  JB3)  C3,  A  „  Do.  do. 

viz.,  we  have  the  points  (A,  D)  each  once,  the  node  N  four  times,  the  antipoints  of 
(A,  D)  once,  and  the  antipoints  of  (-3T,  A)  and  of  (N,  D),  each  pair  twice.  But 
properly  there  are  only  four  foci,  viz.,  the  points  A}  D  and  their  antipoints.  The 
circle  0  subsists  as  in  the  general  case,  and  so  does  the  circle  R(BC,  AD\  viz.,  this 
has  for  centre  the  intersection  of  the  line  AD  by  the  tangent  at  N  to  the  circle  0, 
and  it  passes  through  the  point  N,  of  course  cutting  the  circle  0  at  right  angles : 
the  circles  8  and  T  each  reduce  themselves  each  to  the  point  N  considered  as  an 
evanescent  circle,  or  what  is  the  same  thing  to  the  line-pair  JVT,  NJ. 

136.  The   case  is  nearly  the  same  if  the  curve  be  symmetrical,  but  in  the  case 
of  the  bicircular  quartic   excluding  the   Cartesian:    viz.,   we   have  on  the  axis  the  foci 
B,  0  coinciding  at   JV,  and   the  other  two  foci  A,  D;  the  sixteen  foci  are  as  above — 
and  the   circle  -B  is  determined  by  the  proper  construction  as  applied  to  the  case  in 
hand,  viz.,   the   centre    H  is   the   intersection    of   the  axis  by  the  radical    axis  of   the 
point  N"  (considered  as  an  evanescent   circle)  and  the  circle  on  AD  as  diameter;  that 
is  RN^  —  RA.RD.     And  the  circles  S  and   T  reduce   themselves  each  to  the  point  N 
considered  as  an  evanescent  circle. 

137.  Next  if  we  have  a  cusp,  say  the  point  K:  first  if  the  curve  (circular  cubic 
or  bicircular   quartic)   be    twisted — then    of   the    four    foci  A,  B,   C,  D,  three,  suppose 
A,  .B,  (7,  coincide  with  K\  and  the  sixteen  foci  are  as  follows,  viz., 

B  ,  0  ,  A  ,  D  are  JST,  K>  K,  D, 

B19  C19  AI,  A    „    K,  K,  Antipoints  of  (K,  D), 

<72,  A%9  ft,  A    „        Do.  do. 

AB,  ft,  as,  A    „        Do.  do. 
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viz.,  we  have  the  point  D  once,  the  point  K  nine  times,  and  the  antipoints  of  K,  D 
three  times.  But  properly  the  point  D  is  the  only  focus.  The  circle  0  is,  it  would 
appear,  any  circle  through  K,  D,  but  possibly  the  particular  circle  which  touches  the 
cuspidal  tangent  may  be  a  better  representative  of  the  circle  0  of  the  general  case— 
the  circles  R,  S,  T  reduce  themselves  each  to  the  point  K  considered  as  an  evanescent 
point. 

138.  The   like   is  the   case  if   the   curve   be   symmetrical,   but  in   the   case   of  the 
bicircular  quartic  excluding  the   Cartesian;   the   circle   0  is  here   the  axis,  which   is   in 
fact  the  cuspidal  tangent. 

139.  For  the  Cartesian,  if  there  is  a  node  N;   then  of  the  three  foci   A,  B,  C, 
two,  suppose  B  and  C,  coincide  with   N;  the  nine   foci  are  A  once,  N  four  times,  and 
the    antipoints    of  N,  A    twice:  but   properly  the   point   A    is   the   only   focus.     And   if 
there  be  a  cusp  K\  then  all   the   three  foci  A,  B,  C  coincide  with  K\  and   the  nine 
foci  are  K  nine  times;  but  in  fact  there  is  no  proper  focus. 

140.  A  circular  cubic  cannot  have  two   nodes  unless  it  break  up  into  a  line  and 
circle;    and   similarly   a  bicircular   quartic   cannot  have   two    nodes  (exclusive   of    course 
of  the  points  J,  J)  unless  it  break  up  into  two  circles;    the  last-mentioned   case  will 
be  considered  in  the  sequel  in  reference  to  the  problem  of  tactions. 

Article  No.  141.    As  to  the  Analytical  Theory  for  the   Circular  Cubic  and  tlie  Bicircular 

Quartic  respectively. 

141.  It  may  be  remarked  in  regard  to  the  analytical  theory  about  to  be   given, 
that    although    the    investigation    is    very  similar   for    the    circular    cubic    and    for    the 
bicircuiar  quartic,  yet  the  former  cannot  be   deduced  from  the  latter  case.     In  fact  if 
for   the  bicircular  quartic,   using    a    form   somewhat    more   general    than    that   which   is 
ultimately  adopted,  we  suppose  that  for  the  two  nodes  respectively  (£  =  0,  2  =  0)  and 
(17  =  0,  0=0),  then  if  Z£  +  nt0=0,  Z'f  +  W0=aO,  7^+^0  =  0,  w'*7+jp'0=0  are  the  tangents 
at  the  two  nodes  respectively,  the  equation  will  be 

(Zf  +  mz)  (I'g  +  m'e)  (mj  +pz)  (ri*i  +p'z)  +  e#1fa  +  &  (of  +  br>)  +  c^  =  0, 


and  if  (in  order  to  make  this  equation  divisible  by  #,  and  the  curve  so  to  break  up 
into  the  line  z  =  0  and  a  cubic)  we  write  I  =  0  or  n  =  0,  then  the  curve  will  indeed 
break  up  as  required,  but  we  shall  have,  not  the  general  cubic  through  the  two  points 
(f—0,  #  =  0),  (17  =  0,  £=0),  but  in  each  case  a  nodal  cubic,  viz.,  if  Z  =  0  there  will  be 
a  node  at  the  point  (77  =  0,  0=0),  and  if  ra  =  0  a  node  at  the  point  (f  =  0,  0  =  0). 

Article  Nos.  142  to  144.    Analytical  Theory  for  the  Circular  Cubic. 

142.    I  consider  then  the  two  cases  separately;  and  first  the  circular  cubic.    The 
equation  may  be  taken  to  be 
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or,  what  is  the  same  thing, 

&)  (P?  +  2*7  +  «*)  +  **  («?  +  brj  +  eg)  =  0, 

viz.  (£,  97,  *)  being  any  coordinates  whatever,  this  is  the  general  equation  of  a  cubic 
passing  through  the  points  (£=(),  £  =  0),  (77  =  0,  #  =  0),  and  at  these  points  touched  by 
the  lines  £  =  0,  77  =  0  respectively.  And  if  (£,  77,  #  =  1)  be  circular  coordinates,  then  we 
have  the  general  equation  of  a  circular  cubic  having  the  lines  £  =  0,  77  =  0  for  its 
asymptotes,  or  say  the  point  £—  0,  77  —  0  for  its  centre;  the  equation  of  the  remaining 
asymptote  is  evidently  p%  +  c^  +  ez  =  0  ;  to  make  the  curve  real  we  must  have  (p,  q) 
and  (a,  6)  conjugate  imaginaries,  e  and  c  real. 

143.     Taking  in  any  case   the   points  J,  J  to   be  the  points  f  =  07  z  =  0  and  77  =  0, 
2  =  0  respectively,  for  the  equation  of  a  tangent  from  I  write  p%  =  6z\  then  we  have 

#97  (6z  +  cp)  +  ez)  +  z  (a6z  +  bprj  +  cpz)  =  0, 
that  is 

z*  (a9  +  op)  +  772  (02  +  00  +  lp)  +  rf  .  g0  =  0, 

and  the  line  will  be  a  tangent  if  only 

(02  +  e0  +  ftp)"  -  4g0  (a0  +  op)  =  0, 

that  is,  the  four  tangents  from  I  are  the  lines  jpf=0#,  where  6  is  any  root  of  this 
equation  ;  similarly  the  four  tangents  from  J  are  the  lines  #77  =  <£#,  where  <f>  is  any 
root  of  the  equation 

-  4p0  (b<f>  +  cq)  =  0. 


Writing  the  two  equations  under  the  forms 


Be, 


—  Qcpq, 

J 


Be, 


, 

J 


the  equations  have  the  same  invariants;  viz.,  for  the  first  equation  the  invariants  are 
easily  found  to  be 

/  =     3  (e2  -  46p  -  4a#)2  +  72  (ce  -  2a6)  pq, 

/=  -     (&  -  4&p  -  4ag)8  -  36  (ce  -  2db)pq  (&  -  46p  -  4ag)  -  216  c*p*q*> 

and  then  by  symmetry  the  other  equation  has  the  same  invariants.  The  absolute 
invariant  P-j-J"2  has  therefore  the  same  value  in  the  two  equations;  that  is,  the 
equations  are  linearly  transformable  the  one  into  the  other,  which  is  the  before- 
mentioned  theorem  that  the  two  pencils  are  homograpnic. 

144.     The  two    equations  will   be    satisfied  by  0  =  $,  if   only  6p  =  oj;    that  is,  if 
p  =  ^  ,  q  =  -  ;  putting  for  convenience  T  in  place  of  e,  the  equation  of  the  curve  is  then 

fC  rC  "* 
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In  this  case  the  pencils  of  tangents  are  af  =  4ft*,  brj**k0g,  where  6  is  ^  determined  by 
a  quartic  equation,  or  taking  the  corresponding  lines  (which  by  their  intersections 
determine  the  foci  A,  B,  C,  D)  to  be  (a£=ke&  fy  =  ^)>  &&,  these  four  points  lie  in 
the  line  a£-  6*7  =  0,  which  is  a  line  through  the  centre  of  the  curve,  or  point  £  =  0; 
77  =  0:  the  formulee  just  obtained  belong  therefore  to  the  symmetrical  case  of  the 
circular  cubic.  Passing  to  rectangular  coordinates,  writing  #=!,  and  taking  y  =  0  for 
the  equation  of  the  axis,  it  is  easy  to  see  that  the  equation  may  be  written 


or,  changing  the  origin  and  constants, 

—  a)  (as  —  b)  (%  —  (?)  =  0. 


Article  Nos.  145  to  149,     Analytical  Theory  for  the  Bicircular  Quartic. 
145.     The  equation  for  the  bicircular  quartic  may  be  taken  to  be 


viz.  (f,  17,  #)  being  any  coordinates  whatever,  this  is  the  equation  of  a  quartic  curve 
having  a  node  at  each  of  the  points  (£  =  0,  z  =  0)  and  (<q  =  0,  -0=0)  :  the  equations  of 
the  two  tangents  at  the  one  node  are  £—  a#  =  0,  £+as  =  0;  and  those  of  the  two 
tangents  at  the  other  node  are  17  —  $ar  =  0,  97-f-yS3  =  0;  £  =  0  is  thus  the  harmonic  of 
the  line  #  =  0  in  regard  to  the  tangents  at  (£=0,  -0  =  0),  and  ^  =  0  is  the  harmonic 
of  the  same  line  #=0  in  regard  to  the  tangents  at  (77  =  0,  #  =  0).  If  (£  ^  #=1)  be 
circular  coordinates,  then  we  have  the  general  equation  of  the  bicircular  quartic  having 
the  lines  f4-az  =  0,  £  —  «£  =  0  for  one  pair,  and  the  lines  97—  ^  =  0,  97+^  =  0  for  the 
other  pair  of  parallel  asymptotes;  and  therefore  the  point  £  =  (),  77  =  0  for  centre,  and 
the  lines  £f-  0:77  =  0,  /3%  +  ar}  =  0  for  nodal  axes.  In  order  that  the  curve  may  be  real 
we  must  have  (a,  £),  (a,  6)  conjugate  imaginaries,  k,  e,  c  real.  The  points  (f  =  0,  #  =  0) 
and  (07  =  0,  af=  0)  are  as  before  the  points  J,  J".  If  a  =  0,  the  node  at  I  becomes  a 
cusp,  and  so  if  /3  =  0,  the  node  at  J  becomes  a  cusp  ;  the  form  thus  includes  the  case 
of  a  bicuspidal  or  Cartesian  curve. 

146.    To  find  the  tangents  from  J,  writing  in  the   equation  of  the   curve 
we  have 

that  is 


and  the  condition  of  tangency  is 
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viz.,   the  tangents   from   I  are   %  =  6az,  where  9  is  any  root  of  this    equation.     Similarly, 
if  we  have 


\         PJ 
the  tangents  from  J  are  77  =  fyftz,  where  <£  is  any  root  of  this  equation. 

147.     The  two  equations  may  be  written 


-    6kaa, 


6aa 


6  — 

a2 


24/fc2a2yS2, 
-   6&S/3, 


6 


which   equations  have  the   same  invariants;   in   fact   for  the   first  equation  the  invariants 
are  found  to  be  as  follows,  viz.,  if  for  shortness  G=—  8&2a2/S2  —  4&c-f-02,   then 


3(72, 


J"  = 


and  then  by  symmetry  the  other  equation  has  the  same  invariants.  The  absolute 
invariant  J8-r  J2  has  thus  the  same  value  in  the  two  equations,  that  is,  the  equations 
are  linearly  transformable  the  one  into  the  other,  which  is  the  before-mentioned 
theorem  that  the  pencils  are  homographic. 

148.  The  equations  will  be  satisfied  by  6  =  $  if  only  aa  =  6y8,  that  is,  if  a,  Z>  =  m/8,  ma.', 
or  by  6  =  —  <£  if  only  aa  =  —  6)8,  that  is,  if  a,  6  =  w/3,  —  ma  :  the  equation  of  the  curve 
is  in  these  two  cases  respectively 


(ft  - 


+  mz3  (J3g  +  awy)  +  as4  =  0, 
=  0. 


If  to  fix  the  ideas  we  attend  to  the  first  case,  then  the  equation  in  0  is 


,  1)4=0; 


-    Gkmafr 

6&ma/3  4  Sme, 

24A2a2y32  4  24&c  +  6m2 

and  we  may  take  as  corresponding  tangents  through  the   two  nodes  respectively  £  = 
?7  =  0)9#;  the  foci  A,  B,  C,  D,  which  are  the  intersections  of  the  pairs  of  lines  (£  = 
c.  vi.  67 
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&c.,  lie,  it  is  clear,  in  the  line  ft%  —  ay  =  0,  which  is  one  of  the  nodal  axes 
of  the  'curve.  Similarly,  in  the  second  case,  if  0  be  determined  by  the  foregoing 
equation,  we  may  take  as  corresponding  tangents  through  the  two  nodes  respectively 
£=0oz,  97  =  -0#z;  the  foci  (A,  B,  C,  D),  which  are  the  intersections  of  the  pairs  of 
lines  (£=0iO£,  •>?  =  — 0i#z),  &c.,  lie  in  the  line  /3£+ 0^7  =  0,  which  is  the  other  of  the 
nodal  axes  of  the  curve.  In  either  case  the  foci  A,  B,  C,  D  lie  in  a  line,  that  is, 
we  have  the  curve  symmetrical;  and,  as  we  have  just  seen,  the  focal  axis,  or  axis  of 
symmetry,  is  one  4or  other  of  the  nodal  axes. 

149.  In  the  case  of  the  Cartesian,  or  when  a  =  0,  /3  =  0,  viz.,  the  equation  aa  =  6/3 
is  satisfied  identically,  and  this  seems  to  show  that  the  Cartesian  is  symmetrical;  it 
is  to  be  observed,  however,  that  for  a  =  0,  /3  =  0  the  foregoing  formulae  fail,  and  it  is 
proper  to  repeat  the  investigation  for  the  special  case  in  question.  Writing  a  =  0,  /?  =  0, 
the  equation  of  the  curve  is 

*fV  +  ez*fr  +  *  (of  +  697)  +  C54  =  0, 
and  then,  taking  £=06#  for  the  equation  of  the  tangent  from  I,  we  have 


+  yz  .  I  (ed  4-  1) 
+  z* 
and  the  condition  of  tangency  is 


-  (&0  +  1)2  =  0  ; 

viz,,  we  have  here  a  cubic    equation.     Similarly,  if   we  have   ?7  =  0a#   for  the   equation 
of  a  tangent  from  J,  then 

c)  -  (e<j>  +  1)2  «  0. 


Hence  0  being  determined  by  the  cubic  equation  as  above,  we  may  take  6  =  0,  and 
consequently  the  equations  of  the  corresponding  tangents  will  be  £=0&s,  <rj  =  Qa#,  viz., 
the  foci  A,  J5,  C  will  be  given  as  the  intersections  of  the  pairs  of  lines  (f-  =  6Jbz, 
-37~0iO#),  &c.  The  foci  lie  therefore  in  the  line  af—  677  =  0;  or  the  curve  is  symmetrical, 
the  focal  axis,  or  axis  of  symmetry,  passing  through  the  centre. 

Article  Nos.  150  to  158,     On  the  Property  that  the  Points  of  Gontact  of  the   Tangents 
from  a  Pair  of  Concydio  Foci  lie  in  a  Circle. 

150.  We  have  seen  that  the  sixteen  foci  form  four  concyclic  sets  (A,  B,  (7,  D\ 
(Alt  Sl9  Gl}  A),  (A*  -B2,  <7S,  A),  (-4i,  £„  08,  A),  that  is,  A,  B,  Ot  D  are  in  a  circle. 
We  may,  if  we  please,  say  that  any  one  focus  is  concyclic  —  viz.,  it  lies  in  a  circle  with 
three  other  foci;  but  any  two  foci  taken  at  random  are  not  concyclic;  it  is  only  a  pair 
such  as  (A,  S)  taken  out  of  a  set  of  four  concyclic  foci  which  are  concyclic,  viz., 
there  exist  two  other  foci  lying  with  them  in  a  circle.  The  number  of  such  pairs 
is,  it  is  clear  =  24.  Let  A,  B  be  any  two  concyclic  foci,  I  say  that  the  points  of 
contact  of  the  tangents  A  I,  AJt  BI>  BJ,  lie  in  a  circle. 
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151.  Consider  the  case  of  the  bicircular  quartic,  and  take  as  before  (f  =  0,  s  =  0), 
and  (77  =  0,  z  =  0)  for  the  coordinates  of  the  points  /,  /  respectively.  Let  the  two 
tangents  from  the  focus  A  be  £  —  02  =  0,  ^-a'^^O,  say  for  shortness  jp  =  0,  p'  =  0, 
then  the  equation  of  the  curve  is  expressible  in  the  form  pp'll=  F3^),  where  J7=0, 
7  =  0  are  each  of  them  a  circle,  viz.,  U  and  F  are  each  of  them  a  quadric  function 
containing  the  terms  z*,  z<rj,  z%,  and  £>?.  Taking  an  indeterminate  coefficient  X,  the 
equation  may  be  written 


and  then  X  may  be  so  determined  that  U+  2xF+X2j9p'  =  0,  shall  be  a  0-circle,  or 
pair  of  lines  through  /  and  J".  It  is  easy  to  see  that  we  have  thus  for  X  a  cubic 
equation,  that  is,  there  are  three  values  of  X,  for  each  of  which  the  function 
Z7-f  2XF  +  X3#p'  assumes  the  form  (f  —  fiz)  (T?  —  p'z),  —qqf  suppose:  taking  any  one  of 
these,  and  changing  the  value  of  F  so  as  that  we  may  have  V  in  place  of  F+  Xpp', 
the  equation  is  pp'qq1  4-  F2,  where  F=0  is  as  before  a  circle,  the  equation  shows  that 
the  points  of  contact  of  the  tangents  p  =  0,  p'  =  0,  q  =  0,  5'  =  0  lie  in  this  circle  F=  0. 
The  circumstance  that  X  is  determined  by  a  cubic  equation  would  suggest  that  the 
focus  g=0,  j'-O  is  one  of  the  three  foci  J3,  (7,  D  coney  clic  with  A  ;  but  this  is 
the  very  thing  which  we  wish  to  prove,  and  the  investigation,  though  somewhat  ]ong, 
is  an  interesting  one. 

152.     Starting   from   the   form  pp'qq'  —  F*,   then   introducing   as   before   an  arbitrary 
coefficient  X,  the  equation  may  be  written 

JRP'  (3St  +  2XF+  X2^/)  =  (F-f  \ppj, 

arid  we  may  determine  X  so  that  qq'  +  2XF  +  X2pp'  =  0  shall  be  a  pair  of  lines. 
Writing  F  =  H%rj  —  Lyz  —  L%z  +  Mz*,  and  substituting  for  pp'  and  qtf  their  values 
(£  _  az)  (^  -  ofz)  and  (£  -  ftz)  (TJ  -  /3^);  the  equation  in  question  is 


-  08  +  2XL  -f  X2*)  4*  -  (£'  +  2Xi'  +  XV)  £*  +  (/SyS7  +  2XM  +  XW)  ^2  =  0, 
and  the  required  condition  is 

(1  +  2X£T  +  X2)  (/3/T  +  2X3f  +  X2a^)  =  (/3  +  2XZ  +  X2a)  (/3f  +  2XL'  +  XV)  ; 

or  reducing,  this  is 

(2Jf  +  25^/S7  -  2-Z/0  -  2L^) 

+  X  ((a  -  ^S)  (^  -  )80  +  ^jffJkf-  4LL') 
+  X2  (2Jf  -f  2^^  -  2iya  -  2i«0  =  0, 


viz.,  X  is  determined  by  a  quadric  equation.  Calling  its  roots  X^,  and  Xa,  the  foregoing 
equation,  substituting  therein  successively  these  values,  becomes  (£  —  yz)  (y  —  «/z)  =  0,  and 
0  respectively,  say  rr'  =  0  and  ss'  =  (X 


1  This  investigation  is  similar  to  that  in   Salmon's  Higher  Plane  Curves,  p.   196,  in  regard  to  the  double 
tangents  of  a  quartic  curve. 

67—2 
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153.  We  have  to  show  that  the  four  foci  (p  =  0,  /=0),  (#=0,  q'~0),  (r=0, 
tf  =  0),  (s  —  0,  s'  =  0)  are  a  set  of  concyclic  foci ;  that  is,  that  the  lines  p  =  0,  q  =  0, 
r  ==  0,  5  =  0  correspond  homographically  to  the  lines  pr  =  0,  q'  =  0,  rx  =  0,  $'  =  0 ;  or,  what 
is  the  same  thing,  that  we  have 


1,     a,     a', 

1,     A    £', 


=  0, 


1,     S,     S',     SS' 

or,  as  it  will  be  convenient  to  write  this  equation, 

-ff    y-S  __  a-S    ff~ 
" 


We  have 


'   7 


« 

The  expressions  of  a  —  S,  &a,  are  severally  fractions,  the  denominators  of  which  disappear 
from  the  equation;  the  numerators  are 

for  a  -  8,  «     a(l  +  2X,JET  +  V)  -  (/8  + 


for  0-y,  =r 


for  7  -  S,  =      (^8  +  SIXa  +  aAa8)  (1  +  2jff^  +  V) 


it  hence  easily  appears  that  the  equation  to  be  verified  is 


*+  \  (of  -  /3')2  ~  rf  - 


-  i')  -  (a'  - 


155.    This  is 


._       ,^ 
if  for  shortness 


'=     2  (a'  - 


-  Lf)    , 


Z)'  =  -  2  (a'  - 


the  equation  then  is 
-  A' 


-  aA-(\  +  x,)  (BO'  -  ffd)  +  \\  (CD'  -CTD- 
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156.     Calculating  AB'-A'B,   GA'-C'A,  CD'-C'D,  BD'-B'D,   these   are    at  once 
seen  to  divide  by  {(ap  -  a'/3)  H  +  L  (a'  -  £')  -  U  (a  -  ft)}  ;  we  have,  moreover, 


'-oL'ft 
viz.,  this  also  contains  the  same  factor  ;   and  omitting  it,  the  equation  is  found  to  be 


=0; 

viz.,  substituting  for  Xi  +  Xa  and  A^Xj  their  values,  this  is 

{(a  -  13)  (a'  -  £0  -  4  (ftH  -  Z)  (£'#  -  Z')J  (M+H*et  -Lef-  Z'a) 


which  should  be  identically  true.     Multiplying  by  H,  and  writing  in  the  form 

'-Z/)     }(HM-LL'  +  (aH  -  L)(cfH-L')    ) 

) 
+  (/3J?- 

we  at   once   see  that  this  is  so,  and   the  theorem  is  thus  proved,  viz.,  that  the  equation 
being  pp'qq'  =  F2,  the  foci  (p  =  0,  p7  =  0)  and  (<?  =  0,  gf  =  0)  are  concyclic. 

157.     By  what  precedes,  X  being  a  root  of  the  foregoing  quadric  equation,  we  may 

write 

qq'  +  2XF  +  \9pp'  =  ^2rr', 

where    the    focus    r  =  0,  r'  =  0    is    concyclic    with    the    other    two    foci;    but    from    the 
equation  of  the  curve  V—^Jpp'qq)  that  is  we  have 

qq'  +  2X  *Jpp'qqr 
or,  what  is  the  same  thing, 

X 


viz.,   this  is   a   form   of  the   equation   of  the  curve:    substituting  for  p,  p't  q,  q'y  r,  r' 
their  values,  writing  also 


-and  changing  the  constants  X,  J5T  (viz.  X  :  1  :  K=**Jl  :  Vm  :  V?i)  the  equation  is 

4-  V^S  =  0, 
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viz,,  we  have  the  theorem  that  for  a  bicircular  quartic  if  (£-0^  =  0,  ^-a'£  =  0), 
(f:-#*=0,  77  -£'2  =  0,  (£-7^  =  0),  9?  -7^  =  0)  be  any  three  concyclic  foci,  then  the 
equation  is  as  just  mentioned;  that  is,  the  curve  is  a  trizomal  curve,  the  zomals 
being  the  three  given  foci  regarded  as  0-circles.  The  same  theorem  holds  in  regard 
to  the  circular  cubic,  and  a  similar  demonstration  would  apply  to  this  case. 

158.  It  may  be  noticed  that  we  might,   without  proving  as  above   that  the  two 
foci   (jp  =  0,  p'  =  0),   (?=0,   2'=0)   were   concyclic,   have   passed   at    once   from   the   form 
pp'qq'  =  V\  to  the   form   X  */pp'  +  *Jqtf  +  K  Vr/  =  0   (or   *JW  =  VmS  =  */n$  =  0),   and   then 
by   the    application    of   the    theorem    of   the    variable    zomal    (thereby   establishing    the 
existence   of   a  fourth    focus    concyclic  with    the    three)   have    shown    that    the   original 
two  foci  were   concyclic.     But  it  seemed  the   more   orderly  course  to   effect  the  demon- 
stration  without  the  aid   furnished  by  the   reduction   of  the   equation    to   the   trizomal 
form. 

PART  IV.  (Nos.  159  to  206).    ON  TRIZOMAL  AKD  TETRAZOMAL  CURVES  WHERE  THE  ZOMALS 

ARE  CIRCLES. 

Article  Nos.  159  to  165.    TJte  Trizomal  Curve  —  The  Tangents  at  I,  J,  &c. 

159.  I  consider  the  trizomal 


where  A,  B,  G  being  the  centres  of  three  given  circles,  21°,  &c.  denote  as  before,  viz.* 
in  rectangular  and  in  circular  coordinates  respectively,  we  have 

21°  =  (at  -  dzf  4-  (y  -  dz?  -  a'V,     =  (f  -  az)  (97  -  ofz  )  -  a'V, 
33°  =  (a  -  IzJ  +  <y  -  6^)2-  V  V,    =  (f  - 
S°  =  (tt  -  c*)2  +  (y  -  c^)2  -  c'V,    =  (f  _ 

By  what  precedes,  the  curve  is  of  the  order  =4,  touching  each  of  the  given  circles 
twice,  and  having  a  double  point,  or  node,  at  each  of  the  points  /,  J\  that  is,  it  is 
a  bicircular  quartic:  but  if  for  any  determinate  values  of  the  radicals  V£  Vm,  ^n, 
we  have 

VT     -f  Vra      -f  */n      =0, 
then  there  is  a  branch 

V78T04-Vm^-fV^-0, 

containing  (2=0)  the  line  infinity;  and  the  order  is  here  =3:  viz.,  the  curve  here 
passes  through  each  of  the  points  /,  J  and  through  another  point  at  infinity  (that  is, 
there  is  an  asymptote),  and  is  thus  a  circular  cubic. 

160.  I  commence  by  investigating  the  equations  of  the  nodal  tangents  at  the 
points  /,  J  respectively;  using  for  this  purpose  the  circular  coordinates  (f,  77,  s  =  l), 
it  is  to  be  observed  that,  in  the  rationalised  equation,  for  finding  the  tangents  at 
(f  =  0,  #=0)  we  have  only  to  attend  to  the  terms  of  the  second  order  in  (£  z\  and 
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similarly  for  finding  the  tangents  at  (77  =  0,  *  =  0)  we  have  only  to  attend  to  the  terms 
of  the  second  order  in  (77,  *).  But  it  is  easy  to  see  that  any  term  involving  a",  b", 
or  c"  will  be  of  the  third  order  at  least  in  (f,  *),  and  similarly  of  the  third  order  at 
least  in  (97,  z)\  hence  for  finding  the  tangents  we  may  reject  the  terms  in  question, 
or,  what  is  the  same  thing,  we  may  write  a",  I",  c"  each  =  0,  thus  reducing  the  three 
circles  to  their  respective  centres.  The  equation  thus  becomes 


7-^ 

For  finding  the  tangents  at  (£  =  0,  5  =  0)  we  have  in  the  rationalised  equation  to 
attend  only  to  the  terms  of  the  second  order  in  (f,  z)\  and  it  is  easy  to  see  that 
any  term  involving  a',  /3',  7'  will  be  of  the  third  order  at  least  in  (£  *),  that  is, 
we  may  reduce  a',  /3',  y  each  to  zero;  the  irrational  equation  then  becomes  divisible 
by  V?;,  an<l  throwing  out  this  factor,  it  is 

-oe)  4-  Vro  ((•-£*)  +  Vn(f-y*)  =  0, 


viz.,  this  equation  which  evidently  belongs  to  a  pair  of  lines  passing  through  the  point 
(|  =  0,  z  =  0)  gives  the  tangents  at  the  point  in  question  ;  and  similarly  the  tangents 
at  the  point  (97  =  0,  z  =  0)  are  given  by  the  equation 

VZfo  —  flfe)  +  Vm  (77  -  ffg)  +  Vn(i?-r/*):=0. 

161.     To  complete    the    solution,  attending  to    the  tangents    at  (£=0,   £  =  0),  and 
putting  for  shortness 


jj,  ~  —  I  +  m  —n, 
v^—l—m+n, 

A  =     Z2  +  m3  -h  n2  -  2mri  -  2raZ  -  Zlm, 
the  rationalised  equation  is  easily  found  to  be 


7z//,6j8  +  nvy) 

»V  "  Sraw^Sy  -  ^Zya  -  2?ma^)  =  0  ; 

and  it  is  to  be  noticed  that  in  the  case  of  the  circular  cubic  or  when 

then   A  =  0,   so   that  the    equation   contains    the    factor    z,  and   throwing   this    out,  the 

equation  gives  a  single  line,  which  is  in  fact  the  tangent  of  the  circular  cubic. 

162.     Returning  to   the  bicircular   quartic,  we   may  seek  for   the   condition  in  order 
that  the  node  may.  be  a  cusp  :  the  required  condition  is  obviously 


m2/?  +  ny  -  2mn/3y  -  2r%a  -  2lma/3)  -  (foa  +  m/ju/3  +  nvy)*  =  0, 
or  observing  that 


0, 


A  —  X2  =  —  4m?fc,  &c. 
this  is 
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or  substituting  for  X,  p,  v,  their  values,  it  is 


[414 


or,  as  it  is  more  simply  written, 


*_.,._» 


163.    If  the  node  at  (17  =  0,  £  =  0)  be  also  a  cusp,  then  we  have  in  like  manner 

I 


7^  +  irV-OL 


Now  observing  that 


A    ff,    l 

7,    •/,     1 

-  70  -  (aC  -  ff)  (ft  -  7), 


=  fl  suppose:  the  two  equations  give 

I  :  m  :  n  =  Q,  (ft-  y)  OS'-?')  :  &  (j  -  a)  (7'  -  a')  :  12  (a  -  /9)  (a'  -  @') ; 
or  if  H  is  not  =  0,  then 

164.    If 

,  =0, 


or,  what  is  the  same  thing,  if 


a>     «', 

1 

/O         Of 

P,       P  9 

1 

7,  y, 

1 

a,     a', 

1 

6,    y, 

1 

c,    <f, 

1 

=  0, 


the  centres  A,  B,  G  are  in  a  line ;  taking  it  as  the  axis  of  #,  we  have  a  =  a'  =  a, 
j8  =  y8'  =  &,  <y  =  7/  =  c;  and  the  conditions  for  the  cusps  at  /,  J  respectively  reduce 
themselves  to  the  single  condition 

I      »     m     ,     n        r\ 

7 1 H f  =  U, 

6  —  0     c  —  a     a~o 

so  that  this  condition  being  satisfied,  the  curve 


c'V}  =  0 

is  a  Cartesian;    viz.,  given  any  three    circles  with  their  centres  on  a  line,  there   are 
a  singly  infinite  series  of   Cartesians,   each  touched  by  the  three    circles    respectively; 
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the  line  of  centres  is  the  axis  of  the  curve,  but  the  centres  A,  B,  C  are  not  the  foci, 
except  in  the  case  a"  =  0,  &"  =  0,  c"  =  0,  where  the  circles  vanish.  The  condition  for 
I,  m}  n^  is  satisfied  if  I  :  m  :  n  =  (b~  c)3  :  (c  -  a)2  :  (a  -  6)2  ;  these  values,  writing 
VT  :  Vm  :  *Sn  =  b  —  c  :  c  —  a  :  a  —  b,  give  not  only  VT-h  Vm  +  */n  =  0,  but  also 
a  VT+  b  Vm  +  G  *Jn  =  0  ;  these  are  the  conditions  '  for  a  branch  containing  (z*  =  0)  the 
line  infinity  twice  ;  the  equation 


(b  -  c 


c  -  a 


-  c'  V  =  0, 


is   thus   that   of  a   conic,  and   if  a"  =  0,  II'  =  0,  c"  =  0,  then   the   curve   reduces   itself  to 
3/2  =  0,  the  axis  twice. 

165.     If  n  is  not  =0,  then  we  have 
I  :  m  :  w  =  (£ 


viz.,  I,  m,  n  are  as  the  squared  distances  BC*,  CA2,  A£3,  say  as  /2  :  g2  :  h2;  or  when 
the  centres  of  the  given  circles  A,  B,  C  are  not  in  a  line,  then  ft  gy  Ji  being  the 
distances  EG,  CA,  AB  of  these  centres  from  each  other,  we  have,  touching  each  of 
the  given  circles  twice,  the  single  Cartesian 


which,  in  the  particular  case  where  the  radii  a",  b",  c"  are  each  =0,  becomes 

/V^T  +#VS   +h\f&   =0, 
viz.,  this  is  the  circle  through  the  points  A,  B,  0,  say  the  circle  ABC,  twice. 


Article  Nos.   166  to   169.     Investigation   of  the  Foci  of  a   Conic   represented  by 

an  Equation  in  Areal  Coordinates. 

166,  I  premise  as  follows:  Let  A,  B,  C  be  any  given  points,  and  in  regard  to 
the  jbriangle  ABC  let  the  areal  coordinates  of  a  current  point  P  be  u}  v,  w;  that  is, 
writing  PBC,  &c.,  for  the  areas  of  these  triangles,  take  the  coordinates  to  be 


u  :  v  :  iv  =  PBC  :  PCA  :  PAB, 
or,  what  is  the  same  thing  in  the  rectangular  coordinates  (a?,  y,  z  =  1),  if 

(a,  a',  1),  (6,  V,  1),  (o,  c',  1), 
be  the  coordinates  of  A,  B,  C  respectively,  take 
u  :  v  :  w- 


C.    VI. 


«s,    y,    is 

: 

#,  y,  * 

: 

®,   y,    z 

6,    V,    1 

c,    c',    1 

a,    a',     1 

e,    c',    1 

a,    a',     1 

b,    V,    1 

68 


538 


ON  POLYZOMAL  CURVES. 


[414 


or  in  the  circular  coordinates   (£   y,  z~\\   if  (a,  a',  1),   (ft  /3',   1),  (7,   7',  1)  be  the 
coordinates  of  the  three  points  respectively,  then 


:  v  :  w- 


7,     7, 


a,     a',     1 


,     a',     1 


A 


167.    For    the    point    /    we    have    (£,  7?,  2)  =  (0,    1,    0),    and    hence    if   its    areal 
coordinates  be  (w0>  VQ,  w0),  we  have 

-W0  :  V0  :  WO-/3-7  :  7-3  :  a-ft 

and  hence  also,  (u,  v,  w)  referring  to  the  current  point  P,  we  find 

-  <w)  -(a  -  /3)  (77  -  a'*)] 


if 


whence 


O  -  <y  -  a)  (a'  -  /SO  -  (a-  0)  (7'  -  a'), 


«, 

A 
7, 


and  in  precisely  the  same  manner,  if  u0',  v0',  WQ'  refer  to  the  point  J",  then 

UQ'  :  ^  :  <  =  ft-y  :  7'-a'  :  a'-^, 
.and 


WQV  : 
168.    Consider  the  conic 


:  ufy  -  uvQ'  =  77  —  of  z  :  ri  —  ft'z  :  q  — 


where  ^,  v,  w  are  any  trilinear  coordinates  whatever;  and  take  the  inverse  coefficients 
to  be  (A,  B>  C,  F>  O,  H)  (A  =  be  —fs,  &c.),  then  for  any  given  point  the  coordinates  of 
which  are  (u0,  %,  w0),  the  equation  of  the  tangents  from  this  point  to  the  conic  is, 
as  is  well  known, 

0  ; 


(A,  B,  C,  F3  <?, 

consequently  for  the  conic 

(a,  6,  c,  /,  g,  K$u,  v,  w)*  =  0, 

where  (w,  v,  w)  are  areal    coordinates   referring,   as   above,  to  any  three  given   points 
A,  JB,  (7,  the  equation  of  the  pair  of  tangents  from  the  point  I  to  the  conic  is 

(A,  B,  C,  F9  0,  H%£-cu,  %  -  fa  f- 
.and  that  of  the  pair  of  tangents  from  /  is 

(A,  B}  C,  F,  G,  Sr$y- 
these  two  line-pairs  intersecting,  of  course,  in  the  foci  of  the  conic. 
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169.     In   particular,  if  the   conic   is   a   conic   passing  through   the  points   A,  B,   (7, 
then  taking  its  equation  to  be 

Ivw  +  mwu  +  nuv  =  0, 

the   inverse   coefficients   are   as   (P,   m2,   n\  -Zmn,   —  2nl,   —Zlm),   and   we   have   for   the 
equations  of  the  two  line-pairs 


VZ  (f  -"oz)  +  Vm(f  -£*)  4-  Vw(£-y*)  =  0, 
VZ  (77  -  ofe)  +  Vm(>7-/9X)  -f  ^  (77  -  </z)  =  0. 


Article  No.  1*70.     TAe  Theorem  of  the  Variable  Zomal. 

170.     Consider  the  four  circles 

31°  =  0,  33°  =  0,  S0  =  0,  £>°  =  0  (51°  =  («  -  a*)2  +  (y  -  a'*)2  -  a'V,  &c.), 
which  have  a  common  orthotomic  circle;  so   that  as  before 


where 

a  :  b  :  c  :  d  =  BCD  :  -CDA  :  DAB  :  -ABO. 


I  consider  the  first  three  circles  as  given,  and  the  fourth  circle  as  a  variable  circle 
cutting  at  right  angles  the  orthotomic  circle  of  the  three  given  circles;  this  being 
so,  attending  only  to  the  ratios  a  :  b  :  c,  we  may  write 

a  :  b  :  c        =  DBG  :      DO  A  :  DAB, 

that  is,  (a,  b,  c)  are  propoi^ional  to  the  areal  coordinates  of  the  centre  of  the  variable 
-circle  in  regard  to  the  triangle  ABO. 

171.  Suppose  that  the  centre  of  the  variable  circle  is  situate  on  a  given  conic,. 
then  expressing  the  equation  of  this  conic  in  areal  coordinates  in  regard  to  the 
triangle  ABO,  we  have  between  (a,  b,  c)  the  equation  obtained  by  substituting  these 
values  for  the  coordinates  in  the  equation  of  the  conic;  that  is,  the  equation  of  the- 

variable  circle  is 

cS0  =0, 


where  (a,  b,  c)  are  connected  by  an  equation 

(*>  6,  c,/  <7,  A$a,  b,  cy«0. 
Hence  (A,  B,  (7,  F,  G,  H)  being  the  inverse   coefficients,  the  equation  of  the  envelope- 

of  the  variable  circle  is 

(A,  Bf  Oy  F,  G,  J?pl°,  8°,  S°)a=0, 

and,   in  particular,  if  the  conic  be  a  conic  passing  through  the  points  A,  B,  C,  and 
such   that    its    equation    in    the    areal  coordinates   (u>  v,  w)  in    regard    to  the  triangle 

ABC  is 

Ivw  4-  mwu  4-  nuv  =  0, 
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2t°, 


then  the  equation  of  the  envelope  is 

(l\  m\  n\  -  mn,  -  nl,  - 
that  is,  it  is 

(1,    1,  1,  -    1,  -  1,  - 

or,  what  is  the  same  thing,  it  is 

+  VmS"0  +  Vnl5  =  0. 


0  ; 


172.     It  has  been    seen    that  the    equations   of   the  nodal  tangents   at   the  points 
,  J  respectively  are  respectively 


^(£-7*)  =  0, 
37  -  ate)  +  Vw  (97  -  #*)  -f  Vw  (97  -  y's)  =  0, 

and  that  these  are  the  equations  of  the  tangents  to  the  conic  Ivw  +  raww  +  mw  =  0 
from  the  points  /,  J  respectively.  We  have  thus  Casey's  theorem  for  the  generation 
of  the  bicircular  quartic  as  follows:  —  The  envelope  of  a  variable  circle  which  cuts  at 
right  angles  the  orthotomic  circle  of  three  given  circles  21°  =  0,  33°  =  0,  ®°  =  0,  and  has 
its  centre  on  the  conic  Ivw  +  mwu  +  nuv=  0  which  passes  through  the  centres  of  the 
three  given  circles  is  the  bicircular  quartic,  or  trizomal 


VZST  +  VW8°  +  VnS°  =  0, 
-which  has  its  nodo-foci  coincident  with  the  foci  of  the  conic. 

173.     To  complete  the    analytical   theory,   it   is   proper  to   express    the   equation   of 
the  orthotomic  circle  by  means  of  the  areal  coordinates  (u,  v,  w).     Writing  for  shortness 
=  a\  &e.,  and  therefore 

(fee., 


then  if  as  before 


21°  =  a?2  4-  y2  -  Zaaz  -  Sa'yz  - 


^    y,    z 

: 

#>   y  i   % 

; 

£0.       7/  .       % 
wt       &  3       ~ 

b,    V,    1 

o,    G',    I 

a,    a',    1 

o,    c',    1 

a,    a',     1 

b,    V,    1 

u  :  v  :  w- 


and  therefore 

x  :  y  :  z  =  a 

the  equation  of  the  orthotomic  circle  is 

?  —  az,  y  —  a!z,  ax  +  a!y  —  dz 
j  —  bz,  y  —  b'z,  bx+b'y  —  &z 
*-cz,  y-  c'z,  ex  +c'y-  £z 

viz.,  throwing  out  the  factor  z>  this  is 

u  (ax  +  a'y  —  <£z)  +  v  (b$  +  b'y  —  Vz)  + 


u  +  v  4-  w, 


0, 
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or,  what  is  the  same  thing,  it  is 

(au  +  bv  +  cw)oc  +  (a'u  +  b'v  +  c'w)  y  -  (tfu  +  Vv  +  Jw)  z  =  0, 

viz.,  it  is 

(aw  +  fo  +  cw)2  +  (a'u  +  b'v  +  c'w)*    -(tiu  +  Vv  +  c"w)(u  +  v  +  w)  =  0, 
that  is,  substituting  for  a\  6\  cv  their  values,  it  is 


"2  -(c  -a)3-(c'  -a')2)^ 

=  0, 


and  it  may  be  observed  that  using  for  a  moment  a,  &  7  to  denote  the  angles  at 
which  the  three  circles  taken  in  pairs  respectively  intersect,  then  we  have  Wo"  cos  a 
=  6//2  +  c"2  —  (6  —  c)3  —  (6'  -  c')2,  &c.,  and  the  equation  of  the  orthotomic  circle  thus  is 

(1,  1,  1,  cos  a,  cos/3,  cosyJV'w,  &"fl,  c"w;)a  =  0. 

174.  We  have  in  the  foregoing  enunciation  of  the  theorem  made  use  of  the 
three  given  circles  A>  B,  C,  but  it  is  clear  that  these  are  in  fact  any  three  circles 
in  the  series  of  the  variable  circle,  and  that  the  theorem  may  be  otherwise  stated 
thus  : 

The  envelope  of  a  variable  circle  which  has  its  centre  in  a  given  conic,  and  cuts 
at  right  angles  a  given  circle,  is  a  bicircular  quartic,  such  that  its  nodo-foci  are  the 
foci  of  the  conic. 


Article  Nos.  175  to  177.    Properties  depending  on  the  relation  between  the  Conie  and  Circle. 

175.  I  refer  to  the  conic  of  the  theorem  simply  as  the  conic,  and  to  the  fixed 
circle  simply  as  the  circle,  or  when  any  ambiguity  might  otherwise  arise,  then  as  the 
orthotomic  circle.  This  being  so,  I  consider  the  effect  in  regard  to  the  trizomal  curve, 
of  the  various  special  relations  which  may  exist  between  the  circle  and  the  conic. 

If  the  conic  touch  the  circle,  the  curve  has  a  node  at  the  point  of  contact. 

If  the  conic  has  with  the  circle  a  contact  of  the  second  order,  the  curve  has  a 
cusp  at  the  point  of  contact. 

If  the  centre  of  the  circle  lie  on.  an  axis  of  the  conic,  then  the  four  intersections 
lie  in  pairs  symmetrically  in  regard  to  this  axis,  or  the  curve  has  this  axis  as  an 
axis  of  symmetry. 

If  the  conic  has  double  contact  with  the  circle  (this  implies  that  the  centre  of 
the  circle  is  situate  on  an  axis  of  the  conic)  the  curve  has  a  node  at  each  of  the 
points  of  contact,  viz.,  it  breaks  up  into  two  circles  intersecting  in  these  two  points. 
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The  centres  of  the  two  circles  respectively  are  the  two  foci  of  the  conic,  which  foci 
lie  on  the  axis  in  question.  Observe  that  in  the  general  case  there  are  at  each  of 
the  circular  points  at  infinity  two  tangents,  without  any  correspondence  of  the  tangents 
of  the  one  pair  singly  to  those  of  the  other  pair,  and  there  are  thus  four  inter- 
sections, the  four  foci  of  the  conic;  in  the  present  case,  where  the  curve  is  a  pair 
of  circles,  the  two  tangents  to  the  same  circle  correspond  to  each  other,  and  intersect 
in  the  two  foci  on  the  axis  in  question.  The  other  two  foci,  or  antipoints  of  these, 
are  each  of  them  the  intersection  of  a  tangent  of  the  one  circle  by  a  tangent  of 
the  other  circle. 

If  the  conic  has  with  the  circle  a  contact  of  the  third  order  (this  implies  that 
the  circle  is  a  circle  of  "maximum  or  minimum  curvature,  at  the  extremity  of  an  axis 
of  the  conic),  then  the  curve  has  at  this  point  a  tacnode,  viz.,  it  breaks  up  into  two 
circles  touching  each  other  and  the  conic  at  the  point  in  question,  and  having  their 
centres  at  the  two  foci  situate  on  that  axis  of  the  conic  respectively. 

176.  If   the  conic  is  a  parabola,  then  the   curve  is  a  circular   cubic  having    the 
four  intersections   of   the    parabola  and  circle  for  a  set    of    concyclic    foci,   and  having 
the  focus  of  the  parabola  for  centre.     The  like  particular  cases  arise,  viz., 

If  the  circle  touch  the  parabola,  the  curve  has  a  node  at  the  point  of  contact. 

If  the  circle  has,  with  the  parabola,  a  contact  of  the  second  order,  the  curve  has 
a  cusp  at  the  point  of  contact. 

If  the  centre  of  the  circle  is  situate  on  the  axis  of  the  parabola,  then  the  four 
intersections  are  situate  in  pairs  symmetrically  in  regard  to  this  axis,  and  the  curve 
has  this  axis  for  an  axis  of  symmetry. 

If  the  circle  has  double  contact  with  the  parabola  (which,  of  course,  implies  that 
the  centre  lies  on  the  axis),  then  the  curve  has  a  node  at  each  of  the  points  of 
contact,  viz.,  the  curve  breaks  up  into  a  line  and  circle  intersecting  at  the  two  points 
of  contact,  and  the  circle  has  its  centre  at  the  focus  of  the  parabola. 

If  the  circle  has  with  the  parabola  a  contact  of  the  third  order  (this  implies 
that  the  circle  is  the  circle  of  maximum  curvature,  touching  the  parabola  at  its 
vertex),  then  the  curve  has  a  tacnode,  viz.,  it  breaks  up  into  a  line  and  circle  touching 
each  other  and  the  parabola  at  the  vertex,  that  is,  the  line  is  the  tangent  to  the 
parabola  at  its  vertex,  and  the  circle  is  the  circle  having  the  focus  of  the  parabola 
for  its  centre,  and  passing  through  the  vertex,  or  what  is  the  same  thing,  having  its 
radius  =  J  of  the  semi-latus  rectum  of  the  parabola. 

177.  If  the  conic  be  a  circle,  then  the  curve  is  a  bicircula-r  quartic  such  that  its 
four    nodo-foci    coincide    together   at    the    centre    of   the    circle;    viz.,   the    curve    is    a 
Cartesian  having  the  centre  of  the  conic  for  its  cuspo-focus,  that  is,  for  the  intersection 
of   the   cuspidal    tangents    of   the    Cartesian.    The  intersections  of   the   conic  with    the 
other  circle,  or    say  with    the    orthotomic   circle,  are    a   pair  of  non-axial    foci    of   the 
Cartesian;    viz.,  the  antipoints   of   these    are    two    of   the   axial   foci..    The    third  axial 
focus  is  the  centre  of  the  orthotomic  circle. 
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Article  No.  178,     Case  of  Double  Contact,  Casey's  Equation  in  the  Problem  of  Tactions. 

178.  In  the  case  where  the  conic  has  double  contact  with  the  orthotomic  circle, 
then  (as  we  have  seen)  the  envelope  of  the  variable  circle  is  a  pair  of  circles,  each 
touching  the  variable  circle  ;  or,  if  we  start  with  three  given  circles  and  a  conic 
through  their  centres,  then  the  envelope  is  a  pair  of  circles,  each  of  them  touching 
each  of  the  three  given  circles;  that  is,  we  have  a  solution  of  the  problem  of 
tactions.  Multiplying  by  2,  the  equation  found  ante,  No.  173,  for  the  variable  circle, 
and  then  for  the  moment  representing  it  by  (a,  b,  c,  f,  g,  h*$u,  v,  w)*  =  0  ;  then 
attributing  any  signs  at  pleasure  to  the  radicals  Va,  Vb,  Vc,  the  equation  of  a  conic 
through  the  centres  of  the  given  circles,  and  having  double  contact  with  the  ortho- 
tomic circle,  will  be 

(a,  b,  c,  f,  g,  h$w,  v,  w)2-(Wa  +  fl  Vb  -h  w  Vc)2  =  0, 
viz.,  representing  this  equation  as  before  by 

Ivw  +  mwu  +  nuv  =  0, 
we  have 

I  :  m  :  n  —  f  —  Vbc  :  g  —  Vca  :  h  —  Vab, 

that   is,   substituting   for   a,  b,  c,  f,  g,  h  their  values,   and  taking,  for  instance,  a,  b,  c 
=  a"V2,  6"V2,  c"V2,  we  find 

I  :  m  :  n  =    (b"  -c'J-(b  -c)2-(6'  -  c')2 


that  is,  I,  m,  n  are  as  the  squares  of  the  tangential  distances  (direct)  of  the  three 
circles  taken  in  pairs,  and  this  being  so,  the  equation  of  a  pair  of  circles  touching 
each  of  the  three  given  circles  is  VJ2T  +  VW8°  +  VnS°  =  0.  It  is  clear  that,  instead 
of  taking  the  three  direct  tangential  distances,  we  may  take  one  direct  tangential 
distance  and  two  inverse  tangential  distances,  viz.,  the  tangential  distances  corresponding 
to  any  three  centres  of  similitude  which  lie  in  a  line;  we  have  thus  in  all  the 
equations  of  four  pairs  of  circles,  viz.,  of  the  eight  circles  which  touch  the  three 
given  circles.  This  is  Casey's  theorem  in  the  problem  of  tactions. 

Article  No.  179.     The  Intersections  of  the  Conic  and  Orthotomic  Circle  are  a  set  of  four 

Concyclic  Foci. 

179.  The  conic  of  centres  intersects  the  orthotomic  circle  in  four  points,  and  for 
each  of  these  the  radius  of  the  variable  circle  is  =0,  that  is,  the  points  in  question 
are  a  set  of  four  concyclic  foci  (A,  S,  G.  D)  of  the  curve.  Regarding  the  foci  as  given, 
the  circle  which  contains  them  is  of  course  the  orthotomic  circle;  and  there  are  a 
singly  infinite  series  of  curves,  viz.,  these  correspond  to  the  singly  infinite  series  of 
conies  which  can  be  drawn  through  the  given  foci.  As  for  a  given  curve  there  are 
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four  sets  of  concyclic  foci,  there  are  four  different  constructions  for  the  curve,  viz.,  the 
orthotomic  circle  may  be  any  one  of  the  four  circles  0,  R,  S,  T,  which  contain  the  four 
sets  of  concyclic  foci  respectively;  and  the  conic  of  centres  is  a  conic  through  the 
corresponding  set  of  four  concyclic  foci.  We  have  thus  four  conies,  but  the  foci  of  each 
of  them  coincide  with  the  nodo-foci  of  the  curve,  that  is,  the  conies  are  confocal;  that 
such  confocal  conies  exist  has  been  shown,  ante,  Nos.  78  to  80. 


Article  Nos.  180  and  181.     Remark  as  to  the  Gonstmction  of  the  Symmetrical  Curve. 

180.  It  is  to  be  observed  that  in  applying  as  above  the  theorem  of  the  variable 
zomal  to  the  construction  of  a  symmetrical  curve,  the  orthotomic  circle  made  use  of 
was  one  of  the  circles  R,  S,  T,  not  the  circle  0,  which  is  in  this  case  the  axis;  in 
fact,  we  should  then  have  the  conic  and  the  orthotomic  circle  each  of  them  coinciding 
with  the  axis.  And  the  variable  circle,  qua  circle  having  its  centre  on  the  axis,  cuts 
the  axis  at  right  angles  whatever  the  radius  may  be  ;  that  is,  the  variable  circle  is 
no  longer  sufficiently  determined  by  the  theorem.  The  curve  may  nevertheless  be 
constructed  as  the  envelope  of  a  variable  circle  having  its  centre  on  the  axis;  viz., 
writing  21°  =  (a?  —  az)*  +  y2  —  a"2z-,  fee.,  and  starting  with  the  form 


then  recurring   to  the  demonstration    of   the   theorem    (ante,   No.    47),   the   equation    of 
the   variable   circle  is   a2F  +  b93°  -f  c(£°  =  0,  where    a,  b,  c    are    any   quantities   satisfying 

-  +  T-  +  -  =  0,  or,  what  is  the   same   thing,  taking  q  an   arbitrary  parameter,  and  writing 

-  =  l-f<7,    ,-  =  1—  q,  -  =  —  2,  the  equation  of  the  variable  circle  is 
a  b  c  ^ 


=  0. 


Compare  Nos.  118  —  123   for  the   like  mode  of  construction  of  a  conic;  but  it  is  proper 
to  consider  this  in  a  somewhat  different  form. 

181.    Assume  that  the  equation  of  the  variable  circle  is 

we  have  therefore  identically 
viz.,  this  gives 


a     +b      +c  =-d  , 
aa  -f  bS    -fcc=  —  dd, 


and  from  these  equations  we   obtain  a,  b,  c  equal  respectively  to  given  multiples  of  d  ;. 

substituting  these  values  in   the  equation  -  +  ^+^  =  0,  d  divides  out,  and  we  have  an 

a      D      c 
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equation  involving  the  parameters  of  the  given  circles,  and  also  d,  d",  the  parameters  of 
the  variable  circle;  viz.,  an  equation  determining  d",  the  radius  of  the  variable  circle, 
in  terms  of  dt  the  coordinate  of  its  centre.  I  consider  in  particular  the  case  where 
the  given  circles  are  points;  that  is,  where  the  given  equation  is 


The  equations  here  are 
a 

aa  -h  b&  4-  cc  =  —  drf, 
aa2  +  b&2  +  cc2  =  -  d  (cZ2  -  d"2), 
and  from  these  we  obtain 


c  (c  -o)(c  -  &)  =  -  d  ((d  -o)(cZ-&)  -cZ"2), 


so  that  the  equation  -  -f  T-  +  -  =  0  becomes 
a      b     c 


l(a  —  b)(a—  c)  m(6  —  c)(6  —  a)  n  (o  -  a)  (c  —  6)     __  . 

-b)(d-c)-d''*+(d-c)(d-a)-d''*  +  (d--a)(d~1))--d"*~   ' 


or,  as  this  is  more  conveniently  written, 

I  I  ml  n 


viz.,  considering  d,  d"  as  the   abscissa  and   ordinate  of  a  point  on  a  curve,   and  repre- 
senting them  by  x,  y  respectively,  the  equation  of  this  curve  is 

b^~c   tc-b)  l-c  -   *  +  7=^  Qe-c) (0-a)-  '+  ^  (0-a)  («-ft)-  *  =  °' 
which  is  a  c.ertain  quartic  curve;   and  we  have  the  original  curve 

as   the   envelope   of    a  variable  circle  having  for  its  diameter    the    double    ordinate    of 
this  quartic  curve. 

Write   for  shortness   5— *— * ,  -^— ,  — ^-T  =  £,  If,  N  respectively,  then  the   equation 
b  —  c     c  —  a     c&  —  0 

of  the  quartic  curve  may  be  written 

viz.,  this  is 

2i  [# (%  —  &) (a?—  6) («?  —  c) 

-  t/2  (20s  -  (a  +  &  +  c)  a  +  (a&  +  ac  +  io))  +  y4 

-  a  (a?  -  a)  (x  -  &)  (^  -  c)  +  y3  (a#  +  be)}  =  0, 
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•or  what  is  the  same  thing,  the  equation  is 


-(La  +  Mb  +  Nc)  (x  -  a)  (x  -  V)  (x  -  c) 

sB  +  Lbc  +  Mca  +  Nab}  =  0. 


In  the  particular  case  where  L  +  M  -f -ZV=0,  that  is,  where 

_l      .     m     j     n    _.Q 

the  quartic  curve  becomes  a  cubic,  viz.,  putting  for  shortness 

_  *  _  Lbc  H-  Mca  +  Nab 

the  equation  of  the  cubic  is 


viz.,  this  is  a  cubic  curve  having  three  real  asymptotes,  and  a  diameter  at  right 
angles  to  one  _of  the  asymptotes,  and  at  the  inclinations  +  45°,  —  45°  to  the  other 
two  asymptotes  respectively  —  say  that  it  is  a  "rectangular"  cubic.  The  relation 

__:  __  i-  m  4.  n  s-Q  implies  that  the  curve  */M  +Vm§  +  V?iS  =  0  is  a  Cartesian,  and 
b—c  o—a  a—b 

we  have  thus  the  theorem  that  the  envelope  of  a  variable  circle  having  for  diameter 
the  double  ordinate  of  a  rectangular  cubic  is  a  Cartesian. 

I  remark  that  using  a  particular  origin,  and  writing  the  equation  of  the  rectangular 

2A. 
cubic  in  the  form  y*~a?  —  %mx  -f  a  H  --  ,  the  equation  of  the  variable  circle  is 

SG 


that  is 

2j4 
a?  -f  y*  —  a—  2d  (cc  -  m)  -  -j  =  0, 

where  d  is  the  variable  parameter.     Forming  the   derived  equation  in  regard  to  d,  we 

have 

A 
®~m=-d*l 

and  thence 

aP  +  f-a.**, 

~[RA* 

-  a)2  =  :L  -  1  64  (a?  -  m), 


that    is,  the    equation    of    the    envelope   is    (^3  +  ya—  a)2-  16-1  (x  —  m)  =  0,   which    is   a 
known  form  of  the  equation  of  a  Cartesian. 
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Article,  Nos.  182  and  183.     Focal  Jformulce  for  the  General  Curve. 

182.     Considering  any  three   circles  centres  A,  B,  C>  and   taking  21°,   &c.,  to  denote 
as  usual,  let  the  equation  of  the  curve  be 


4-  VnS5  =  0  ; 

then   considering  a   fourth   circle,  centre  D,  a  position  of  the  variable  circle,  and  having 
therefore  the  same  orthotomic  circle  with  the  given  circles,  so  that  as  before 


the  formulae  No.  47  (changing  only  U,  7,  Tf,  T  into  31°,  35°,  (5°,  S)°)  are  at  once 
applicable  to  express  the  equation  of  the  curve  in  terms  of  any  three  of  the  four  circles 
A,  B,  C,  D.  '  .  • 

In   particular,  the   circles   may  reduce  themselves   to  the   four  points  A,  J3,  0,  D,  a 
set  of  concyclic  foci,  and  here,  the  equation  being  originally  given  in  the  form 


the  same  formulae  are  applicable  to  express  the  equation  in  terms  of  any  three  of 
the  four  foci. 

183.     It  is   to  be   observed  that  -in  this  case  if  the   positions  of  the  four  foci  are 
given  by   means   of  the  circular   coordinates  fa,   -,  11,  &c.,  which  refer  to  the  centre  of 

the  circle  ABGD  as  origin,  and  with  the  radius  of  this  circle  taken  as  unity,  then 
the  values  of  a,  b,  c,  d  (ante,  No.  90),  are  given  in  the  form  adapted  to  the  formulae 
of  No.  49,  viz.,  we  have 

a  :  b  :  c  :  d= 


where    (/3y8)  =  (J3  -  7)  (7  -  S)  (S  -  /3),    &c.     The    relation    -  +  ^  +  -==0,    putting    therein 

a      D      c 

I  :  m  :  n  =  pa  (y3  —  y)2  :  cr/S  (7  —  a)3  :  ry  (a  —  j8)2,  (or,  what   is   the   same   thing,  taking  the 

equation  of  the  curve  to  be  given  in  the  form  (^S—  y)Vp«2[+  (y  —  a)  V<r/8S3  +  (a  —  yS)  Vry  K  =  0), 
becomes 


viz.,  this  equation,  considering  /?,  <r,  T,  a,  /3,  y  as  given,  determines  the  position  of  the 
fourth  focus  D,  or  when  A,  J5,  C,  D  are  given,  it  is  the  relation  which  must  exist 
between  p,  cr,  T;  and  the  four  forms  of  the  equation  are 


8),     Vp(y-/3) 
Vr(y-S),  .         ,     Vp(S-a),     V<^(a-y) 


viz.,  the   curve  is  represented  by  means   of  any  one  of  these  four  equations  involving 
each  of  them  three  out  of  the  four  given  foci  A,  B,  (7,  D. 
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Article  Nos.  184  and  185.     Case  of  the  Circular  Cubic. 
184.     In  the  case  of  a  circular  cubic,  we  must  have 


/9)          =0, 

which,  when  the  foci  A,  B,  Q,  D  are  given,  determine  the  values  of  p  :  cr  :  r  in  order 
that  the  curve  may  be  a  circular  cubic.  We  see  at  once  that  there  are  two  sets  of 
values,  and  consequently  two  circular  cubics  having  each  of  them  the  given  points 
A,  By  C,  JD  for  a  set  of  concyclic  foci.  The  two  systems  may  be  written 


viz.,  it  being  understood  that  V«S  means  Va  .  VS,  &c.,  then,  according  as  VS  has  one 
or  other  of  its  two  opposite  values,  we  have  one  or  other  of  the  two  systems  of 
values  of  p  :  a-  :  r.  To  verify  this,  observe  that  writing  the  equation  under  the  form 


Vop  :  Vy&r 
the  second  equation  is  verified;  and  that  writing  them  under  the  form 

p  :  a-  :  T  =  -(/8  +  7)(a  +  S)  +  M  :  -(7  +  a)(j8  +  S)  +  if  :  -  (a  +  ft)  (y  +  8)  +  if, 


where 

Jf  «  £7 

the  second  equation  is  also  verified. 

185.  If  we  assume  for  a  moment  a=cosa  +  i"sina  =  e**,  &c.,  viz.,  if  a,  b,  c,  d  be 
the  inclinations  to  any  fixed  line  of  the  radii  through  A,  Bt  C,  D  respectively,  then  we 
have 


and  thence 


± 
—  *y) 


cos  J  (a  +  cZ  -  6  -  c)sinj  (6  -  c) 
cos  J  (6  •}-  d  -  c  -  a)  sin  J  (c  —  a) 


or  else 

=    sin  J  (a  +  d  -  6  -  c)  sin  &  (6  -  c  ) 
:  sin  J  (6  +  d  -  c  -  a)  sin  &  (c  -  a) 


Putting  m  these  formulae, 

l(a  -  6  -  c)  =  A,    then  we  have    5  -  C  =  £  (6  -  c), 
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and  for  either  set  of  values  the  verification  of  the  relation 


will  depend  on  the  two  identical  equations 

sin  A  sin  (B  -  G)  +  sin  B  sin  (<7-  A)  +  sin  Osin  (4  -  5)  =  0, 
cos  -A  sin  (B  -  0)  +  cos  B  sin  (<7  -  A)  +  cos  (7  sin  (A  -  B)  =  0  : 

although   the   foregoing    solution  for  the    case   of   a  circular  cubic   is   the  most   elegant 
one,  I  will  presently  return  to  the  question  and  give  the  solution  in  a  different  form. 

Article  No.  186.    Focal  Formulce  for  the  Symmetrical  Curve. 

186.  In  the  symmetrical  case,  where  the  foci  A,  B,  C,  D  are  on  a  line,  then  if, 
as  usual,  a,  b,  c,  d  denote  the  distances  from  a  fixed  point,  we  have  the  expressions 
of  (a,  b,  c,  d)  in  a  form  adapted  to  the  formulae  of  No.  49,  viz., 

a  :  b  :  o  :  d  =  (6  -  c)(o-<Z)((Z-  6)  :  -  (c-c2)(<2-a)(a-c)  :  (cZ-a)(a-&)(&-<Z)  :  -  (a-  &)(i-c)(c-a), 
so  that,  assuming 


I  :  m  :  n  =  p(b—c)*  :  <r(c-a)*  :  r(>-&)2, 
the  equation 

I     m  .  n     A 

-  -f  v-  -t-  -  =  0, 
a      b      c 

becomes 

p  (b  -  c)  (a  -  d)  +  cr  (c  -  a)  (6  -  d)  +  r  (a  -  6)  (c  -  d)  =  0, 

.and  the  equation  of  the  curve  may  be  presented  under  any  one  of  the  four  forms 

(  .         ,     vV  (d  -  c),    V?  (ft  -  d),    <Jp  (c  -  6)  )  (V«,  VS,  V(f,  v7®)  =0. 

(c  -  d),  .        ,     V/>  (d  -  a),     Vo1  (a  -  c) 


Article  No.  187.     Cfose  q/*  ^Ae  Symmetrical  Circular  Cubic. 
187.     For  a  circular  cubic  we  must  have 


6)  =0. 

These   equations   give   V^p  :  Vo1  :  VT  =  1  :  1  :  1  (values   which  obviously  satisfy  the   two 
equations),  or  else 

—  c  —  a  :  c  +  d—a  —  b. 
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In    fact,  these    values   obviously    satisfy   the    second    equation;    and    to    see    that    they 
satisfy  the  first  equation,  we  have  only  to  write  them  under  the  form 


p  :  a-  :  r  =  M~  4(&-f  c)(a  +  d)  :  M-  4  (c-ha)  (b  +  d)  :  M-4<  (a-f  b)  (c  +  d), 
where  lT=(a-!-  b  +  c  +  d)*.     The  first  set  gives  for  the  curve 


hut  this  contains  the  line  2  =  0  not  once   only,  but  twice;    it   in  fact  is   (y*  =  Q),  the 
axis  taken  twice;  the  only  proper  cubic  with  the  foci  A,  B,  0,  D  in  lined  is  therefore 


the  equation  of  which  is,  of  course,  expressible  in  •  each  of  the  other  three  forms. 


Article  Nos.  188  to  192.     Case  of  the  General  Circular  Cubit 

188.  Returning  to  the  general  case  of  the  circular  cubic,  the  lines  BO,  AD  meet 
in  -B,  and  if  we  denote  by  a^  bly  c1}  d^,  the  distances  from  R  of  the  four  points 
respectively,  so  that  ^  =  a^  =  rad.  2jR,  then  observing  that  a,  b,  c,  d  are  proportional 
to  the  triangles  BCD,  CD  A,  DAB,  ABC,  with  signs  such  that  a  +  b-fc  +  d  =  0,  we  find 


a  :  b  :  c  :  d  =  -  dI  ft  -  d)  :  c^-ek)  :  -61(01-^1)  : 

7 

ing  so,  the  equations   -  + 
a 

values  of  */l  :  Vm  :  vX  viz.,  these  are 


7  f  __  _  _ 

and  this  being  so,  the  equations   -  +  T-  +  -  =  0,   \/l  +  Vm  +  *Jn  =  0,   give   two   systems   of 

a      D     c 


and 

=  61 

(To  verify  this,  observe  that  for  the  first  set  we  have 
I     m     n        (Sj- 


and  the  like  as  regards  the  second  set.) 
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189.  These  values  of  V7  :  Vra  :  \/n  give  the  equations  of  the  two  circular  cubics 
with'  the  foci  (A,  B,  C,  J9),  the  equation  of  each  of  them  under  a  fourfold  form, 
viz.,  we  have 


and 


•  ,  -      61    - 


(first  curve), 


Cx  - 


(second  curive). 


190.  Similarly  OA  and  BD  meet  in  S,  and  if  we  denote  by  a2,  62,  c2,  d2  the 
distances  from  S  of  the  four  points  respectively,  so  that  caa2  =  Wa  =  rad.  *8  (observe 
that  if  as  usual  A,  B,  (7,  D  are  taken  in  order  on  the  circle  0,  then  A}  0  are  on 
opposite  sides  of  S,  and  similarly  B}  D  are  on  opposite  sides  of  S,  so  that  taking 
«2,  62  positive  c2,  cZ2  will  be  negative),  we  have 

and  then   the   equations  .-  +  —  +  -  — 0,  V7  -i-  Vm  +  Vn  =  0,  are   satisfied   by  the   two   sets 
^  a     b      c 

of  values 
and 


and   we    have    the    equations    of   the   same    two    cubic    curves,   each    equation  under    a 
fourfold  form,  viz.,  these  are 


—  &J  +  * 

(first  curve), 

and  __ 

:,  Vs,  V®, 

(second  curve). 


191.     And    again    AB    and    CD    meet    in    T,  and    denoting    by  as,    &s,    ca, 
distances  from  T  of  the  four  points  respectively,  so  that  0363 

a  :  b  :  c  :  d 


the 
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and  the  equations  -4-~4--  =  0,   VZ-f  Vw-f  Vw=0,   then   rive   for  Vi,   Vm,   Vra   two  sets 
^  a      b     c 

of  values,  viz.,  these  are 


A/T  : 


and 


=  Z>3  —  c3  :      c3  -  a5  :  Og  -  bs, 


:  —  c3  —  a3  :  03  —  63 ; 


and  we  again   obtain  the   equations  of  the  two  cubics,  each   equation  under  a  fourfold 
form,  viz.,  these  are 

.      ,    -c3+<23,    - 


Cg  — 


,  \/33,  VS, 


and 


03, 


-  63  , 


192.  The  three  systems  have  been  obtained  independently,  but  they  may  of 
course  be  derived  each  from  any  other  of  them:  to  show  how  this  is,  recollecting  that 
we  have 

RA,  RB,  HO,  RD^a,,  bly       cl3      d,9 

8A,  SB,  SO,  3D  -oai  62,  ~ca,  -rfa, 


then  to  compare 
the  similar  triangles 

and  the  similar  triangles 


o,, 


and 


2,  c2, 


SBC     give      Si-d   :  -c2  :  62, 
^^-cZ,  :  -d2  :  a,, 


RAG  give 


:  a,, 


using  these  equations  to  determine  the  ratios  of  Oa,  62,  c^t  d*  we  have 
that  is 


414]  ON   POLYZOMAL   CURVES.  553 

and  hence 


&2  (-  ^d  +  ds  +  Oidi  -  df)  -f-  c2  (-  6^  +  d^  -f  axd  -  d^)  =  0, 
that  is 

&2  (d2  -  c^2)  +  ca  (o^d  -  6^)  =  0, 
but 


or   the   equation  gives  62+4-c2=0,  or  say  62  :  03  =  ^  :  -  d^,  and  this  with    1"~  1 

#1 

gives  'all  the  ratios,  or  we  have 

a2  :  62  :  c2  :  da^S^O!-^)  :  ^(^-d)  :  -(^(Oi-cZ!)  : 
We  have  then  for  example 

&2  —  ca  :  C2  —  a2  :  a2  —  62  =  6X  —  cx  :  G!  —  O]  :  c^  —  &!  ;  &c., 
showing  the  identity  of  the  forms  in  (c^,  &19  d,  c^)  and  (02,  62,  Cg,  d2). 

Article  No.  193.     Transformation  to  a  New  Set  of  Goncyclio  Foci. 
193.     Consider  the  equation 

VZ§f  +  VmS  +  Vng  =  0, 

which  refers  to  the  foci  A,  JB,  C,  and  taking  D  the  fourth  concyclic  focus,  let  (A19  A) 
be  the  antipoints  of  (A,  D)  and  (jBlf  Ci)  the  antipoints  of  (5,  G)  ;  so  that  (AI9  SI9  C19  JDa) 
are  another  set  of  concyclic  foci.  We  have  S3x  .  ©L  =  S3  .  (£,  and  it  appears,  ante  No.  104, 
that  we  can  find  llt  mlt  nl9  such  that  identically 


and  that  m^  =  mn.     The  equation  of  the  curve  gives 

+  rc@  +  2  VmTiSS  =  0, 


we  have  therefore  _ 

-  Z12I1  +  ra1S31  +  %(£+  2  Vm^^S:!  =  0, 
that  is, 


tfi  +  vmjSi  +  vniSi  =  0, 
viz.,    this    is    the    equation    of   the    curve    expressed    in    terms    of    the    concyclic    foci 

Article  No.  194.     The  Tetrazomal  Curve,  Decomposable  or  Indecomposable. 
194.     I  consider  the  tetrazomal  curve 

A/7ciTfo  I  mt/Mvt  sift®  i  A  Aw  fir®  i  A//v%fTs® f\ 

T    V  V*-        ™|*      T     I1V~O         ™|  »     «i\S<         "I™       »     fJ.-U        ^^    V/» 

where  the  zomals  are  circles  described  about  any  given  points  A,  B,  G,  D  as  centres. 
C.  VI.  70 
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There  is  not,  in  general,  any  identical  equation  a2P  +  b33°  +  cg°  -I-  d2)°  =  0,  but 
when  such  relation  exists,  and  when  we  have  also  ^'f]f  +  3  +  g==0'  then  *he  curve 
breaks  up  into  two  trizomals.  When  the  conditions  in  question  do  not  subsist,  the 
curve  is  indecomposable.  But  there  may  exist  between  I,  m,  n,  p  relations  in  virtue 
of  which  a  branch  or  branches  ideally  contain  (*»  =  0)  the  line  infinity  a  certain  number 
of  times,  and  which  thus  cause  a  depression  in  the  order  of  the  curve.  The  several 
cases  are  as  follows : 


Article  No.  195.     Cases  of  the  Indecomposable  Curve. 

195.  I.  The  general  case  ;  I,  m,  n,  p  not  subjected  to  any  condition.  The  curve 
is  here  of  the  order  =8;  it  has  a  quadruple  point  at  each  of  the  points  /,  J  (and 
there  is  consequently  no  other  point  at  infinity);  it  is  touched  four  times  by  each  of 
the  circles  A>  B,  0,  D;  and  it  has  six  nodes,  viz.,  these  are  the  intersections  of  the 
pairs  of  circles 


=0,    VmS5  +  VpSD5  =  0, 


the  number  of  dps.   is   6  +  2  .  6,  =  18,  and  there  are  no  cusps,  hence  the  class  is  =  20, 
and  the  deficiency  is  —  3. 

IL    We  may  have  _ 

0  ; 


there  is  in  this  case  a  single  branch  ideally  containing  (2=0)  the  line  infinity;  the 
order  is  =  7.  Each  of  the  points  /,  J  is  a  triple  point,  there  is  consequently  one  other 
point  at  infinity;  viz.,  this  is  a  real  point,  or  the  curve  has  a  real  asymptote.  There 
are  6  nodes  as  before;  dps.  are  6  +  2.3,  =12;  class  =  18,  deficiency  =3. 

HI.    We  may  have 

VT+Vm  =  0,    V^-hVp  =  0; 

there  are  then  two  branches  each  ideally  containing  (#  =  0)  the  line  infinity;  the  order 
is  =*6.  Each  of  the  points  /,  J  is  a  double  point,  and  there  are  therefore  two  more 
points  at  infinity.  These  may  be  real  or  imaginary;  viz.,  the  curve  may  have 
{besides  the  asymptotes  at  /,  J}  two  real  or  imaginary  asymptotes.  The  circles 
A/KJT-f  VW33  =  0,  VwS  +  Vp®  =  0,  each  contain  (z  =  0)  the  line  infinity,  or  they  reduce 
themselves  to  two  lines,  so  that  in  place  of  two  nodes  we  have  a  single  node  at  the 
intersection  of  these  lines  ;  number  of  nodes  is  =  5.  Hence  dps.  are  5+2.1,  ~  7.  Class 
=  16,  deficiency  =3. 

IV.    We  may  have 

VI  :  Vm  :V^:V    =  a:b:c:d: 
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there  is  here  a  single  branch  containing  (^2=0)  the  line  infinity  twice;  the  order  is 
=  6.  Each  of  the  points  /,  J  is  a  double  point,  and  there  are  therefore  two  more 
points  at  infinity,  that  is  (besides  the  asymptotes  at  /,  J),  there  are  two  (real  or 
imaginary)  asymptotes.  The  number  of  nodes,  as  in  the  general  case,  is  =6.  Hence 
dps.  are  6  +  2.1,  =  8  ;  class  is  =  14  ;  deficiency  =  2, 

I   notice  the   included  particular  case  where  the  circles  reduce  themselves  to  their 
centres;   viz.,  we  have  here  the  curve 


which  (see  ante  No.  93)  is  in  fact  the  curve  which  is  the  locus  of  the  foci  of  the 
conies  which  pass  through  the  four  points  A,  B,  C,  D.  It  is  at  present  assumed  that 
the  four  points  are  not  a  circle;  this  case  will  be  considered  post  No.  199.  If  we 
have  BC,  AD  meeting  in  R\  CA,  BD  in  S,  and  AB,  CD  in  T,  then  these  points 
R,  S,  T  are  three  of  the  six  nodes.  In  fact,  writing  down  the  equations  of  the  two 
circles  __ 

b  VS"  H-  c  V(£  =  0,     a  V2T+  d  VlD  =  0, 

and  observing  that  when  the  current  point  is  taken  at  R,  we  have  S3  :  S  =  RB?  :  RG* 


=  (BA£)*  :  (CAD)*  =  c*  :  b2,  and  similarly  21  :  <£=RAZ  :  jft2>  =  (  ABC)*  :  (DBC)*  =  d2  :  a2, 
we  see  that  each  of  the  two  circles  passes  through  the  point  R,  or  this  point  is  a 
node.  Similarly,  the  points  S  and  T  are  each  of  them  a  node. 

V.     If 

VZ  =  Vm  =  Vw  =  Vp, 

there  are  here  three  branches,  each  ideally  containing  (£  =  0)  the  line  infinity;  the 
order  is  thus  ==  5.  Each  of  the  points  J,  J  is  an  ordinary  point  on  the  curve  ;  there 
are  besides  at  infinity  three  points,  all  real,  or  one  real  and  two  imaginary;  that  is 
(besides  the  asymptotes  at  7,  J)  there  are  three  asymptotes,  all  real,  or  one  real  and 
two  imaginary.  Each  of  the  circles  V21  4-  V33  =  0,  &c.,  contains  the  line  infinity,  and  is 
thus  reduced  to  a  line;  the  number  of  nodes  is  therefore  =3.  Hence  also,  dps.  =  3; 
class  =  14  ;  deficiency  =  3. 


Article  No.  196.     Cases  of  the  Indecomposable  Curve,  the  Centres  being  in  a  Line. 

196.  There  .are  some  peculiarities  in  the  case  where  the  centres  A,  B,  C,  D  are 
on  a  line;  taking  as  usual  (a,  b,  c,  d)  for  the  ^-coordinates  or  distances  of  the  four 
centres  from  a  fixed  point  on  the  line,  I  enumerate  the  cases  as  follows: 

I.  No  relation  between  Z,  m,  n,  p\  corresponds  to  I.  supra. 

II.  VT+Vm-h V^  +  Vp  =  0;  corresponds  to  II.  supra. 

III.  VT+  fim  =  0,  >Jn  4-  Vp  «  0 ;  •  corresponds  to  III.  supra. 

70—2 
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IV.  VT+  Vra  +  Vrc,  +  Vp  =  0,  a  VZ~+  &  Vw  +  cVtt-fdVp  =  0;  corresponds  to  IV.  supra, 
viz.,  there  is  a  branch   ideally  containing  (z*  =  0)  the   line  infinity  twice.     But,  observe  ' 
that  whereas  in  IV.  supra,  in  order  that  this  might  be   so,  it   was  necessary  to  impose 
on   Z,  m,  n,  p  three   conditions   giving  the   definite  systems  of  values  V7  :  Vm  :  Vft  :  Vp 
=  a  :  b  :  c  :  d,  in  the  present  case   only  two  conditions  are  imposed,  so  that  a  single 
arbitrary  parameter  is  left. 

V.  VZ  =  Vra  =  VTI  =  Vp ;  corresponds  to  V.  supra. 

VI.  Vz"+  Vm  =  0,    V^  +  Vp  =  0,    a  VZ"-h  6  Vm  +  c  V^  +  d  Vp  =  0,  or  what   is    the 
same    thing,    Vf  :  Vm  :  Vft  :  Vp  =  c  —  d  :  d  —  c  :  6  -  a  :  a  —  & ;    the    equation    is    thus 
(c  -  d)(V2P  -  VS5)  -  (a  -  6)  (V2P  -  VS~°)  ==  0.     There  is  here  one  branch  ideally  containing 
(#2  =  0)  the  line  infinity   twice,  and  another  branch  ideally  containing  (z  =  0)   the   line 
infinity  once ;    order  is  =  5.     Each    of   the   points  /,   /  is    an    ordinary  point    on    the 
curve,   the    remaining   points    at    infinity  are    a   node    (21°  =  33°,   S°  =  2)c),   as    presently 
mentioned,    counting    as    three    points,   viz.,   one    branch    has    for    its    tangent    the    line 
infinity,  and  the  other  branch  has    for  its    tangent  a  line    perpendicular  to   the  axis; 
or  what  is  the  same  thing,  there  is  a  hyperbolic  branch  having  an  asymptote   perpen- 
dicular to   the  axis,  and  a  parabolic  branch  ultimately  perpendicular  to   the  axis.     The 
number  of  nodes  is  =  5,  viz.,  there  is  the  node   21°  =  33°,  S°  =  3)°  just  referred  to ;  and 
the  two  pairs  of  nodes  ((c  -  d)  V2P  -  (a  -  6)  Vg5  =  0,  -(c-d)  VS5  4- (a -6)  V2J*  =  0)   and 
(c  -  d)  VST  +  (a  -  b)  VST5  =  0,  (c  -  d)  V3P  4-  (a  -  6)  Vg5  =  0),  each  pair  symmetrically  situate 
in  regard  to  the  axis.    Hence  also  dps.  =  5;   class  =10;  deficiency  =  1. 

And  there  is  apparently  a  seventh  case,  which,  however,  I   exclude  from  the  present 
investigation,  viz.,  this  would  be  if  we  had 

(  1   ,     1  ,     1  ,     1   ,  )(V£  Vm,  Vn,  Vp)  =  0, 
a  ,     b  ,    c  ,    d  , 

a"2,    &"2,     c"2,    <T2, 
that  is,  a,  b,  c,  d  denoting  as  before,  if  we  had 

V^  :  V^  :  Vw  :  Vp  =  a  :  b  :  c  :  d,     and    aa"2  +  b&"2  +  cc//2  +  dd"2  =  0. 

For  observe  that  in  this  case  we  have 

j 

a2l° -4- b33°  +  cS°  +  d!D0  =  0,    and  -  +  ^-H 1- -  =  0 • 

abed 

that  is,  the  supposition  in  question  belongs  to  the  decomposable  case. 

Article  No.  197.     The  Decomposable  Curve. 
197.    We  have  next  to  consider  the  decomposable  case,  viz.,  when  we  have 
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see  ante,  Nos.  87  et  seq.—ii  there  appears  that  (unless  the  centres  A,  B,  C,  D  are  in 
a  line)  the  condition  signifies  that  the  four  circles  have  a  ^common  orthotomic  circle ; 
and  when  we  have  also 

i  +  F  +  H-* 

The  formulae  for  •  the  decomposition  are  given  ante,  Nos.  42  et  seq.  "Writing  therein 
21°,  33°,  S°,  2>°_in  place^of  U,  V,  F,  T  respectively,  it  thereby  appears  that  the  tetra- 
zomal curve  A/Z2T  +  Vm33°  +  V^S°  +  VpS):5=0,  breaks  up  into  the  two  trizomal  curves 

where 


=  ^n  +  \/  £7j  r  c  Vm,    V^2  =  Vw  »  A/ A  ^  c  Vm, 


bed 
and  where  we  have 


Article  Nos.  198  to  203.     Cases  of  the  Decomposable  Curve,  Centres  not  in  a  line. 

198.    I  assume,  in  the  first  instance,  that  the  centres  of  the  circles  are  not  in  a 
line;  we  have  the  following  cases: 

I.  No  further  relation  between  I,   m,  n,  p\   the  order  of  the  tetrazomal  is  =8; 
the  order  of  each  of  the  trizornals  is  =  4,  that  is  each  of  them  is  a  bicircular  quartic. 

II.  Vr+Vm  +  V^+Vp=-0;    the    order  of   the    tetrazomal  is   =7,  that  of   one  of 
the  trizomals  must  be  =3. 

To  verify  this,  observe  that  we  have 

i— 


^y        (c  Vm  -  b  Vn), 
or  substituting  for  Vf-f  Vm  -f  *Jn  the  value  —  Vp,  this  is 


and    similarly  for  V^  +  Vma  +  V^,  the    only  change  being  in  the  sign  of  the   radical 

atisfied  by  I,  m, 

-      (c  Vm-b 


£-.    But  from  the  two  conditions  satisfied  by  I,  m,  n,  p  it  is  easy  to  deduce 
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and  hence  one  or  other  of  the  two  functions 

V^+Vr^  +  V^,  V£  +  Vw£+V«a  is  =0; 
that  is,  one  of  the  trizomal  curves  is  a  cubic. 

III.     VT+  Vj  =  0,  Vra  +  Vn  =  0 ;   order  of  the  tetrazomal  is  =  6 ;    and  hence   order 
of  each  of  the  trizomals  is  =  3.     To  verify  this,  observe  that  here 


I      ad 
which   since  a  +  b  +  c  +  d  =  0,  gives  —  =  r-;    so    that,  properly  fixing   the    sign    of   the 

TYlr        DC 


radical,  we  may  write  VT+A/r-V^  =  0.     We  have  then 

'  •*  V    DC 


/ad 
which   last  equation,  using  A/r-  to  denote  as  above,  but  properly  selecting  the  signi- 


fication of  ±,  may  be  written 
Hence 


±  — 


with  a  properly  selected  signification  of  the  sign  +  is  =0;  and 
similarly  VX  +  (Vw^  +  VX)  with  a  properly  selected  signification  of  the  sign  +  is  =  0  ; 
that  is,  each  of  the  trizomals  is  a  cubic. 

199,     IV.    VI  :  Vm  :Vw:Vp  =  a:b:c:d   [values  which,  be  it   observed,  satisfy 

of  themselves  the  above  assumed  equation  -  +  T--1  ---  h^  =  0j:  the  order  of  the  tetra- 

^  a      D     c     a       / 

zomal  is  =6;  and  the  order  of  each  of  the  trizomals  is  here  again  =3.  "We  in  fact 
have  A/4  =  a  +  d,  V77i1  +  V«1  =  b4-c,  and  therefore  V^-fV^-h  V?^  =  0;  and  similarly 
VZ^-f  VttZa-h  V^^O;  that  is,  each  of  the  trizomals  is  a  cubic. 

I  attend,  in  particular,  to  the  case  where  the  four  circles  reduce  themselves  to- 
the  points  A,  B,  C,  D;  these  four  points  are  then  in  a  circle;  and  the  curve  under 
consideration  is 
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in  the  general  case  where  the  points  At  B,  (7,  D  are  not  on  a  circle,  this  is,  as  has 
been  seen,  a  sextic  curve,  the  locus  of  the  foci  of  the  conies  which  pass  through 
the  four  given  points;  in  the  case  where  the  points  are  in  a  circle  then  the  sextic 
breaks  up  into  two  cubics  (viz.,  observing  that  the  curve  under  consideration  is 
\/m33  +  VT&(£  4-  ^2)  =  0,  where  vT  :  Vra  :  */n  :  Vp  =  a  :  b  :  c  :  d,  these  values  do 


of    themselves   satisfy   the   condition    of    decomposability   -4-^4--  +     =  0),   that    is,   the 

a      D      c      d 

locus  of  the  foci  of  the  conies  which  pass  through  four  points  on  a  circle  is  composed 
of  two  circular  cubics,  each  of  them  having  the  four  points  for  a  set  of  concyclic 
foci.  It  is  easy  to  see  why  the  sextic,  thus  denned  as  a  locus  of  foci,  must  break 
up  into  two  cubics  ;  in  fact,  as  we  have  seen,  the  conies  which  pass  through  the  four 
concyclic  points  A,  B,  C,  D  have  their  axes  in  two  fixed  directions;  there  is  con- 
sequently a  locus  of  the  foci  situate  on  the  axes  which  are  in  one  of  the  fixed 
•directions,  and  a  separate  locus  of  the  foci  situate  on  the  axes  which  lie  in  the  other 
of  the  fixed  directions  ;  viz.,  each  of  these  loci  is  a  circular  cubic. 

200.     Adopting  the  notation  of  No.  188,  or  writing 


.(and  therefore  6^  =  01^)  we  have 

a  :  b  :  c  :  d  =  - 
Moreover 


_ 
a  +  d  ,     \/5  =  a  +  d, 


/bed        /—  /bed 

=c-y  —  ,     Vwj^c  +  y  —  , 


and  we  have 

bed 

and  thence 


that  is 


agreeing  with  the  formulae  No.  188. 
The  tetrazomal  curve 
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is  thus  decomposed  into  the  two  trizomals 

(bi  -  oO  V5T+  fa  -  aO  V 

&-  d)  Vl  +  te  +  cO  VS- 

201.  Observe  that  the  tetrazomal  equation  is  a  consequence  of  either  of  the 
trizomal  equations:  taking  for  instance  the  first  trizomal  equation,  this  gives  the 
tetrazomal  equation,  and  consequently  any  combination  of  the  trizomal  equation  and 
the  tetrazomal  equation  is  satisfied  if  only  the  trizomal  equation  is  satisfied.  Multiply 
the  trizomal  equation  by  —  &i  +  di  and  add  it  to  the  tetrazomal  equation;  the  resulting 
equation  contains  the  factor  a^  and  omitting  this,  it  is 


where  observe  that  &!  —  d  is  the  distance  BG,  and  Oi  —  d^  the  distance  AD.  But  in 
like  manner  multiplying  the  second  trizomal  equation  by  —  (h  +  di*  an(l  adding  it  to 
the  original  tetrazomal  equation,  the  resulting  equation,  omitting  the  factor  c^,  is 


viz.,  it  is  in   fact  the  same  tetrazomal  equation  as  was   obtained  by  means  of  the  first 
trizomal  equation. 

The  new  tetrazomal  equation,  say 

0, 


is  thus  equivalent  to  the   original  tetrazomal   equation;  observe  that  it  is  an  equation 
of  the  form  VzS  +  VmS  +  V^S  +  VjpS)  =  0,  where 


and  where  consequently  V£  +  Vp  =  0,  Vm  +  Vw=0,  that  is  an  equation  of  the  form 
(198)  III.,  decomposable,  as  it  should  be,  into  the  equations  of  two  circular  cubics. 
Writing 


where  9  is  an  arbitrary  parameter,  the  curve  is  obtained  as  the  locus  of  the  inter- 
sections of  two  similar  conies  having  respectively  the  foci  (A,  D)  and  the  foci  (By  C) 
(see  Salmon,  Higher  Plane  Curves,  p.  174):  whence  we  have  the  theorem,  that  if 
A,  B,  G,  D  are  any  four  points  on  a  circle,  the  two  circular  cubics  which  are  the 
locus  of  the  foci  of  the  conies  which  pass  through  the  four  points  A,  B,  C,  D,  are 
also  the  locus  of  the  intersections  of  the  similar  conies,  which  have  for  their  foci 
(A,  D)  and  (JJ,  C)  respectively;  and  of  the  similar  conies  with  the  foci  (5,  D)  and 
(0,  A)  respectively;  and  of  the  similar  conies  with  the  foci  (0,  D)  and  (A,  B}  respectively. 


202.     V.     VT=Vra  =  V?r=Vp.     The  order  of   the    tetrazomal   is  =5,   whence   those 
of  the  trizomals  should  be  =3   and  =2  respectively.    To  verify  this  observe  that  the 
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equation  ^  +  •£•  +  £  "^d^  ^Ves  ~  +  b  +  ~~  +  d  =  °'  anc*  comkining  ^th  a  +  b-f-c  +  d  =  0, 
these  are  only  satisfied  by  one  of  the  systems  (a  -f  b  =  0,  c  +  d  =  0),  (a  +  c  =  0,  b  +  d  =  0), 
(a  +  d  =  0,  b  +  c  =  0).  Selecting  to  fix  the  ideas  the  first  of  these,  or  writing 

(a,  b,  c,  d)  =  (a,  -a,  c,  -c), 
so  that  we  have  identically 


an    equation    which    signifies    that    the    radical    axis    of   the    circles   A,  B   is    also    the 
radical   axis   of  the   circles   C,  D\  then,  writing  as  we  may  do,  A/C^-J  f  (=  A/^J  —  -» 


we  have 


c 
=  1  +  1,  =2,     V^=l-l,  =0. 

Here   V^  +  V??^  —  V^  =  0,  which  gives  one  of  the  trizomals  a  cubic,  viz.,  this  is  the 
trizomal 

*\  V335  +  2  V(T  =s  0. 


The  other  trizomal  reduces  itself  to  the  bizomal  VSl°  +  V33°  =  0,  which  regarded  as  a 
trizomal,  or  written  under  the  form  (  V2T  +  VS*)2  =  0,  is  the  line  Si°-33°  =  0  twice,  viz., 
this  is  the  radical  axis  of  the  circles  Al}  jBx  twice;  and  the  order  is  thus  =2.  By 
what  precedes,  the  line  in  question  is  in  fact  the  common  radical  axis  of  the  circles 
A,  B  and  of  the  circles  0,  D. 

Article  Nos.  203  to  205.     Cases  of  the  Decomposable  Curve,  the  Centres  in  a  Line. 

203.     We  have  yet  to  consider  the  decomposable  case  when  the  centres  A,  B,  C,  D 
are   on   a  line;  the  equation  a2F  H-  b93°  +  c(£°  +  dX>°  =  0  here   subsists  universally,  what- 

ever be   the  radii   a",  b",  c",  d".     We   establish  as  before  the  relation  -+^  +  ^  +  ^==0. 

a      D      c      CL 

The  cases  are  as  follows: 

I.     No   further  relation  between  I,  m,  n,  p;  order  of  tetrazomal  =8,   of  trizomals 
4  and  4. 


II.  VZ  +  Vra-h  Vft  +  V<p  =  0;  order  of  tetrazomal  =7;  of  trizomals  —4  and  3;  same 
as  II.  supra. 

III.  Vr+Vp=0,   Vm-f  Vn  =  0;    order  of   tetrazomal  =6;    of   trizomals   3  and  3; 
same  as  III.  supra. 

c.  vi.  71 
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204.     IV.     VT+  Vra  +  ^tn  +  tfp  =  0,  a  V£  +  b  Vm  +  c  V»  +  d  Vp  =  0 ;  order  of  tetrazomal 
=  6 ;  this  is  a  remarkable  case,  the  orders  of  the  trizomals  are  either  3,  8  or  else  4,  2. 

To  explain  how    this  is,  it  is  to  be  noticed   that    in  the  absence   of   any  special 

relation  between  the  radii,  the  above   conditions  combined  with   -  +  -T-  H 1-3  =  0  give 

abed 

V7  :  Vm  :  Vw  :  Vp  =  a  :  b  :  c  :  d(J);  when  I,  m,  n,  p  have  these  values,  the  case  is 
the  same  as  IV.  supra,  and  the  orders  of  the  trizomals  are  3,  3.  But  if  the  radii 
of  the  circles  satisfy  the  condition 

=  0, 


1  , 

1  , 

1  , 

1 

a  , 

6  , 

c  , 

d 

&, 

6s  , 

c3, 

& 

a,"*, 

b"*, 

c"2, 

d"* 

then  the  two  conditions  satisfy  of  themselves  the  remaining  condition  -  +  T-H  ---  h     =  0, 

abed 

and  the  ratios  VT  :  Vm  :  */n  :  vj  instead  of  being  determinate  as  above,  depend  on  an 
arbitrary  parameter. 

We  have 


and  between  Z,  m,  ?i,  p  only  the  relations 


We  find  first 


1  -  ^  {a (d  Vf- 


1  Writing  ar2,  y2,  a2,  to2  in  place  of 


,  N/TI,  \/p,  we  have  to  find  x,  y,  z,  w  from  the  conditions 
x  +  y  +  a  +  w=0, 


where  the  constants  are  connected  by  the  relation 


It  readily  appears  that  the  line  represented  by  the  first  two  equations  touches  the  quadric  surface  in  the  point 
xiy:z:  w=a  :  b  :  c  :  d,  so  that  these  are  in  general  the  only  values  of  \/z":  >Jm:  \lni  N^  In  the  case  next 
referred  to  in  the  text  the  line  lies  in  the  surface,  and  the  values  are  not  determined. 
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and  then 

(d  -  a)  vT  =  (b  -  d)  Vm  +  (c  - 

(d  —  a)  Vp  =  (a  —  6)  Vra  +  (a  —  c 
whence 

(b  Vn  — 


c&  —  a 
and  we  have  thus 


and  similarly 


(observe    that    in    the    case    not    under    consideration    b  VT&  —  c  Vm  =  0,    and    therefore 


In  the  present  case  we  have 

a  :  b  :  c  :  d  =  (6-c)(c-d)(d-6)  :  -  (c  -  d)  (d  -  a)  (a-c)  :  (d-a)(a-bXb-d)  :  -(a-V)Q>-c)(c->a), 
and  thence 


be     (d  -  a)2  ' 
so  that  only  one  of  the  two  sums  ^  +  VS^  +  Vwl,  V^+  V7na+  Vwo  is  =0,  viz.,  assuming 

/ad  =  &  -  c 
Vbc     rf-a' 


we  have 

We  have  then  also 

a  V^  +  &  Vw^  +  c  Vrh  =  a  vT+  &  Vm  +  c  Vw 


but  we  find 

(ftj  A/£  —  oa  Vp  =  -j-—  (&b  V^—  cc  Vm), 
and  thence 


in  virtue  of  A^  =    — -•     Hence  V^  :  V^  :  V^,  =6-c  :  c-a  :  a-&,  or  the  corre- 
V  be     a —  a 

spending  trizomal  is  a  conic,  but  the  other  trizomal  is  a  quartic. 
F  71—2 
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205.    V.     VZ  =  Vm-  Vw  =  Vp;  order  of  tetrazomal  is  =5;  orders  of  trizomals  =3,  2; 
same  as  V.  supra. 


VI.     Vz"+Vp  =  0,   Vm  +  Vn  =  0,   a  VI  4-  6  Vm-j-  c  Vw4-<#  Vp  =  0  ;    order  of   tetrazomal 
=  5  ;  orders  of  trizomals  are  3,  2. 

We  have  here 


Yj—  t 


—     Vm  +  A  /  , — ,  c  Vm, 
V  bed 

or  writing  the  values  of  Vm^  Vwi  in  the  form 

_          ,_         /£d  b    /— 
Vm!  =     Vm  4-  A/  T—  -7  Vm, 

f~~  —      A/""        /^  -  V^ 
then  observing  that  as  before  1=  =—  m,  if  to  fix  the  ideas  we  assume  VZ^A/^V??^  the 

OC  *      DC 

equations  are 

V£  =  ,     -\/I  and  similarly  Vz^   = 

""    ^  •  ^  •  /r~  —  vW  —  -  VZ^ 

/ —       G     /Y 

=  Vm  —  3  VZ3 


whence 

V^  +  VT^  +  V^  =  0,     VZ~  -  V^  -  VT^  =  0. 
We  have  moreover 


/r     aa-/7- 
a  V  ^  =  —  ,  —  v  Z, 
a 


and  thence  _          __ 

a  V^  +  6  Vw^  4-  c  VT^  =  (a  -  d)  Vl+(6  -  c)  Vm=  0, 
so  that 

:  VT^  =  6  —  c:c  —  a:a  —  &; 


the   corresponding    tiizomal    is    thus    a   conic,  and    it    has    been    seen    that  the    other 
trizomal  is  a  cubic. 


414] 
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VII.     If  we  have 


1,1,1,1 

a    ,  b   ,  c   ,  d 
a*  ,  b*  ,  c*  y  d* 
a"2,  V'\  c"*,  d"* 

=  0,  and  ( 

1,1,1,1  : 

a   ,  b  ,  c   yd 
a*  ,  b*  ,  c*  ,  d2 
a!'*,  W*,  c"*,  d"* 

the   tetrazomal   has   a  branch   ideally  containing  (^  —  0)  the   line  infinity  3    times ;  order 
is  ==  5 ;   orders  of  the  trizomals  are  3,  2.     We  have  here 


and  thence 


:  Vm  : 


a  :  b  :  c  :  d, 


which  give 
Moreover 


a 


=  0,        5  +  Vw^  +  VT^  =  0. 
=     a  (a  +  d)  +  bb  +  cc 


and  similarly 


whence  in  virtue  of 


a 


d  j  (  a  -  d)  +  (  &  -  c)  \J  ^  i  ; 

ad  _  (b  -  c)2 
~ 


one  of  the  two  expressions  is  =  0  ;   and  the  trizomals  are  thus  a  conic  and  a  cubic. 

Article  No.  206.     The  Decomposable  Curve;   Transformation  to  a  different  set  of 

Convydic  Foci. 

206.     Consider  the  decomposable  case  of 

4-  VmSJ  H-  VTI 


0  ; 

viz.,    the    points    A,    B,    C,  D    lie    here    in    a    circle,  and    we    have    -+T-H  ---  J"§==^- 

a      D      c      Q. 

Taking   (AI9  DJ   the    antipoints    of    (A,   D);    (B1}   CJ  the    antipoints   of   (B,  C);    then 
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SliDi  =  $12),  a31S1  =  SS  (No.   65)  and  referring  to   the   formula,   ante,   Nos,   100   et  seq., 
it  appears  that  we  can  find  ^,  ra^  r^,  p^  such  that  identically 


and  moreover  that  lp 

The  equation  of  the  curve  gives 


-Z21  +wi»   +rc<£  -#3)    -2\/plS)     +  2VwwW@     =0, 
which  may  consequently  be  written 


Mitti  -jpi^-  2  V^12I12)1  +  2  V^S^=  0  ; 
viz.,  this  is 

=.  0  ; 


that  is,  the  two  trizomals  expressed  by  the  original  tetrazomal  equation  involving  the 
set  of  concyclic  foci  (A,  B,  G,  D)  are  thus  expressed  by  a  new  tefcrazomal  equation 
involving  the  different  set  of  concyclic  foci  (AIt  JBl3  G1}  A);  and  we  might  of  course 
in  like  manner  express  the  equation  in  terms  of  the  other  two  sets  of  concyclic  foci 
(A2,  Bz>  &j>  A)  andi  (-^s?  -Ss>  Q)  -^s)  respectively.  It  might  have  been  anticipated  that 
such  a  transformation  existed,  for  we  could  as  regards  each  of  the  component  trizomals 
separately  pass  from  the  original  set  to  a  different  set  of  concyclic  foci,  and  the  two 
trizomal  equations  thus  obtained  would,  it  might  be  presumed,  be  capable  of  composition 
into  a  single  tetrazomal  equation  ;  but  the  direct  transformation  of  the  tetrazomal 
equation  is  not  on  this  account  less  interesting. 


I.     On  the  Theory  of  the  Jacobian. 
Consider  any  three  curves  U=0,  F=0,  TF=0,  of  the  same  order  r,  then  writing 

J(U  V  W} 

'     ' 


dzU,    dzV,    dzW 
we  have  the  Jacobian  curve  J(U,  V,  TF)  =  0,  of  the  order  3r  —  3. 

A  fundamental  property  is  that  if  the  curves  [T=0,  7=0,  TF=0  have  any 
common  point,  this  is  a  point  on  the  Jacobian,  and  not  only  so,  but  it  is  a  node,  or 
double  point,  that  is,  for  the  point  in  question  we  have  J=Q,  and  we  have  also 


It    follows    that    for    the    three    curves    Z@-fi<I>=0,   m 
(0  =  0  of   the  order  r-s',  <I>  =  0   of   the  order  r-s,  Z  =  0,  m  =  0,  w=0  each    of    the 
order   s',   L  =  0,   M  =  0,   N  =  0    each    of   the    order   s)    which    have    in    common    the 
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(>  —  s')  (r  —  s)   points  of  intersection   of  the  curves  ©  =  0,  <&  =  0,  each  of  these  points  is 
a  node  on  the  Jacobian,  and  hence  that  the  Jacobian  must  be  of  the  form 


=  A®2  +  25®<I>  +  C®2  =  0, 

where  obviously  the  degrees  of  A,  B,  C  must  be  r  +  2*'-3,  r  +  *+*'-  3,  r-f2s-3 
respectively.  In  the  particular  case  where  s'  —  O,  that  is  where  I,  m,  n  are  constants, 
we  have  ^1=0;  the  Jacobian  curve  then  contains  as  a  factor  (4>  =  0),  and  throwing 
this  out,  the  curve  is  £®  4-  <7<3>  =  0,  viz.,  this  is  a  curve  of  the  order  2r  +  s  —  3 
passing  through  each  of  r  (r  —  s)  points  of  intersection  of  the  curves  ©  =  0,  <J>  =  0. 

In  particular,  if  r  =  2,  s  =  1,  that  is,  if  the  curves  are  the  conies  ®  +  L3>  =  0, 
©  +  lf<E>  =  0,  ®  +  -ZVr<3>  =  0,  passing  through  the  two  points  of  intersection  of  the  conic 
®  =  0  by  the  line  <3>  =  0,  then  the  Jacobian  is  a  conic  passing  through  these  same 
two  points,  viz.,  its  equation  is  of  the  form  ©  -f  fl<t>  =  0.  This  intersects  any  one  of 
the  given  conies,  say  <H)  +  L<&  =  0  in  the  points  @  =  0,  <E>  =  0,  and  in  two  other  points 
@  +  O<£>  =  0,  fl  —  L  =  0  ;  at  each  of  the  last-mentioned  points,  the  tangents  to  the  two 
curves,  and  the  lines  drawn  to  the  two  points  @  =  0,  <E>  =  0,  form  a  harmonic  pencil, 

Although  this  is,  in  fact,  the  known  theorem  that  the  Jacobian  of  three  circles 
is  their  orthotomic  circle,  yet  it  is,  I  think,  worth  while  to  give  a  demonstration  of 
the  theorem  as  above  stated  in  reference  to  the  conies  through  two  given  points. 

Taking  (^  =  0,  #  =  0),  (^  =  0,  y  =  0)  for  the  two  given  points  @=0,  <3>  =  0,  the 
general  equation  of  a  conic  through  the  two  points  is  a  quadric  equation  containing 
terms  in  #2,  zx,  zy,  scy\  taking  any  two  such  conies 

cz*  +  Zfyz  +  Zgzx  +  Zhxy  =  0, 
Cz*  +  2Fys  +  2Q*a>  +  ZHvy  =  0, 

these  intersect  in  the  two  points  (x  =  0,  *  =  0),  (y  =  0,  z  =  0)  and  in  two  other  points  ; 
let  (#,  y,  ^)  be  the  coordinates  of  either  of  the  last-mentioned  points,  and  take  (X,  F,  Z) 
as  current  coordinates,  the  equations  of  the  lines  to  the  fixed  points  and  of  the  two 

tangents  are 

Xz~^  =  0,  Y*-Zy  =0, 

(%  +ge)(X*-Zai)  +  (hai  +fa  )(Yz-  Zy)  =  0, 
(Hy  +  Gz)  (Xz  -  Zx)  -f  (Ex  +  Ft)  (Yz-Zy)  =  0, 

whence  the  condition  for  the  harmonic  relation  is 


that  is 

0, 


but  from  the  equations  of  the  two  conies  multiplying  by  %H,  \li  and  adding,  we  have 

£(c#  +  &0)  z*  +  QiF+fH)yz  +  (jgH  +  h&)eat  +  2Afficy  =  0  ; 
viz.,  the  condition  is  thus  reduced  to 
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so  that   this   condition  being    satisfied    for    one   of   the    points    in    question,  it    will    be 
satisfied  for  the  other  of  them.     Now  for  the  three  conies 

C2?  +  2/  yz  +  2gr  zx  4-  2A  ssy  =  0, 
c^2  +  9f'  yz  +  Zg'zss  +  Sh'ay  =  0, 
CV  +  2/"y*  +  V^  +  2A"ay  -  0, 

forming  the  Jacobian,   and  throwing   out  the  factor  *,   we   may   write   the   equation  in 

the  form 

C#  +  ZFyz  +  ZGrzx  +  ZHscy  =  0, 

where  the  values  are 

C  =  g  (fc"  -f'c')  +  flf  (f'c  -fc"  )  +  <f  (fcf  -f'c), 

H=g  (h'f"  -  K'f  )  +  /  (Ay  -  V")  +  g"  (¥'  -  Vf), 

2F=h  (fc"  -f'c')  +  h'  (f'c  -fc"  )  +  h"  (fc  -fc  ), 
2<?  =  h  (c'g"  -  c"g')  +  h'  (c"g  -  eg"  )  +  h"  (eg'  -  c'g  )  ; 

and  we  thence  obtain 

cE  +  hC  --  (//  -f'g)  (c"h  -  A")  +  (f'g  -fg")  (oh'  -  c'h) 


viz.,  the  condition  is  satisfied  in  regard  to  the  Jacobian  and  the  first  of  the  three 
conies  ;  and  it  is  therefore  also  satisfied  in  regard  to  the  Jacobian  and  the  other  two 
conies  respectively. 

I  do  not  know  any  general  theorem  in  regard  to  the  Jacobian  which  gives  the 
foregoing  theorem  of  the  orthotomic  cJr^e.  It  may  be  remarked  that  the  use  in  the 
Memoir  of  the  theorem  of  the  orthotomic  circle  is  not  so  great  as  would  at  first 
sight  appear:  it  fixes  the  ideas  to  speak  of  the  orthotomic  circle  of  three  given  circles 
rather  than  of  their  Jacobian,  but  we  are  concerned  with  the  orthotomic  circle  less  as 
the  circle  which  cuts  at  right  angles  the  given  circles  than  as  a  circle  standing  in 
a  known  relation  to  the  given  circles. 


n.     On  CASEY'S  Theorem  for  the  Circle  which  touches  three  given.  Circles. 
The  following  two  problems  are  identical : 

1.  To  find  a  circle  touching  three  given  circles. 

2.  To    find    a    cone-sphere  (sphere    the    radius  of   which  is  =0)   passing    through 
three  given  points  in  space. 

In  fact,  in  the  first  problem  if  we  use  z  to  denote  a  given  constant  (which  may 
be  =0),  then  taking  a,  a'  and  i(z  —  a")  for  the  coordinates  of  the  centre  and  for  the 
radius  of  one  of  the  given  circles;  and  similarly  6,  V,  i(z—lf/)^  c,  c',  i(z-c")  for  the 
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other  two   given   circles;   and   8,  £',  i(z-S")   for  the   required   circle;   the   equations  of 
the  given  circles  will  be 


and  that  of  the  required  circle  will  be 

(x  -  S?  +  (y  -  SJ  +  (*  -  S  ")2  -  0. 

In  order  that  this  may  touch  the  given  circles,  the  distances  of  its  centre  from  the 
centres  of  the  given  circles  must  be  i  (S"  -  a"\  i  (S"  -  b"),  i  (S"  -  c")  respectively ;  the 
conditions  of  contact  then  are 

(8  -  a)2  +  (S'  -  a')2  +  (S"  -  a!J  «  0, 
(S  _  6)2  +  (#'  -  &')*  +  (S" -  6")2  =  0, 

($  -  C)2  +  ($'  —  C'  )2  4.  ($ "  _  C"  )2  —  0, 

or  we  have  from  these  equations  to  determine  8,  S',  S".  But  taking  (a,  a',  a"), 
(6,  b't  b"),  (c,  c',  c")  for  the  coordinates  of  three  given  points  in  space,  and  (S,  S',  S") 
for  the  coordinates  of  the  centre  of  the  cone-sphere  through  these  points,  we  have  the 
very  same  equations  for  the  determination  of  (S,  S'9  S")9  and  the  identity  of  the  two 
problems  thus  appears. 

I  will  presently  give  the  direct  analytical  solution  of  this  system  of  equations. 
But  to  obtain  a  solution  in  the  form  required,  I  remark  that  the  equation  of  the 
cone-sphere  in  question  is  nothing  else  than  the  relation  that  exists  between  the 
coordinates  of  any  four  points  on  a  cone-sphere ;  to  find  this,  consider  any  five  points  in 
space,  1,  2,  3,  4,  5 ;  and  let  12^  &c.  denote  the  distances  between  the  points  1  and  2,  &c. ; 
then  we  have  between  the  distances  of  the  five  points  the  relation 

0,        1,       1,       1,       1,      1 


o, 


-  2 

12, 


IS, 


1, 


0,     23, 


25 


1,     31,     32,      0,     34,    35 
1,     412,     422,     432        0,     45^ 

1,     512,     522,     532,     542,       0 
whence  taking    5  to   be  the   centre  of  the   cone-sphere   through   the  points   1,  2,  3,  4r 
we  have  15  =  25  =  35  =  45  =  0  ;  and  the  equation  becomes 

0,     122,     132,     I?  1  =  0, 
212,       0,     23a,     242  j 
312,     32 2       0,     342 

2        S        2 

41,     42,     43,       0 
C.  VI. 
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which   is  the  relation  between   the  distances  of  any  four  points  on  a  cone-sphere;  this 
equation  may  be  written  under  the  irrational  form 

23.14  +  81.24  +  12.34  =  0. 

Taking  (a,  a'}  a"),  (6,  V,  6"),  (c,  c',  c"),  (*,  y,  *)   for  the  coordinates   of  the  four  points 
respectively,  we  have 


23  =  V(6  -  c)2  +  (6'  -  c')3  +  (&"  -  c")2,     1*  =  ^  -  <*)2  +  (y  -  a')2  +  (*  " 


31  =  V(c  -  ay  +  (c'  -  a')2  +  (c"  -  a")3,     24  =  V<>  -  &)3  +  (y  -  & 


12  =  V(a  -  6)2  +  (a'  -  6'  )2  +  (a*  -  &")2,    34  =  V(«  -  c)2  +  (y  -  c') 
or  the  symbols  having  these  significations,  we  have 

23.  14  +  81.  24+12.34=0 

for  the  equation  of  the  cone-sphere  through  the  three  points  ;  or  rather  (since  the 
rational  equation  is  of  the  order  4  in  the  coordinates  (so,  y,  #))  this  is  the  equation 
of  the  pair  of  cone-spheres  through  the  three  given  points  ;  and  similarly  it  is  in 
the  first  problem  the  equation  of  a  pair  of  circles  each  touching  the  three  given  circles 
respectively. 

In  the  first  problem  the  radii  of  the  given  circles  were  i  (z  —  a"),  i  (%  —  &")>  *  (?  ~  c") 
respectively;  denoting  these  radii  by  a,  yS,  7,  or  taking  the  equations  of  the  given 
circles  to  be 


the  symbols  then  are 


'  -a')2-(7-«)2,    24  = 
6/)3-(a-/S)2,    34= 


and  the  equation  of  the  pair  of  circles  is  as  before 

23.  14  +  31.  24  +  12.  34  =  0; 

where  it  is  to  be  noticed  that  23,  31,  12  are  the  tangential  distances  of  the  circles 
2  and  3,  3  and  1,  1  and  2  respectively;  viz.,  if  a,  /9,  7  are  the  radii  taken  positively, 
then  these  are  the  direct  tangential  distances.  By  taking  the  radii  positively  or 
negatively  at  pleasure,  we  obtain  in  all  four  equations  —  the  tangential  distances  being 
all  direct  as  above,  or  else  any  one  is  direct,  and  the  other  two  are  inverse;  we  have 
thus  the  four  pairs  of  tangent  circles. 

The  cone-spheres  which  pass  through  a  given  circle  are  the  two  spheres  which 
have  their  centres  in  the  two  antipoints  of  the  given  circle  ;  and  it  is  easy  to  see 
that  the  foregoing  investigation  gives  the  following  (imaginary)  construction  of  the 


414]  ON   POLYZOMAL    CURVES.  571 

tangent  circles;  viz.,  given  any  three  circles  A,  B,  G  in  the  same  plane,  to  draw  the 
tangent  circles.  Taking  the  antipoints  of  the  three  circles,  then  selecting  any  three 
antipoints  (one  for  each  circle)  so  as  to  form  a  triad,  we  have  in  all  four  complementary 
pairs  of  triads.  Through  a  triad,  and  through  the  complementary  triad  draw  two 
circles,  these  are  situate  symmetrically  on  opposite  sides  of  the  plane  ;  and  combining 
each  antipoint  of  the  first  circle  with  the  symmetrically  situated  antipoint  of  the  second 
circle,  we  have  two  pairs  of  points,  the  points  of  each  pair  being  symmetrically  situate 
in  regard  to  the  plane,  and  having  therefore  an  anticircle  in  this  plane;  .these  two 
anticircles  are  a  pair  of  tangent  circles;  and  the  four  pairs  of  complementary  triads 
give  in  this  manner  the  four  pairs  of  tangent  circles. 

I  return  to  the  equations 

OB-SP   +  (y-sy+(z  -sy=o, 

(a-S)*    +  (a'  -  S')3  +  (a,"  -  S"?  =  0, 

(b  -  s)*  +  (V  -  sy  +  (V  -  sy  =  o, 
(c  -  £)»  +  (d  -  sy  +  0"  -  s"y  =  o  ; 

by  eliminating  (8,  8',  8")  from  these  equations  we  shall  obtain  the  equation  of 
the  pair  of  cone-spheres  through  the  points  (a,  a',  a"),  (b,  V,  b"),  (c,  o',  c").  Write 
x-Sy  y-S',  z-S"  =  Z,  T,  Z,  then  we  have  X2  +  Fs  +  ^  =  0,  and,  putting  for  shortness 

8l=(a-*)2     +(a'-y)2    +(a"-zy, 
33  =  (b  -  a>y    +(bf-  yy    +  (b"  -  zf, 
(5  -(«-«)»    +  (o'-yf    +(d'-zf, 
then,  by  means  of  the  equation  just  obtained,  the  other  three  equations  become 


S3  +  2  [(6  -  a)  X  +  (b'  -  y)  T+  (b"  -  z)  Z\  =  0, 
£+2[(e-x)X  +  (c'  -y)Y+(c"-z)Z]  =  Q. 

These  last  equations  give 

X  :  F  :  Z=     \2l   +/*93   +v  <$. 

:  X'2t  +//S3  +v'<$. 


where 

X  =  b'c"  -  b"o'  +(c'  -V)g-  (c"  -  b"  )  y, 

fj,  =  C'a"  -  c"a'  +  (a'-c')z  -  (a"  -  c"  )  y, 
v  =  a'b"  -  a"V  +  (b'  -  a'  )  z  -  (b"  -  a")  y, 
V  =  b"c  -  bo"  +  (c"  -b")x-(o  -b  )z, 
Hf  =  c"a,  —  ca"  •+  (a"  —  c")a>  —  (a—o  )z, 
v'  =  a"b  -  ah"  +<&"  -  a")  01  -  (b  -  a  )  z, 
X"=&c'  -b'c  +(o  -b  )y-(c'-V)x, 
fj,"=ca'  -c'a  +(a  -c  )y-(a'  —c'  }sa, 
v"  =  ab'  —  a'b  +  (b  -  a  )  y  —  (b'  -a')  so; 

72—2 
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-and  the  result  of  the  elimination  then  is 


But  substituting  for  31,  33,  £  their  values,  and  writing,  for  shortness, 


_j  =  &"c  -bc"  +  c"a  -co!'  +  a"b  -a  6", 
—  k  =  bc'  -Ve  +  ca'-c'a  +a  b'-ab, 
A  =  a  (6'c"  -  6"c)  +  a7  (6"c  -  6c")  +  a!'  (6c'  -  &'c), 

-  j)  =  (6V  -  6V)  (a3  +  a*  +  a"2)  +  (cV  -  cV)  (62  +  &/9  4-  6//2)  +  (a'6"  -  ^6')  (c2  +  c'2  +  c//2X 

-  5  «  (6^  -  be"  )  (a2  +  &  +  a"2)  +  (c"a  -  ca"  )  (62  +  6"  4-  &"2)  +  (ax/6  -  ab"  )  (c2  +  c'2  +  c'/2), 

-  r  =  (6c'  -  Ve  )  (a2  +  a!*  +  a"*)  +  (caf  -  c'a  )  (62  +  6/2  +  6"2)  +  (ab'  -  abf  )  (c2  +  c/2  +  c"2), 
-J=(c    -6     )(a?  +  a^  +  O  +  (a   ~c     )  (62  +  6'2-h  6'/s)  +  (  &    -  a     )  (c2  +  c'2  +  c//2), 

+  (a'-c/    )  (62  +  6'2  +  6//2)  +  (  V  -  a'     )  (c2  +  c'2  +  c"2), 
-h(  a"-*"   )  (62  +  &/2  H-  6"2)  +  (  V'-a"    )  (c2  +  c'2  +  c"2), 

we  find 


with  similar  expressions  for  V2[  +  //S  +  ^S,  X7/«  +  /'S  +  ^'K,  and  the  result  is 
{i  (aJ2  +  f  4-  -s2)  -  20  (MJ  4-  jy  4-  fe)  -  2Aa?  +  ny  -   mz-p}* 


viz.,  this  is 


nx)  +  k  (ma?  - 
+  4A3  -  2(ip+  jq  4-  ftr)  4-(Z24-  m2 


+  4A  (_pa?4-  ^y  4-  r»)  —  2  (jp  (wy  —  msr)  4-  ?  (Z?  —  wa?)  4-  ^  (ma  —  ly)} 


viz.,  this  is  in  the  rational  form  the  equation  of  the  pair  of  cone-spheres.  The 
function  on  the  left-hand  side  must,  it  is  clear,  be  save  to  a  numerical  factor  the 
norm  of 


4-    (c- 

4-  V(a-6)34-(a'-6/)24-(a//-6//)a.  V(^- 
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the    numerical    factor    of    the    expression    in    question    is    in    fact    =-4,    that    is,    the 
norm  is 


so  that  attending  only  to  the  highest  powers  in  (a,  y,  z)  we  ought  to  have 


Norm  {V(6-c)2+(6W)H(&'W02W(c-a^ 
=  -4(ia+j2-f  If). 

It  is  easy  to  see  that  the  norm  is  in  fact  composed  of  the  terms 

2  (V  -  CJ  {    (b  -  c)2  -  (c  -  a)2  -  (a  -  6)2}, 
+  2  ((/  -  a')2  {-  (6  -  c)2  +  (o  -  a)2  -  (a  -  &)2}, 


and   of  the   similar  terms   (a,  b,  c),  (a",  b",  c"),  and  in  (o',  &',  c'),  (a/7,  &",  0");   ^J16  above 
written  terms  are  =  —  4  into 


which  is 

= 

=  {a'(6  -  c)  +  V(c  -  a)  +  c'  (a  -  6)}3 
=  A3; 
and  the  value  of  the  norm  is  thus  =  -  4(i2+j3  +  A2),  as  it  should  be. 


ANNEX  III.     On  the  Norm  of  (b  -  c)  A/ST  4-  (c  -  a)  \/3P  +  (a  -  6)  \/S^  wAe^  tf^  Centres 

are  in  a  Line. 

The  norm  of  V77+VT+VTT  is 

=  (1,  1,  1,  -1,  -1,  -1JZ7,  F,  F)2, 

whence  that  of  V*7+  Z7X+  VF+  F7  +  VTT-j-  F7  is 

=    (1,  1,  1,  -1,  -1,  -r£Z7,  F, 

+    (1,  1,  1,  -1,  -1,  -1$ZT,  F, 

+  2(1,  1,  1,  -1,  -1,  -1$Z7,  F,  FJZT,  F, 
where  the  last  term  is  =  2  into 

U*  (U-  F-  F)  +  F(-  ?7+  F-  F)  +  W  (-  J7-  F+  F)  ; 

and  the  norm   of  Vf7+  CT+  ^  +  VF+T^TT^H-  VFTF'-h  W*  is  obviously  composed 
in  a  similar  manner. 
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Now,  applying  the  formula  to  obtain  the  norm  of 
(6-c)  v 


the    expression    contains    six    terms,   two    of   which    are    at  once    seen    to   vanish  ;    and 
writing  for  shortness  („)  in  place  of  (1,  1,  1,  -  1,  -  1,  -  1)  the  remaining  terms  are 


+  2   („)  ((6  -  c)2  a,  (c  -  a)2  ft  (a  -  &)2  7£(&  -  c)2  a2,  (c  -  a)2  &2,  (a  -  &)2  c2) 
+  25Q((6-c)2aJ  (c-a)2^  (a-6)27$(&-c)2    ,  (c-a)2    ,(a-&)3    ) 
+  26  („)  ((6  -  c)2a3,  (c  -  a)2  &2,  (a  -  &)2  c2$(6  -  c)2    ,  (c  -  a)2    ,  (a  -  6)2    )  ; 
the  first  of  these  terms  requires  no  reduction  ;  the  second,  omitting  the  factor  2,  is 

(&-c)2a  [    (6-c)2a2-fc-a)2&s~(a-6)2c2] 
+  (c  -  a)2  /3  [-  (b  -  c  )3  a2  +  (G  -  a)2  62  -  (a  -  &)2  c2] 

+  (a  -  &)2  ?[-(&-  c)2  a2  -  (c  -  a)2  63  +  (a  -  &)2  c2]  ; 
which  is 

=  2  (a-  6)  (6  -  c)  (c  -  a)  [6c  (6  -  c)  a  +  ca(o  -  a)  /3  +  ab  (a-  6)  7]. 

Similarly  the  third  term,  omitting  the  factor  20,  is 

(&~c)2a[    (6-c)2~(c-a)2-(a-&)2] 


which  is 


and  for  the  last  term,  omitting  the  factor  20,  this  may  be  deduced  therefrom  by  writing 
(a2,  ft3,  c2)  in  place  of  (a,  £,  7),  viz.,  it  is 


Hence,  restoring  the  omitted  factors,  and  collecting,  we  find 

Norm  {(6-c)Va2  +  i9  +  a+(c~a)V62+<9  +  /S  +  (a-6)\/c2  +  (9-f  7} 
a)4^  +  (a-&y^ 

(&-c)  (c-a)  [     (i~c)a+     (o-a)^8+     (0-6)7] 
(a-J)  (6-c)  (c-a)  [6c(i 
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Hence,    first    writing    a  -  a,    b  —  x,    c-x    in    place    of    a,    &,    o ;    then    y*    for    0,    and 
<(—  a-"2,  —  6"2,  —  c"2)  for  (a,  &  7) ;  and  finally  introducing  z  for  homogeneity,  we  find 


Norm  {(6-c)V(^-^)2  +  2/2-^2^2  +  (c-a)V,,  +  (a~6)V,,}  =  ^  into 
&  ((6  -  c)4  a"*  +  (c  -  a)4  ft"4  +  (a  -  &)*  c"4 

-  2  (c  -  a)2  (a  -  6)2  &"2  c"2  -  2  (a  -  6)2  (6  -  c)2  c"2  a"2  -  2  (6  -  c)2  (c  -  a)2  a"2  V'*) 
-fy*  (&-c)(o-a)(a-6)[    (6  -  c)  a'/2  +  (c-a)&"2  +  <>-&)  c"2] 
-  4      (6  -  c)  (c  -  a)  (a  -  6)  {     (6  -  c)  a"2  (s2  &c  -  zx  (b  +  c)  +  #2) 

+  (c  -  a)  6"2  O2  ca  -  3®  (c  +  a)  +  a?2) 
+  (a  -  6)  c"2  O2  a&  -  *®  (a  +  6)  +  a3)} 


so  that  the  equation  (6  —  c)  V2T  +  (c  -  a)  *JW  +  (a  —  b)  VS°  =  0,  in  its  rationalised  form, 
contains  (z*  =  0)  the  line  infinity  twice,  and  the  curve  is  thus  a  conic.  If  a"2  =  &"3  =  c"2  ==  A;"2, 
then  the  expression  of  the  norm  is 


=  *2  into  -4(a-6)2(6-c)2(c- 

viz.,  when  the  three  circles  have  each  of  them  the  same  radius  &",  the  curve  is  the 
pair  of  parallel  lines  2/3-  &'/222  =  0;  and  in  particular  when  &"  =  0,  or  the  circles  reduce 
themselves  each  to  a  point,  then  the  curve  is  2/2  =  0,  the  axis  twice. 


ANNEX  IV.     On  the  Trizomal  Curves  VJCT-hVwF-l-  VnW=0,  which  have  a  Cusp,  or 

two  Nodes. 

The  trizomal  curve  VZi7-4- VmF+  VnW=0,  has  not  in  general  any  nodes  or  cusps: 
in  the  particular  case  where  the  zomal  curves  are  circles,  we  have  however  seen  how 
the  ratios  I  :  m  :  n  may  be  determined  so  that  the  curve  shall  acquire  a  node,  two 
nodes,  or  a  cusp;  viz.,  regarding  a,  b,  c  as  current  areal  coordinates,  we  have  here  a 

•conic   -  +  T-  4-  -  =  0,   the  locus  of   the  centres  of   the  variable    circle,  and  the  solution 
a      b      c 

depends  on  establishing  a  relation  between  this  conic  and  the  orthotomic  circle  or  Jacobian 
of  the  three  given  circles.  I  have  in  my  paper  "Investigations  in  connection  with 
Casey's  Equation,"  Quart.  Math.  Jour.  vol.  vin.  (1867),  pp.  334— 342,  [395]  given,  after 
Professor  Cremona,  a  solution  of  the  general  question  to  find  the  number  of  the  curves 
VZZ7+  VmF+yv/nTT=0,  which  have  a  cusp,  or  which  have  two  nodes,  and  I  will  here 
reproduce  the  leading  points  of  the  investigation.  I  remark,  that  although  one  of  the 
loci  involved  in  it  is  the  same  as  that  occurring  in  the  case  of  the  three  circles 
(viz.,  we  have  in  each  case  the  Jacobian  of  the  given  curves),  the  other  two  loci 
S  and  A,  which  present  themselves,  seem  to  have  no  relation  to  the  conic  of  centres 
which  is  made  use  of  in  the  particular  case. 
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We  have  the  curves  Z7-0,  F=0,  TP=0,  each  of  the  same  order  r\  and  con- 
sidering a  point  the  coordinates  whereof  are  (I,  m,  n),  we  regard  as  corresponding  to 
this  point  the  curve  V7Z7+  VwT-f  *JnW=*  0,  say  for  shortness,  the  curve  fl,  being  as 
above  a  curve  of  the  order  2r,  having  r2  contacts  with  each  of  the  given  curves 
U  =  Q,  7  =  0,  W=Q.  As  long  as  the  point  (I,  w,  n)  is  arbitrary,  the  curve  fl  has  not 
any  node,  and  in  order  that  this  curve  may  have  a  node,  it  is  necessary  that  the 
point  (13  m,  n)  shall  lie  on  a  certain  curve  A;  this  being  so,  the  node  will,  it  is  easy 
to  see,  lie  on  the  curve  J,  the  Jacobian  of  the  three  given  curves;  and  the  curves 
J  and  A  will  correspond  to  each  other  point  to  point,  viz.,  taking  for  (l}  m,  ri)  any 
point  whatever  on  the  curve  A,  the  curve  fl  will  have  a  node  at  some  one  point 
of  J";  and  conversely,  in  order  that  the  curve  £1  may  be  a  curve  having  a  node  at 
a  given  point  of  J,  the  point  (Z,  m,  n)  must  be  at  some  one  point  of  the  curve  A. 
The  curve  A  has,  however,  nodes  and  cusps;  each  node  of  A  corresponds  to  two  points 
of  J}  viz.,  for  (I,  m,  n)  at  a  node  of  A,  the  curve  fi  is  a  binodal  curve  having  a  node 
at  each  of  the  corresponding  points  of  J;  each  cusp  of  A  corresponds  to  two 
coincident  points  of  J,  viz.  for  (I,  m,  n)  at  a  cusp  of  A,  the  curve  fl  has  a  node  at 
the  corresponding  point  of  /.  The  number  of  the  binodal  curves  £1  is  thus  equal  to 
the  number  of  the  nodes  of  A,  and  the  number  of  the  cuspidal  curves  £1  is  equal  to 
the  number  of  the  cusps  of  A;  and  the  question  is  to  find  the  Pliickerian  numbers  of 
the  curve  A.  This  Professor  Cremona  accomplished  in  a  very  ingenious  manner,  by 
bringing  the  curve  A  into  connexion  with  another  curve  S  (viz.,  2  is  the  locus  of 
the  nodes  of  those  curves  lU+mV+nW—0  which  have  a  node),  and  the  result  arrived 
at  is  that  for  the  curve  A 

Order  =   3(r-l)(3r-2), 

Class  =    6(V-1)2, 

Nodes  =   f(r-l)(27r3-63r3+22r  +  16), 

Cusps  =    3(r-l)(7r-8), 

Double  tangents  =   f  (r  -  1)  (12T3  -  36r2  +  19r  + 16), 

Inflexions  =  12  (r  -  1)  (r  -  2) ; 

so  that,  finally,  the  number  of  the  cuspidal  curves  */lff+  VmF+VnW—  0,  is  found  to  be 
=  3(r~l)(7r  —  8),  and  the  number  of  the  binodal  curves  of  the  same  form  is  found 
to  be  =f  (r- I)(27rs-63r2+22r+16).  When  the  given  curves  are  conies,  or  for  r  =  2, 
these  numbers  are  =18  and  36  respectively;  but  the  formulae  are  not  applicable  to 
the  case  where  the  conies  have  a  point  or  points  of  intersection  in  common;  nor, 
consequently,  to  the  case  of  the  three  circles. 
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CORRECTIONS  AND  ADDITIONS  TO  THE  MEMOIR  ON  THE 
THEORY  OF  RECIPROCAL  SURFACES  (Phil.  Trans,  vol.  CLIX. 
1869,  [411]). 

[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CLXII.  (for  the 
year  1872),  pp.  83—87.     Received  July  22,  —  Read  November  16,  1871.] 

1.  I  AM  indebted  to  Dr  Zeuthen  for  the  remark  that  although  the  "off-points" 
and  "off-planes,"  as  explained  in  the  memoir,  are  real  singularities,  they  are  not  the 
singularities  to  which  the  6,  6'  of  the  formulae  refer.  The  most  convenient  way  of 
correcting  this  is  to  retain  all  the  formulae  with  6,  &  as  they  stand,  but  to  write 
<0,  G>'  for  the  number  of  "  off-points  "  and  "  off-planes  "  respectively  ;  viz.  we  thus  have 

to,  off-points, 

0,  unexplained  singular  points, 
and 

CD',  off-planes, 

6',  unexplained  singular  planes, 

the  formulae  as  they  stand,  taking  account  of  the  unexplained  singularities  6  and  ff, 
but  not  taking  any  account  at  all  of  the  off-points  and  off-planes  <w,  o>'.  The  extended 
formulae  in  which  these  are  taken  into  account  are: 

a  (n  -  2)  =  K  -  B  +  p  +  2<r  -f  3o>, 

&O-2)  =  p  +  2/3  +  87+3*, 

c  (n  -  2)  =  2<r  +  4/3  +  7  -f  0  +  G>, 

a  (n  -  2)  (n  -  3)  =  2  (8  -  G  -  3o>)  +  3  (ac  -  So-  -  x  -  3a>)  -h  2  (ab  -  2/>  -  j), 
b  (7i- 


which  replace  Salmon's  original  formulas  (A)  and  (B). 
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2.     In  the  formulae 


it  is  assumed  that  the  nodal  curve  has  no  actual  multiple  points  other  than  the 
t  triple  points,  and  no  stationary  points  other  than  the  7  points  which  lie  on  the 
cuspidal  curve  ;  and  similarly  that  the  cuspidal  curve  has  no  actual  multiple  points, 
and  no  stationary  points  other  than  the  /3  points  which  lie  on  the  nodal  curve;  and 
this  being  so,  q  is  the  class  of  the  nodal  curve  and  r  that  of  the  cuspidal  curve, 
But  we  may  take  the  formulae  as  universally  true  ;  viz.  q  may  be  considered  as 
standing  for  &2-6-2&  —  87—  6t,  and  r  as  standing  for  cs-c-2A-3y8;  only  then  q 
and  r  are  not  in  all  cases  the  classes  of  the  two  curves  respectively. 

3.     In  the  formulae  No.   6   et  seq.,  introducing  the   new  singularity  co,  we  have   as 
follows  : 


and    substituting    these    in    n'  =  a  (a  —  1)  —  26  —  3c,    and     writing     for    ri    its     value 
=  a(a  —  1)  —  2S  —  3fc,  we  have,  as  in  the  memoir, 

n'  =  n(n-  l)a-  n  (76  +  12c)  +  462  +  Sb  +  9c2  +  15c 
-  8&  -  8A  +  18/3  -f  127  +  12i  -  9* 
-20-  35-3(9; 
viz.  there  is  no  term  in  o>. 

Writing    (%  —  2)  (n  —  3)  =  a  +  26  +  Be  4-  (—  4^  +  6)   in    the    equations    which    contain 
(n  —  2)  (n  —  3),  these  become 

a  (-  to  +  6)  =  2  (8  -  C)  -   a2  -  4/>  -  9o-  -  2;  -  3%  -  15a>, 
6  (-4n  +  6)  =       4fc      -  2&2  -  9/3  -  67  -  3i  -  2p  -  j, 

)=       6A      -Sc^-GyS  -4y  -  2i-  3<r-  ^-  36>> 


(Salmon's  equations  (C));    and  adding  to   each   equation    four  times   the  corresponding 
equation  with  the  factor  (n  —  2),  these  become 


26s  -  2&  =  4&-  £  +  67  +  12* 

So2  -  2c  =  6A  +  10/3  +  40  -  2i  +  5<r  -  ^  +  to. 


Writing  in  the  first  of  these  a2-2a  =  tt/  +  2S-f3/e-a,  and  reducing  the  other  two 
by  means  of  the  values  of  q,  r,  the  equations  become 

K  -  <7  -  2j  -  3%  -  3a>, 
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The  reciprocal  of  the  first  of  these  is 

</  =  a-n  +  tc'-  2f  -  3x'-  2(7  -  4B'-  3o/; 
viz.  writing  a  =*n(n  -  1)  —  26  —  3c,  and  /c  =  3n  (n  -  2)  —  66  —  8c,  this  is 

(»  -  2)-  86  -  lie-  2/  -  3%'-  2(7-  4£'-3a>'  ; 


and  it   thus   appears   that   the   order   <r'  of  the  spinode   curve   is   reduced  by  3  for  each 
off-plane  a>'. 

4.     As  to  the  other  two  equations,  writing  for  p,  a-  their  values,  these  become 


2%  +  3co  4-  4i  +  ISyS  +  5y  =  c  (5w  -  12)  •-  6r  4-  30, 

equations  which  admit  of  a  geometrical  interpretation.  In  fact,  when  there  is  only  a 
nodal  curve,  the  first  equation  is 

j  +  6z5  =  &(2n-    4)-2g, 

which  we  may  verify  when  the  nodal  curve  is  a  complete  intersection,  P  =  0,  (2  =  0; 
for  if  the  equation  of  the  surface  is  (A,  J?,  O$P9  Q)2  =  0,  where  the  degrees  of 
A,  B,  C,  P,  Q  are  n  —  2/3  n—f—g,  n  —  2g,f,  g  respectively,  then  the  pinch-points  are 
given  by  the  equations  P  =  0,  Q  =  0,  AG  —  ^  —  0,  and  the  number  j  of  pinch-points 
is  thus 


but    for    the    curve    P  =  0,   Q  =  0    we    have   t  =  0,   and    its    order    and    class   are  6  =*fg, 
q=fg  (/+  g  —  2),  or  the  formula  is  thus  verified. 

Similarly,  when  there  is  only  a  cuspidal  curve,  the  second  equation  is 

%X  +  3o?  =  c  (6n  -  12)  -  Qr  +  90, 

which   may  be  verified  when  the  cuspidal  curve  is  a  complete  intersection,  P~0,  Q  =  0; 

the   equation  of  the  surface  is  here   (A,  B>  C$P,    6)2s=sO,   where  AC-B*  =  MP  +  NQ, 

and   the  points    %,   o>   are    given    as  the  intersections    of    the    curve   with    the  surface 
(A,  B,  0%N,  -Jf)2  =  0- 

Now  AG-B*  vanishing  for  P  =  0,  Q  »  0  we  must  have  A  =  Aa2  +  A',  B  =  Aa£  +B't 
',    where    A'>  Bf)   C'    vanish    for    P  =  0,    Q  =  0;    and    thence    Jf  =AJT  +  JT, 
",  where  Jf7,  -ftT"  vanish  for  P  =  0,  Q  =  0.     The  equation 


writing  therein  P  =  0,  Q  =  0,  thus  becomes  A8  (N'a.  —  M'fSf  =  0  ;  and  its  intersections  with 
the  curve  P  =  0,  Q  =  0  are  the  points  P  =  0,  Q  =  0,  A  —  0  each  three  times,  and  the 
points  P  =  0,  Q  =  0,  N'a.  —  MrQL  =  Q  each  twice;  viz.  they  are  the  points  2%-f3o>. 

But  if  the  degree  of  A  is  «  X,  then  the  degrees  of  JIT,  M'y  a2,  ay9,  y93  are  2n  -  3/-  2^r  -  \ 
2tt-2/-3#-\,  n-2/-X,  n-f-g-\>  n-2g-\  whence  the  degree  of  A^JFa 
is  =5n-6/-6#,  and  the  number  of  points  is  =./#  (5?&  —  6/—  6#),  viz.  this  is 

=fg  (5n  -  12)  -  G/^r  (/+  ^r  -  2), 

or  it  is  =c(5ft  —  12)  —  6r;  so  that  ^  being  =0,  the  equation  is  verified. 
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5.  It  was  also  pointed  out  to  me  by  Dr  Zeuthen  that  in  the  value  of  24£  given 
in  No.  10  the  term  involving  %  should  be  —  6%  instead  of  +  6%,  and  that  in  consequence 
the  coefficients  of  %  are  erroneous  in  several  others  of  the  formulae.  Correcting  these, 
and  at  the  same  time  introducing  the  terms  in  &,  and  writing  down  also  the  terms 
in  6  as  they  stand,  we  have 

4i  =...  -    2^-f-   30-   3w, 

24£  ==..,-   6#+   90-   9<o, 
2cr  =5  ,..  —6  —      a>, 

Sp  =  ...+   6%-    90  +   9<», 
8/c  =...-   6x  + 

2S  =  ..,+    6#- 
8tt'  =  ...  -  30#  +  210  - 
c/==.,.-12%  +  100-20o). 

The  equations  of  No.  11,  used  afterwards,  No.  53,  should  thus  be 


-  24*  -  83  +  18r  =  (-  Src  +  16)  6  +  (16w  -  36)  c  -  34£  +  Qy  +  4?  -  6%  +  90  - 
and  from  these  I  deduce 


6.  In  No.  32  we  have  (without  alteration)  0  =  16:  but  in  the  application  (Nos.  40 
and  41)  to  the  surface  FP2  +  GR2Q?  =  0   we  have  0  =  0,  and  there  are   G>  =fpq  off-points, 
-^=0,  P  =  0,   Q  =  0,  and  x  =  ffPZ  close-points,    ff  =  0,  P  =  0,    Q  =  0.     The  new  equations 
involving  o>  are  thus  satisfied. 

7.  I  have  ascertained  that  the  value  of  ft'  obtained,  Nos.  51  to  64  of  the  memoir, 
is  inconsistent  with  that  obtained  in  the  cc  Addition1'  by  consideration  of  the  deficiency, 
and   that  it  is  in  fact  incorrect     The  reason  is   that,  although,  as  stated  No.   53,  the 
values  of  two   of  the  coefficients  D,   E  may  be  assumed    at  pleasure,   they  cannot,   in 
conjunction  with  a  given  system  of  values  of  A,  B,  C,  be  thus  assumed   at   pleasure; 
viz.  J.,  B,  0  being  =110,   272,  44  respectively,  the  values  of  D,  E  are  really  deter- 
minate.   I  have  no  direct  investigation,  but  by  working  back  from  the  formula  in  the 
Addition  I  find  that  we   must    have   D  =  ^,  #  =  315;    the   values   of   the    remaining 
coefficients  then  are 

F=s$,  ff  =  -i^,  fl^ 
or  the  formula  is 

ira  -24) 


—  hO  —gB  —xi  —\j  —  py,  —vQ  —/« 


but  I  have  not  as  yet  any  means   of  determining  the  coefficients  /,  /'  of  the   terms 
in  o>,  at'. 
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From  the  several  cases  of  a  cubic  surface  we  obtain  as  in  the  memoir;  but 
applying  to  the  same  surfaces  the  reciprocal  equation  for  fi,  instead  of  the  results  of 
the  memoir,  we  find 

hf  =-     4, 

0*  +  16*  —198, 
g'+    2/*  =       45, 

ff+Sf     =       18, 
X  =5 


(so  that  now  X  +  \'  =  —  2,   as  is  also  given  by  the   cubic  scroll).      And  combining  the 
two  sets  of  results,  we  have 

h     =  24, 

X      =5, 


= 

h'  =  -   4, 


V 


but   the   coefficients  #,   ^,  #',  /,  /7  are  still  undetermined.     To  make  the  result  agree 
with  that  of  the  Addition,  I  assume  x  =  —  86,  x  =  —  1,  g  =  +  28  ;  whence  we  have 

/S'=2rc,  n  - 


and  if  we  substitute  herein  the  foregoing  value  of  44#  +  ^  r,  we  obtain 

£'  =  2?i  (72,  -2)  (11??  -24) 
+  (-  6671  +  184)  6 
+  (-  937i  4-  252)  c 


-24(7-285  -i-277- 


which,  except  as  to  the  terms  in  o>,  G/,  the  coefficients  of  which  are  not  determined, 
agrees  with  the  value  given  in  the  Addition. 

Dr  Zeuthen   considers  that  in  general  i'  =  i;    I  presume  this  is  so,  but  have  not 
verified  it. 
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416. 

ON   THE  THEOKY   OF  KECIPROCAL  SURFACES. 


[Published  as  an  Addition  by  Prof.   CAYLEY  in  Dr  SALMON'S   Treatise  on  the  Analytic 
Geometry  of  Three  Dimensions,  4th  Ed.  (8vo.  Dublin,  1882),  pp.  592—604.] 

620.  IN  farther  developing  the  theory  of  reciprocal  surfaces  it  has  been  found 
necessary  to  take  account  of  other  singularities,  some  of  which  are  as  yet  only  imperfectly 
understood.  It  will  be  convenient  to  give  the  following  complete  list  of  the  quantities 
which  present  themselves  : 

n,  order  of  the  surface. 

a,  order  of  the  tangent  cone  drawn  from  any  point  to  the  surface. 

5,  number  of  nodal  edges  of  the  cone. 
AT,  number  of  its  cuspidal  edges. 

/>,    class  of  nodal  torse. 
«r,    class  of  cuspidal  torse. 

6,  order  of  nodal  curve. 

k,  number  of  its  apparent  double  points. 

f,  number  of  its  actual  double  points. 

t,  number  of  its  triple  points. 

j,  number  of  its  pinch-points. 

#,  its  class. 

c,  order  of  cuspidal  curve. 

h,  number  of  its  apparent  double  points. 
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9,  number  of  its  points  of  an  unexplained  singularity- 

%,  number  of  its  close-points. 

a>,  number  of  its  off-points. 

r,  its  class. 

/3,    number  of  intersections  of  nodal  and  cuspidal  curves,  stationary  points  on  cuspidal 
curve. 

%  number  of  intersections,  stationary  points  on  nodal  curve. 

i,  number  of  intersections,  not  stationary  points  on  either  curve. 

(7,  number  of  cnicnodes  of  surface. 

B9  number  of  binodes. 

And  corresponding  reciprocally  to  these : 

w',   class  of  surface. 

a',  class  of  section  by  arbitrary  plane. 

S',  number  of  double  tangents  of  section. 

/c',  number  of  its  inflexions. 

/>',  order  of  node-couple  curve. 

</,  order  of  spinode  curve. 

V,    class  of  node-couple  torse. 

&',  number  of  its  apparent  double  planes. 

/',  number  of  its  actual  double  planes. 

if,    number  of  its  triple  planes. 

/,    number  of  its  pinch-planes. 

c[>  its  order. 

c',    class  of  spinode  torse. 

A',  number  of  its  apparent  double  planes. 

ff,  number  of  its  planes  of  a  certain  unexplained  singularity. 

%',  number  of  its  close-planes. 

&',  number  of  its  off-planes. 

/,  its  order. 

/3',  number  of  common  planes  of  node-couple  and  spinode  torse,  stationary  planes  of 

spinode  torse. 

7',  number  of  common  planes,  stationary  planes  of  node-couple  torse. 
i',   number  of  common  planes,  not  stationary  planes  of  either  torse. 
C',  number  of  cnictropes  of  surface. 
J3',  number  of  its  bitropes. 

In  all  46  quantities. 
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621.  In  part   explanation,  observe  that  the  definitions  of  p  and  <r  agree  with  those 
given,  Art.   609:    the  nodal  torse  is  the  torse   enveloped  by   the  tangent  planes  along 
the  nodal  curve ;  if  the  nodal  curve  meets  the  curve  of  contact  a,  then  a  tangent  plane 
of  the  nodal   torse  passes   through   the   arbitrary   point,   that   is,  p   will   be   the  number 
of  these  planes  which  pass  through  the  arbitrary  point,  viz.  the   class  of  the  torse.     So 
also  the   cuspidal  torse  is  the  torse  enveloped  by  the  tangent  planes  along  the  cuspidal 
curve;   and  <r   will  be   the  number   of   these    tangent    planes   which    pass    through    the 
arbitrary  point,  viz.  it  will  be  the  class  of  the  torse.     Again,  as  regards  p'  and  cr' :  the 
node-couple  torse  is  the  envelope  of  the  bitangent  planes  of  the  surface,  and  the  node- 
couple   curve    is    the   locus    of  the    points    of   contact    of   these    planes;    similarly,   the 
spinode   torse   is  the   envelope   of  the  parabolic   planes   of  the  surface,  and   the   spinode 
curve  is   the   locus  of  the   points  of  contact  of  these  planes;  viz.   it  is  the  curve  UH 
of  intersection  of  the  surface  and   its  Hessian ;  the  two   curves   are  the  reciprocals   of 
the   nodal  and  cuspidal  torses  respectively,  and    the   definitions   of  p>   crr  correspond  to 
those  of  p  and  <r. 

622.  In  regard   to  the  nodal   curve   6,  we   consider  k  the  number   of  its  apparent 
double   points   (excluding  actual    double    points) ;   f  the    number    of    its    actual    double 
points  (each  of  these  is  a  point  of  contact  of  two   sheets  of  the  surface,  and  there  is 
thus  at   the  point  a  single    tangent  plane,  viz.    this  is   a  plane  /',   and  we   thus  have 

/'=:/);  t  the  number  of  its  triple  points;  and  j  the  number  of  its  pinch-points — 
these  last  are  not  singular  points  of  the  nodal  curve  per  se9  but  are  singular  in  regard 
to  the  curve  as  nodal  curve  of  the  surface ;  viz.  a  pinch-point  is  a  point  at  which 
the  two  tangent  planes  are  coincident.  The  curve  is  considered  as  not  having  any 
stationary  points  other  than  the  points  7,  which  lie  also  on  the  cuspidal  curve;  and 
the  expression  for  the  class  consequently  is  q  =  62  —  b  —  2k  —  2/—  87  —  St. 

623.  In  regard  to  the  cuspidal  curve  c  we  consider  h  the  number  of  its  apparent 
double  points  ;  and  upon  the  curve,  not  singular  points  in  regard  to  the  curve  per  se, 
but    only  in  regard  to  it  as  cuspidal   curve    of  the  surface,   certain  points  in  number 
d,  %,  0  respectively.    The  curve  is  considered  as  not  having  any  actual  double  or  other 
multiple  points,  and  as  not  having  any  stationary  points   except    the  points  /3,  which 
lie  also  on  the  nodal  curve;   and  thus  the  expression  for  the  class  is  r  =  c2  —  c—  2A  —  3/3. 

624.  The  points  7  are  points  where  the  cuspidal  curve  with  the  two  sheets  (or 
say  rather  half-sheets)  belonging  to  it  are  intersected  by  another  sheet  of  the  surface; 
the  curve   of   intersection  with  such  other  sheet  belonging  to  the  nodal  curve  of  the 
surface  has  evidently  a  stationary  (cuspidal)  point  at  the  point  of  intersection. 

As  to  the  points  &  to  facilitate  the  conception,  imagine  the  cuspidal  curve  to  be 
a  semi-cubical  parabola,  and  the  nodal  curve  a  right  line  (not  in  the  plane  of  the 
curve)  passing  through  the  cusp;  then  intersecting  the  two  curves  by  a  series  of 
parallel  planes,  any  plane  which  is,  say,  above  the  cusp,  meets  the  parabola  in  two 
real  points  and  the  line  in  one  real  point,  and  the  section  of  the  surface  is  a  curve 
with  two  real  cusps  and  a  real  node;  as  the  plane  approaches  the  cusp,  these 
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approach  together,  and,  when  the  plane  passes  through  the  cusp,  unite  into  a  singular 
point  in  the  nature  of  a  triple  point  (=  node  +  two  cusps) ;  and  when  the  plane  passes 
below  the  cusp,  the  two  cusps  of  the  section  become  imaginary,  and  the  nodal  line 
changes  from  crunodal  to  acnodal. 

625.  At   a  point  i  the  nodal  curve   crosses   the   cuspidal   curve,  being   on   the   side 
away   from   the   two   half-sheets   of    the   surface   acnodal,    and   on   the    side    of   the    two 
half-sheets   crunodal,  viz.  the   two   half-sheets   intersect  each   other   along  this  portion  of 
the   nodal   curve.     There  is  at   the  point   a  single   tangent   plane,  which   is  a  plane   i '; 
and  we  thus  have  i  =  i'. 

626.  As   already  mentioned,  a  cnicnode    G  is   a   point  where,  instead   of  a   tangent 
plane,   we   have   a   tangent   quadricone ;   and  at   a  binode   B  the   quadricone  degenerates 
into   a   pair   of  planes.     A  cnictrope   Gf  is   a  plane  touching  the   surface  along  a  conic; 
in  the  case  of  a  bitrope  B',  the  conic  degenerates  into  a  flat  conic  or  pair  of  points. 

627.  In  the  original  formula  for  a(n—  2),  6(n  — 2),  c(n—  2),  we  have  to  write  «,—  B 
instead   of    /c,   and   the   formulse   are  further    modified   by   reason    of   the   singularities    6 
and   G>.     So   in   the   original  formulse   for  a  (n  —  2)  (n  -  3),  b(n—  2)(n  —  3),  c(n—  2)(n~  3), 
we    have    instead    of    S    to   write    S  —  0  —  3o> ;    and    to    substitute    new   expressions    for 
[a6],  [etc],  [6c],  viz.  these  are 

[a6]  =  a6~2p-j, 
[ac]  =  ao  —  Scr—x  —  to, 
[bo]  =  6c-3£~2y-i 

The  whole  series  of  equations  thus  is 

(1)  a'  =  a. 

(2)  /'=/• 
(S)  »v-i 

(4)  a  =  n    (n  -  1)  -  26  -  3c. 

(5)  K'  =  Sn  («.-  2)  -  66  -  8c. 

(6)  8'  =  Jw  (TI  -  2)  O2  -  9)  -  (n2  -  7i  -  6)  (26  +  3o)  +  26  (6  -  1)  +  66c  +  f  c  (c  - 1). 

(7)  a(7i-2)  =  *-. 

(8)  6(n-2)= 

(9)  cO-2)=  2or  +  4/S+    7  +  0  +  <o. 

(10)  a  (n  -  2)(n  -  3)  =  2  (8  -  C  -  3®)  +  3  (ac-  3<r- X" 3o))  +  2  (a&  "  2P  ~3         )• 

(11)  6(n-2)(n-8)  =  4*  +    (a6-2p-j           )  +  8(&o-3£-2y-0. 

(12)  c(n-2)(n-3)  =  6A  +   (00-80—%-  3a>)  +  2  (6c  -  3/3  -  2?  -  i). 

(13)  2  «  62  -  6  -  2A  -  2/-  87  -  6*. 

(14)  r  =  c2-c-2A-3^. 

C.   VI.  ' 4 
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Also,  reciprocal  to  these 

(15)  a'=   »'(a'-l)-26'-3c'. 

(16)  K  =  3re'  («'  -  2)  -  66'  -  8c'. 

(17)  S  =  -K  (n'  -  2)  (»*  -  9)  -  (n'2  -  »'  -  6)  (26'  +  3c')  +  26'  (6'  -  1)  +  66V  +  f  c'  (c'  -  1). 
(18) 

(19) 

(20)  c'  (»'  -  2)  =  2</  +  4/3'  +  7'  +  ^  +  »'. 

(21)  a'  (n'  -  2)  (n'  -  3)  =  2  (S'  -  C"  -  3»0  +  3  («V  -  3<r'  -  x'  ~  3®')  +  2  (a'6'  -  2p'  -/). 

(22)  &'(«'-2)(»'-3)=  W  +    (a'b'-2p'-jf)  +  3  (6V  -  3/9'  -  27'  -  »"). 

(23)  c'(w'-2)(w'-3)=    84'  +    (aV  -  So7  -  %'  -  3®')  +  2  (6V  -  3/9'  -  27'  -  i'). 

(24)  q'  =  6'2  -  6'  -  2A'  -  2f  -  3y'  -  Qt'. 

(25)  /  =  c'2-c'-2A'-3JS'> 

together  with  one  other  independent  relation,  in  all  26  relations  between  the  46  quantities. 

628.     The   new  relation  may  be  presented  under  several  different  forms,  equivalent 
to  each  other  in  virtue  of  the  foregoing  25  relations;  these  are 

(26) 
(27) 


in  each  of  which  two  equations  S  is  used  to  denote  the  same  function  of  the  accented 
letters  that  the  left-hand  side  is  of  the  unaccented  letters. 


(28)  &  +  W=     2»  (»  -  2)  (lln  -  24) 

+  (-66%  +184)  6 


+  22  (2/3  +  37  +  3*) 
+  27(4/9  +  7  +  0) 


-  24(7  -  285  -  27j  -  38X  -  73o> 

+   4(7  +  105'+   7/+   8X'-  4o>'. 
Or,  reciprocally, 

(29)  £  +  J0-    2»'(n'-  2)  (11^-24) 

+  (-66n'  +  184)6' 
+  (-937i'  +  252)  c' 
+  22  (2^  +  87'  +  30 
+  27(4j3'+  y+ff) 


-  24(7'  -  285'  -  27/  -  B8X'  - 
+   4(7  +  105  +   7    +   8- 
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The  foregoing   equation  (26)   in    fact   expresses   that   the   surface  and   its  reciprocal  have 
the  same  deficiency;  viz.  the  expression  for  the  deficiency  is 

(30)     Deficiency  ==j(ro 


=  Kw/-  !)(*'-  2)(w/-  8)  -  &c. 

629.  The  equation  (28)  (due  to  Prof.  Cayley)  is  the  correct  form  of  an  expression 
for  /3',  first  obtained  "by  him  (with  some  errors  in  the  numerical  coefficients)  from 
independent  considerations,  but  which  is  best  obtained  by  means  of  the  equation  (26)  ; 
and  (27)  is  a  relation  presenting  itself  in  the  investigation.  In  fact,  considering  a  as 
standing  for  its  value  n  (n  —  1)  —  26  —  3c,  we  have  from  the  first  25  equations 


+  2 
—  2 
-4 
-6 
+  2 
-3 
-2 


a 

Sn  —  c  —  K 


b  (n  -  2)  -  p  -  2/3  -  87- 
c(n-2)  —  2<r  -  4/9  -  7  - 
n  +  K  -  a--  20-45-  2; 


=  2 
=  2 
=  2 

=  2 
=  2 
>  =  2 
=2 
=2 


and   multiplying   these  equations   by  the  numbers  set  opposite  to  them  respectively,  and 
adding,  we  find 


-  2n3 


-  36)  +  c  (12^  -  48) 
-  41£  -  30y  -  24£  -  7j  - 


-  4o>  =  2, 


and  adding  thereto  (26)  we  have  the  equation  (27);  and  from  this  (28),  or  by  a  Eke 
process,  (29),  is  obtained  without  much  difficulty.  As  to  the  8  2-equations  or  symmetries, 
observe  that  the  first,  third,  fourth,  and  fifth  are  in  fact  included  among  the  original 
equations  (for  an  expression  which  vanishes  is  in  fact  =  2)  ;  we  have  from  them 
moreover  3n  —  c  =  3a'  —  /c',  and  thence  3n  —  c  —  K  =  3a'  —  K  —  /c7,  which  is  =  2,  or  we  have 
thus  the  second  equation;  but  the  sixth,  seventh,  and  eighth  equations  have  yet  to 
be  obtained. 

630.     The  equations  (15),  (16),  (17)  give 

n'=    a  (a  -1)-  28  -3*, 
c'  =  3a  (a  -  2)  -  6S  -  SAT, 


from  (7),  (8),  (9)  we  have 

(a-    6-    o)(n-2)  -      *--» 

(a-  26-  So)  (?i-  2)  (tt-  3)  =  2  (S-  0)  -8*  -  18A- 

74—2 
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and   substituting   these  values   for    K    and    S,    and    for  a    its    value    =n(n-  1)-  26  -  3c 
we  obtain  the  values  of  ri,  c',  V  ;  viz.  the  value  of  n    is 


86+  9c2  +  15c 
-  8Jfc  -  ISA  -f  18/3  +  127  -H  12i  -  9£ 
-2(7-35-3(9. 

Observe  that  the  effect  of  a  cnicnode   C  is  to  reduce   the  class  by  2,   and   that   of  a 
binode  5  to  reduce  it  by  3. 

631.     We  have 

(n  -  2)  (ra  -  3)  =  n*  -  n  +  (-  to  +  6)  =  a  +  26  +  3c  -1-  (-  4?i  +  6), 

and  making  this  substitution  in  the  equations  (10),  (11),  (12),  which  contain  (ft  -2)  (n-3), 
these  become 

a  (-  4n  -f  6)  =  2  (S  -  G)  -  a2  -  4/5  -  9<r  -  2j  -  3%  -  15o>, 

6  (-  4rc  -f  6)  =  4&  -  262  -  9/3  -  67  -  Si  -  2/>  -  j, 

c  (_  4,^  +  6)  =  6h  -  3c2  -  6/?  -  47  -  2i  -  3<r  -  %  -  3<o, 


{the  foregoing  equations  (C)  Salmon   p.    586)  ;   and  adding  to   each   equation  four  times 
the  corresponding  equation  with  the  factor  (n  —  2),  these  become 


262  -  2&  =  4i  -  j8  +  67  4-  12£  -  3i  +  2p  -  j, 
Sc2  -  2c  =  6A  +  10/3  +  40  -  2i  +  5<7  -  %  +  ®. 


Writing  in  the  first  of  these   a2—  2a=^'-h  2S  +  3«  —  a,  and   reducing  the   other  two  by 
means  of  the  values  of  q,  r,  the  equations  become 

-  o-  -  2j  -  3%  -  3w3 


which  give  at  once  the  last  three  of  the  8  2-equations. 
The  reciprocal  of  the  first  of  these  is 


or  writing  herein  a=-n(n  —  1)  —  2&—  3c  and  K'  =  Sn  (n  —  2)  —  66  —  8c,  this  is 

</  =  4?i  (n  -  2)  -  86  -  1  1  c  -  2/  -  3%'  -  2  C'  -  45'  - 


giving  the  order  of   the    spinode    curve  ;    viz.    for   a  .surface    of    the    order   n    without 
singularities  this  is  =  4^(^—2),  the  product  of  the  orders  of  the  surface  and  its  Hessian. 
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632.  Instead  of  obtaining  the  second  and  third  equations  as  above,  we  may  to 
the  value  of  6  (—  &n  +  6)  add  twice  the  value  of  b  (n  —  2)  ;  and  to  twice  the  value  of 
c  (—  4<n  4-  6)  add  three  times  the  value  of  c  (n  —  2),  thus  obtaining  equations  free  from 
p  and  a-  respectively;  these  equations  are 


c  (-  5n  +  6)        =  I2h  -  6c2  -  67  -  4i  -  2#  +  30  -  3o>, 
equations  which,  introducing  therein  the  values  of  q  and  r,  may  also  be  written 

6(2w-    4)          =2g+    5/3  +  674-  6*  +  3i-f    j  +  4/ 
c  (5w-  12)  +  30  =  6r  4-  18/8  +  5y          +4i+  2%  +  3o>. 

Considering  as  given,  n  the  order  of  the  surface  ;  the  nodal  curve  with  its  singularities 
b,  k,  f,  t\  the  cuspidal  curve  and  its  singularities  c,  h  ;  and  the  quantities  /8,  y,  i  which 
relate  to  the  intersections  of  the  nodal  and  cuspidal  curves;  the  first  of  the  two 
equations  gives  j9  the  number  of  pinch-points,  being  singularities  of  the  nodal  curve 
quoad  the  surface  ;  and  the  second  equation  establishes  a  relation  between  6,  %,  <a,  the 
numbers  of  singular  points  of  the  cuspidal  curve  quoad  the  surface. 

In   the   case   of  a  nodal  curve  only,  if  this  be  a  complete  intersection  P  =  0,  Q  =  0, 
the  equation  of  the  surface  is  (A,  B,  CQP,  Q)2=0,  and  the  first  equation  is 


6  (-  2n  +  2)  =  4ik  -  262  +  6t-j-9 

or,  assuming  £  =  0,  say  j  =  2(w  —  1)  6  —  262+4&,  which  may  be  verified;  and  so  in  the 
-case  of  a  cuspidal  curve  only,  when  this  is  a  complete  intersection  P  =  0,  Q  =  0,  the 
•equation  of  the  surfoce  is  (A,  5,  G$P,  Q)2  =  0,  where  AC-  &  =  MP  +  NQ;  and  the 

second  equation  is 

c  (_  5^  +  6)  =  12A  -  6c2  -  2%  +  35  -  3o>, 
•or,  say 

2x  +  3w  =  (5?i  -  6)  c  -  6c2  +  12A  +  3(9, 

which  may  also  be  verified. 

633.     We   may   in  the   first  instance    out    of   the   46   quantities    consider  as    given 
the   14   quantities 

n;  6,  k,  f,  t\  c,  \  ff,  x  5  A  %  »';  0,   J5, 

then  of  the  26  relations,  17  determine  the  17  quantities 

a,  S,  /c,  p,  <r-9j,  q  ;  r,  G>  ; 

n';a',V,*f  \V,f  ',  c'  ;  tv, 

* 

.and  there  remain  the  9  equations 

(18),  (19),  (20),  (21),  (22),  (23),  (24),  (25),  (28), 
•connecting  the  15  quantities 

P',  <?';  V>  t',  f,  4;  hf,  ff,  tf,  »',  v'iP,'/;  0',  ff. 


590  ON  THE  THEORY  OF  RECIPROCAL  SURFACES.  [416 

Taking  then  further  as  given  the  5  quantities  /,  x',  <ai  ',  G'9  B', 

equations  (18)  and  (21)  give    //,  <r', 
equation    (19)  gives  2/3'  +  87'  +  32', 

„     (20)  „ 

„         (28)  „ 

so    that   taking   also   it   as    given,   these   last    three    equations   determine    f¥9  7',  &  ';   and 

finally 

equation    (22)  gives  &', 

(23)  „     A', 

(24)  „      ^, 

(25)  „      /, 

viz.  taking  as  given  in  all  20  quantities,  the  remaining  26  will  be  determined. 

634.     In   the   case   of  the  general  surface   of  the  order  n,  without  singularities,  we 
have  as  follows: 

n  =  n, 

a  =   n  (n  —  1), 

8  «J?i(»-l)(ii-2)(n-3), 

fc  =   n(tt-l)(ft-2), 

n'=  n(n  —  I)2, 

a'  =   n  (n  —  1), 

S'-^(7i-2)(^-9), 

^  «  3?fc  (n  -  2), 

6'  =iw(»-  1)  (71-2)  (W«-  tf  +  w  -  12), 

^  =  %n  (n  -  2)  (7^10  -  M  +  16w8  -  54n7  +  164w6  -  288w5  +  547»4  -1058?i3+1068w2-  1214^2  +  1464), 

f  =  ^  (n  -  2)  (w7  -  W  +  Tn5  -  45ft4  4-  114w5  -  lllw2  +  548?i  -  960), 


=  %n  (n  -  2)  (16ra4  -  64^8  +  80r*2  -  108n  +  156), 


(w-  2)  (?i  -  3)  (%3-  3fl,+  16), 
the  remaining  quantities  vanishing. 
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635.  The  question  of  singularities  has  been  considered  under  a  more  general  point 
of  view  by  Zeuthen,  in  the  memoir  "Recherche  des  singularity  qui  ont  rapport  &  une 
droite  multiple  d'une  surface/'  Math.  Annalen,  t.  IV.  pp.  1  —  20,  18*71.    He  attributes  to 
the  surface: 

A  number  of  singular  points,  viz.  points  at  any  one  of  which  the  tangents  form 
a  cone  of  the  order  p,  and  class  v>  with  y  +  ij  double  lines,  of  which  y  are  tangents 
to  branches  of  the  nodal  curve  through  the  point,  and  z  +  £  stationary  lines,  whereof 
z  are  tangents  to  branches  of  the  cuspidal  curve  through  the  point,  and  with  u  double 
planes  and  v  stationary  planes;  moreover,  these  points  have  only  the  properties  which 
are  the  most  general  in  the  case  of  a  surface  regarded  as  a  locus  of  points  ;  and  S 
denotes  a  sum  extending  to  all  such  points.  {The  foregoing  general  definition  includes  the 
cnicnodes  (/j,=  v  =  %,  y  =  ^  =  ^  =  ^=u  =  v  =  Q\  and  [also,  but  not  properly]  the  binodes  (/M  =  2, 
77  =  1,  i>  =  2/  =  &c.  =  0),  [it  includes  also  the  off-points  (fjb  —  v  =  S,  z  =  v  =  l,  y  =  7?  =  (=  0)].} 

And,  further,  a  number  of  singular  planes,  viz.  planes  any  one  of  which  touches 
along  a  curve  of  the  class  p!  and  order  z/,  with  tf  +  rf  double  tangents,  of  which  j/ 
are  generating  lines  of  the  node-couple  torse,  si  4-  £'  stationary  tangents,  of  which  zf  are 
generating  lines  of  the  spinode  torse,  u'  double  points  and  tf  cusps;  it  is,  moreover, 
supposed  that  these  planes  have  only  the  properties  which  are  the  most  general  in 
the  case  of  a  surface  regarded  as  an  envelope  of  its  tangent  planes;  and  S'  denotes 
a  sum  extending  to  all  such  planes.  {The  definition  includes  the  cnictropes  (//=z/  =  2, 
y  =  77'  ==/==£'==  -M'  ==#'==  0),  and  [also,  but  not  properly]  the  bitropes  (X  =  2,  */  =  !, 
i/ssy'ss&c.sO),  [it  includes  also  the  off-planes  (//,'  =  !/  =  3,  /  =  v'  =  l,  /  =  77'  =  £'=())].} 

636.  This  being  so,  and  writing 


the    equations    (7),  (8),  (9),  (10),  (11),  (12),  contain  in  respect  of  the  new   singularities 
additional  terms,  viz.  these  are 


there  are  of  course  the  reciprocal  terms  in  the  reciprocal  equations  (18),  (19),  (20), 
{21),  (22),  (23).  These  formulae  are  given  without  demonstration  in  the  memoir  just 
referred  to:  the  principal  object  of  the  memoir,  as  shown  by  its  title,  is  the  consider- 
ation not  of  such  singular  points  and  planes,  but  of  the  multiple  right  lines  of  a 
surface;  and  in  regard  to  these,  the  memoir  should  be  consulted. 
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384.  THE  conclusion  arrived  at  Nos.  27 — 30  that  the  transformed  curve  of  the 
order  D  + 1  depends  upon  4Z>  —  6  parameters  is  at  variance  with  Kiemann's  theorem 
according  to  which  the  number  of  parameters  is  3p  — 3,  (p  Eiemann  —D  Cayley),  =3Z>  — 3, 
and  this  last  is  the  correct  value.  My  erroneous  conclusion  is  referred  to  in  the 
preface  to  Clebsch  and  Gordan's  Theorie  der  Abel'schen  Functionen  (Leipzig,  1866), 
"Unter  den  von  Eiemann  behandelten  Theilen  der  Theorie  haben  wir  die  Frage  nach 
der  Anzahl  der  Moduln  einer  Klasse  von  Abel'schen  Functionen  ausschliessen  zu  miissen 
geglaubt.  Diese  Frage  ist  durch  die  scharfsinnigen  Betrachtungen  des  Herrn  Oayley 
Gegenstand  der  Controverse  geworden :  sie  ist  iiberhaupt  wohl  zunachst  nur  durch  tiefe 
algebraische  Untersuchungen  endgtiltig  zu  entscheiden,  fur  deren  Schwierigkeiten  die  gegen- 
wartig  bekannten  Methoden  nicht  mehr  auszureichen  scheinen."  In  the  case  D  (or  p)  =  3, 
my  value  is  10,  Kiemann's  is  9 :  that  the  latter  is  correct  was  shown  by  a  direct 
proof  in  the  paper  Brill,  "Note  bezuglich  der  Zahl  der  Moduln  einer  Klasse  von 
algebraischen  Gleichungen,"  Math.  Ann.,  t.  I.  (1869),  pp.  401 — 406  :  the  explanation  of 
my  error  is  given  in  the  paper,  Cayley,  "Note  on  the  Theory  of  Invariants/'  Math. 
Ann.,  t.  m.  (1871),  pp.  268—271. 

400.  The  question  here  considered,  viz.,  the  expression  of  a  binary  sextic  /  in 
the  form  v*  —  u3,  v  and  u  a  cubic  and  a  quadric  respectively,  forms  the  basis  of 
the  very  interesting  investigations  contained  in  the  Memoir,  Clebsch  "Zur  Theorie 
der  binaren  Formen  sechster  Ordnung  und  zur  Dreitheilung  der  hyperelliptischen 
Functionen,"  Gdtt.  Abh.,  t.  xiv.  (1869),  pp.  1 — 59.  Considering  /  as  a  given  sextic  it  is 
remarked  that  the  number  of  solutions,  or  what  is  the  same  thing  the  number  of 
the  functions  u  or  v,  although  at  first  sight  =  45,  is  really  =  40  ;  supposing  that  there 
is  a  given  solution  u,  v,  or  that  tke  sextic  function  is  in  the  first  instance  given  in 
the  form  v*  —  u*y  then  if  any  other  solution  is  u',  vf,  we  have  02  —  w8  =  ?/2  —  w/s,  where 
v',  u'  are  functions  to  be  determined :  there  are  in  all  39  solutions,  a  set  of  27  and  a  set 
of  12  solutions:  viz.  writing  the  equation  in  the  form(v+v')(v—v')=(u—u')(u--6u')(u--&i'), 
e  an  imaginary  cube  root  of  unity,  then  either  the  v  4-  v'  and  the  v  —  v'  contain  each 
of  them  as  a  factor  one  of  the  quadric  functions  u—u',  u  —  eu',  u  —  &U  (which  gives 
the  set  of  27  solutions)  or  else  the  v  -f  v'  and  the  v  —  v'  are  each  of  them  the  product 
of  three  linear  factors  of  the  quadric  functions  respectively  (which  gives  the  set  of  12 
c.  vi.  75 
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solutions).  It  may  be  added  that  the  27  solutions  form  9  groups  of  3  each  and  that 
these  9  groups  depend  upon  Hesse's  equation  of  the  order  9  for  the  determination  of 
the  inflexions  of  a  cubic  curve;  and  that  the  12  solutions  are  determined  by  an 
equation  of  the  order  12  which  is  the  known  resolvent  of  this  order  arising  from 
Hesse's  equation  and  is  solved  by  means  of  a  quartic  equation  with  a  quadrinvariant 
=  0.  As  appears  by  the  title  of  the  memoir,  the  question  is  connected  with  that  of 
the  trisection  of  the  hyperelliptic  functions. 

401,  403.  On  the  subject  of  Pascal's  theorem,  see  Veronese,  "  Nuove  teoremi  sulP 
hexagrammum  mysticum,"  JR.  Accad.  dei  Lined  (1876—77),  pp.  7—61 ;  Miss  Christine 
Ladd  (Mrs  Franklin),  "  The  Pascal  Hexagram,"  Amer.  Math.  Jour.,  t.  II.  (1879),  pp.  1—12, 
and  Veronese,  "Interpretations  gdom^triques  de  la  thdorie  des  substitutions  de  n  lettres, 
particuliferement  pour  ft  =  3,  4,  5,  en  relation  avec  les  groupes  de  THexagramme  Mysti- 
que/3 Ann.  di  Matem.,  t.  XL  1882—83,  pp.  93—236.  See  also  Richmond,  "A  Sym- 
metrical System  of  Equations  of  the  Lines  on  a  Cubic  Surface  which  has  a  Conical 
Point,"  Quart.  Math.  Jour.,  t.  xxn.  (1889),  pp.  170—179,  where  the  author  discusses  a 
perfectly  symmetrical  system  of  the  lines  on  the  cubic  surface  and  deduces  from  them 
equations  of  the  lines  relating  to  a  Pascal's  hexagon :  there  are  of  course  through  the 
conical  point  6  lines  lying  on  a  quadric  cone  and  these  by  their  intersections  with  the 
plane  give  the  six  points  of  the  hexagon :  the  interest  of  the  paper  consists  as  well 
in  the  connexion  established  between  the  two  theories  as  in  the  perfectly  symmetrical 
form  given  to  the  equations. 

406,  407.  A  correction  was  made  by  Halphen  to  the  fundamental  theorem  of 
Chasles  that  the  number  of  the  conies  (X,  kZ)  is  =  a/t  -f-  f3v,  he  finds  that  a  diminution 
is  in  some  cases  required,  and  thus  that  the  general  form  is,  Number  of  conies 
(X,  4*Z)  =  afj,  +  pv  —  T:  see  Halphen's  two  Notes,  Gomptes  'Hendus,  4  Sep.  and  13  Nov., 
1876,  t.  LXXXIIL  pp.  537  and  886,  and  his  papers  "Sur  la  theorie  des  caract&istiques 
pour  les  coniques,"  Proc.  Lond.  Math.  Soc.,  t.  IX.  (1877—1878),  pp.  149—170,  and  "  Sur 
les  nombres  des  coniques  qui  dans  un  plan  satisfont .  &  cinq  conditions  projectives  et 
independantes  entre  elles,"  Proc.  Lovd.  Math.  Soc.,  t.  x.  (1878—79),  pp.  76—87:  also 
Zeuthen's  paper  "Sur  la  revision,  de  la  theorie  des  caract&istiques  de  M.  Study," 
Math.  Ann.,  t.  xxxvn.  (1890),  pp.  461 — 464,  where  the  point  is  brought  out  very  clearly 
and  tersely. 

The  correction  rests  upon  a  more  complete  development  of  the  notion  of  the 
line-pair-point,  viz.  this  degenerate  form  of  conic  seems  at  first  sight  to  depend  upon 
three  parameters  only,  the  two  parameters  which  determine  the  position  of  the  coincident 
lines,  and  a  third  parameter  which  determines  the  position  therein  of  the  coincident 
points:  but  there  is  really  a  fourth  parameter.  {Compare  herewith  the  point-pair,  or 
indefinitely  thin  conic,  which  working  with  point-coordinates  presents  itself  in  the  first 
instance  as  a  coincident  line-pair  depending  on  two  parameters  only,  but  which  really 
depends  also  on  the  two  parameters  which  determine  the  position  therein  of  the  vertices.} 
As  to  the  fourth  parameter  of  the  line-pair-point  the  most  simple  definition  is  a 
metrical  one;  taking  the  semiaxes  of  the  degenerate  conic  to  be  a  and  b  (a  =  0,  6  =  0) 
then  we  have  two  positive  integers  p  and  q  prime  to  each  other  such  that  the  ratio 
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a?  :  b$  is  finite  ;  and  this  being  so  the  fractional  or  it  may  be  integer  number  p  :  q 
is  the  fourth  parameter  in  question.  But  it  is  preferable  to  adopt  Halphen's  purely 
descriptive  definition,  viz.  we  consider  a  conic  1°  in  reference  to  three  given  points 
y,  z,  t  on  a  given  line,  and  take  x,  oc  for  the  intersections  of  the  conic  with  the 
line  :  we  take  a  =  (y,  zy  t,  x)  —  (y,  z,  t,  of)  for  the  difference  of  the  corresponding  anhar- 
inonic  ratios  of  the  three  points  with  the  points  x,  x'  respectively;  and  2°  we  consider 
the  conic  in  reference  to  three  given  lines  Y,  Z,  T  through  a  given  point  and  take  X,  X' 
for  the  tangents  from  the  given  point  to  the  conic;  we  take  b=(Y,  Z,  T,  X)—(Y>  Z:  T,  X') 
for  the  difference  of  the  corresponding  anharmonic  ratios  of  the  three  lines  with  the 

lines  X,  X'  respectively  (observe  that  these  values  are  c&  =  —  %  —  &  —      —  y^_  - 
r  J  —         -  —         - 


—  ^   „  —  =?5v  -  -j*  —  ^.   ^  —  ~    .     Here  when  the  conic  is  a  line-pair-point,  x  =  x'  and 

—  JOL  .£  —  A.        Zi  —  x  .  &  —  JL  J  >  x 

X  =  X',  where  a  =  0  and  6  =  0,  but  we   have   as  before  the  integers  p  and  q  such  that 
aP  :  bq  is  finite,  and  we  have  thus  the  fourth  parameter  p  :  q. 

Halphen's  correction  is  now  as  follows,  starting  from  the  formula  number  of  conies 
(X,  4<Z)  =  OL/JL  +  /3v,  we  may  have  among  the  OL/A  +  PV  aonics  line-pair-points  any  one  of 
which  if  we  disregard  altogether  the  fourth  parameter  is  a  conic  satisfying  the  five 
conditions,  but  which  unless  the  fourth  parameter  thereof  has  its  proper  value  is  an 
improper  solution  of  the  problem  and  as  such  it  has  to  be  rejected  :  if  the  number 
of  such  solutions  is  =  F,  then  there  is  this  number  to  be  subtracted,  and  the  formula 
becomes,  Number  of  conies  (X,  4<Z)  —  OLJJL  -f  fBv  —  F. 

It  may  be  asked  in  what  way  the  fourth  parameter  comes  into  the  question  at 
all:  as  an  illustration  suppose  that  a,  b  denoting  the  semiaxes  of  a  conic,  or  else  the 
above  mentioned  descriptively  defined  quantities,  then  p,  q,  k  denoting  given  quantities 
(p  and  q  positive  integers  prime  to  each  other)  the  condition  X  may  be  that  the 
conic  shall  be  such  that  a?  -r  b$  =  k  ;  this  implies  a?  :  b^  finite,  and  hence  clearly  if  the 
system  of  conies  (X,  4*Z)<  contains  line-pair-points,  no  such  line-pair-point  can  be  a 
proper  solution  unless  this  relation  a?  -f-  &  =  k  is  satisfied. 

412.  Zeuthen's  Memoir  of  1876  presently  referred  to  contains  applications  to  the 
theory  of  Cubic  Surfaces,  the  numerical  results  given  in  the  table  p.  539  agree  for 
the  most  part  with  those  of  the  Memoir  412,  see  p.  363,  but  for  the  surfaces  IH,  VI,  IX 
and  XII  discrepancies  occur  in  the  values  of  r'  and  h'  relating  to  the  spinode  develope. 
As  to  this  observe  that  Zeuthen's  /*/,  or  say  hf  includes  actual  as  well  as  apparent 
double  planes,  and  we  have  /  =  c/2  —  d  —  2h'  —  3/S7,  my  A7  relates  to  apparent  double 
planes  only,  but  as  I  assume  that  there  are  no  actual  double  planes  the  formula  is 
r'  =  c/3  —  c  -  2A'  —  3/3',  and  as  the  values  of  c'  and  /3'  agree  we  have  in  fact  in  eaph  of 
the  four  cases  r'  +  2h'  (Oayley)  =  r'  +  2A7  (Zeuthen).  The  values  found  are 


III 

VI 

IX 

XII 

III 

VI 

IX 

XII 

Cayley      ri 

72 

24 

12 

6   ' 

S      42 

24 

32 

9 

Zeuthen    ri 

84 

30 

24 

7 

r'       18 

12 

8 

7 

75—2 

596  NOTES   AND   "REFERENCES. 

and    assuming  the   correctness   of   Zeuthen's   values   it   would    seem   to    follow   that    the 

four  forms  of  surface  have 

12,     6,     12,     1 

actual  double  planes  respectively. 


413.  In  the  equation  No.  36,  ft  =  AP  +  BQ  +  OB  +  ..  =  0,  it  is  implicitly  assumed 
that  the  number  of  terms  P,  Q,  -5,..  is  finite,  viz.  the  implied  theorem  is  that  any 
given  fc-fold  relation  whatever  (k  of  course  ^finite  number)  there  is  always  a  finite 
number  of  functions  P,  Q,  JZ,...  such  that  every  onefold  relation  included  in  the  Mold 
relation  is  of  the  form  in  question  ft,  =AP+BQ  +  CR+  ...,  =0:  this  seems  self- 
evident  enough,  but  I  never  succeeded  in  finding  a  proof:  a  proof  of  the  theorem  has 
however  been  obtained  by  Hilbert,  see  his  papers  "Zur  Theorie  der  algebraischen 
Gebilden  (Erste  Note),"  Gott.  Nachr.  No.  16,  (1888),  pp.  450—457. 

411,  415,  416.  The  first  and  second  of  these  papers  precede  in  date  Zeuthen's 
Memoir  'of  1871  referred  to  in  416,  but  I  ought  in  that  paper  to  have  referred  also 
to  his  later  Memoir,  "Bevision  et  extension  des  formules  numdriques  de  la  th^orie 
des  surfaces  r&iproques,"  Math.  Ann.  t.  X.  (1876),  pp.  446—546.  I  compare  the 
notations  as  follows,  viz.  for  the  unaccented  letters  we  have 


Cayley. 


n,  a,  S,  «,  p, 
6,  q,  k,  t,  7 
c,  r,  h,  fr  0, 

j>  X 
C,B 


23  letters  in  all. 


Zeuthen. 


n,  a,  8,  ic,  p,  a- 

b,  q,  k,  t,  7;  5 

c,  r,  h,  jS     ;  m, 


J>  X 


B,  U,0 
f>  i,  d,  g,  e 
27  letters  in  all. 


Here  for  Zeuthen's  A,  A,  I  have  written  k,  h,  viz.  these  numbers  represent  the 
Pliickerian  equivalents  of  the  number  of  double  points  for  the  nodal  and  cuspidal  curves 
respectively.  Zeuthen  considers  also  the  general  node,  say  &  (/*,  v,  y  +  ^,  z  •+•  £  u,  v), 
see  416,  this  includes  the  cnicnode  G  and  off-point  o>,  and  accordingly  he  includes 
under  it  and  takes  no  special  notice  of  these  singularities,  but  it  does  not  properly 
include,  and  he  takes  special  notice  of,  the  binode  J5;  it  does  not  extend  to  the 
case  where  the  tangent  cone  breaks  up  into  cones  each  or  any  of  them  more  than 
once  repeated,  and  accordingly  not  to  the  case  of  a  unode  U  where  the  tangent 
cone  is  a  pair  of  coincident  planes.  He  introduces  this  singularity,  and  also  the 
singularity  of  the  osculating  point  0  which  is  understood  rather  more  easily  by  means 
of  the  reciprocal  singularity  of  the  osculating  plane  0',  this  is  a  tangent  plane 
meeting  the  surface  in  a  curve  having  the  point  of  contact  for  a  triple  point;  and  he 
disregards  my  unexplained  singularity  6.  The  letters  5,  m  do  not  denote  singularities; 
3  is  the  class  of  the  envelope  of  the  osculating  planes  of  the  nodal  curve,  m  the 


NOTES   AND    REFERENCES.  .  597 

class  of  the  envelope  of  the  osculating  planes  of  the  cuspidal  curve.  Finally  d  denotes 
the  number  of  stationary  points  (cusps)  of  the  nodal  curve,  exclusive  of  the  points  7 
which  lie  on  the  cuspidal  curve;  and  g  and  e  denote,  g  the  number  of  ordinary 
actual  double  points  of  the  cuspidal  curve,  e  the  number  of  stationary  points  (cusps) 
of  the  same  curve,  exclusive  of  the  points  yS  which  lie  on  the  nodal  curve. 

Moreover  with  Zeuthen,  the  nodal  curve  has 

3J+/+  3(7+2'  double  points 


',  if  k  denotes,  as  with  me,  the  number  of  apparent  double  points 
of  the  curve),  and  it  has 

7  +  d  -h  2'  stationary  points. 
The  cuspidal  curve  has 

g  4-  6%'  +  12B'  +  Uf  4-  40'  +  2  +  2'  double  points 


17  +  40'  +  2  +  2',    if  h    denotes,    as    with    me,   the   number    of 
apparent  double  points  of  the  curve),  and  it  has 

j3  +  e  +  20'  stationary  points 
and  the  nodal  and  cuspidal  curves  intersect  in 

3/3  +  2y  +  %  +  120'  +  2  +  27  points  ; 

where   I   have   written   2   and  2'  to   denote  sums   (different  in  the  different  equations) 
determined  by  Zeuthen,  and  depending  on  the  singularities  S  and  S'  respectively. 

For  comparison  of  my  formulae  with  Zeuthen's  it  is  thus  proper  in  my  formulae  to 
write  (7  =  0,  a>  =  0,  0  =  0  (but  in  the  first  instance  I  retain  0)  and  in  his  formulae  to 
write  17=0,  0  =  0,  d  =  0,  #  =  0,  6  =  0,  2  =  0,  2'  =  0.  Doing  this  the  last  mentioned 
formulae  give  as  with  me  3t+f  double  points  and  7  stationary  points  for  the  nodal 
curve,  but  they  give  for  the  cuspidal  curve  6%'  +  12/3'  (instead  of  0)  double  points  and 
yS  stationary  points;  and  the  two  curves  intersect  (as  with  me)  in  3/3  +  2<y  +  i  points. 
There  is  a  real  discrepancy  in  the  number  6%  +  12y8/  of  double  points  on  the  cuspidal 
curve. 
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I  compare  his  (6  +  26  +  1  =)  33  relations  : 

(1)       a  =  o'.         d  =  d'. 

/=/'•        g-j. 
A*  A'. 


(6)  w(?i-l)  =  a  +  2&  +  3c. 

(7)  a(a-l)  = 

(8)  c-K'  = 


(9) 
(10)      [3(6-<?)  =  7  +  cZ-$  +  2',  determines  s]. 


(11)  c(c-l)  =  r 

(12)  [3  (c  -  r)  =  £  +  0  -  m  +  20'  +  S',  determines  m]. 


(13)  a(n-2)  =  * 

(14)  i(«-2)  =  p  +  2/3  +  37  +  3i  +90'  +1 

(15)  c  (n  -  2)  =  2cr  +  4/9  +  7+  8%'  +  16^  +  120'  +  1 

(16)  a  («  -  2)  (»  -  3)  =  2  (8  -  3  0")  +  3  (ac  -  3o—  %)  +  2  (06  -  2p  -  j). 


(18)       c  (n  -  2)  (n  -  3)  =  6(^-6^-125'-  U'  -  40'  -g)  +  (ac  -  3<r  -  *)  +  2(6c  -  3/8  -  27  -  1). 

-SOO' 
with  the  like  reciprocal  equations  (6)  to  (18); 

(19) 


where 
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and  my  (3  +  22  +  1  =)  26  relations  as  follows  : 

(1)  a  -a'. 

(2)  /=/'•        ... 

(3)  »  -i*. 

(4)  a=   «(n-l)-26-So, 

(5)  *'  =  3»  (n  -  2)  -  66  -  8c. 

(6)  S' 


(A)    (13)      0  =&2-&-2&-2/-37-«. 


(B)    (14)      r  =  c3-c-2A-3# 


(C)  (7)  a(n 

(D)  (8)  6(n 

(E)  (9)  c(n 

(F)  (10)  a(w 

(G)  (11)  6(»-2)(n-8)-      '   4A          +    (ab-2p-j         )  +  3(6c -2/3-2y-i). 
(H)  (12)  o(«-2)(n-8)-          6fc          +    (ac-3<r-%-3a>)+  2(&c  -8/8-2y-t), 

with  the  like  reciprocal  equations  (4)  to  (14); 

(I)  (26)  2(n  -  l)(n  -  2)(n  -  3)  - 12  (n  -8)(6  4-  c)  +  63  +  dr  +  24*  +  42/3  +  307  - 16 
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Substituting    for    k,    h    their    values    we    have    instead    of   (A),   (J3),   (G)}   (D)   the 
equations 


(BO     ca- 


(JT)    c(7i 

Writing  as  before  0  =  0,  <o  =  0  ;  U=  0,  0  «  0,  d  =  0,  #  =  0,  0  =  03  and  neglecting  the 
terms  in  2,  2',  the  two  equations  (JB)  become 

Zeuthen  c  (»  -  2)  =  2<r  +  4/3  +  y  +  8%  4-  165', 

Cayley  c  O  -  2)  «  2cr  +  4/3  +  7  +  ^ 

which  can  be  made  to  agree  by  writing  0  =  8%'  +  16J3'.     But  we  have 

Zeuthen  (BO  <?-c       =  r-f2/t  +  3/3-H2%'-f  24#, 

Cayley    (5)  c2-c       =  r  +  2/i  -{-  3/3, 

values  which  differ  by  the  terms  12%/H-245/,  or  if  6  has   the  value  just  written  down, 
the  term  f  0. 

I  refrain  from  a  comparison  of  the  two  equations  (I.),  and  of  the  expressions  for 
the  deficiency  given  by  these  two  equations  respectively  —  but  I  notice  here  the 
expression  for  the  deficiency  obtained  by  Zeuthen  in  the  last  section  (XIV.)  of  his 
Memoir,  viz.  this  is 


+  8£  4-  245'  4-  18  Z7+  6  U'  +  60' 
+  2  (Sir  +  3*  +  &?  +  130  +  27 


The  problem  is  a  very  difficult  one,  and  it  cannot  be  held  that  as  yet  a  complete 
solution  has  been  obtained.  Take  in  plane  geometry  the  question  of  reciprocal  curves  : 
here,  using  throughout  point-coordinates,  we  start  with  a  curve  represented  by  the  general 
equation  (x,  y,  z)n  =  0,  such  a  curve  has  only  isolated  singularities,  viz.  the  line-singularities 
of  the  inflexion  and  the  double  tangent,  we  know  the  expression,  in  point-coordinates  of 
any  such  singularity  (inflexion  or  double  tangent  as  the  case  may  be),  viz.  we  can  at 
once  write  down  the  equation  of  a  curve  of  the  order  n  having  a  given  stationary 
tangent  and  point  of  contact  therewith,  or  a  given  double  tangent  and  two  points  of 
contact  therewith.  Returning  to  the  general  curve  (a,  y,  #)»  =  (),  we  know  that  the 
reciprocal  curve  has  other  isolated  singularities,  viz.  the  point-singularities  which  corre- 
spond to  these,  the  double  point  (or  node)  and  the  stationary  point  (or  cusp),  and  we 
know  the  expression  of  any  such  singularity  (node  or  cusp  as  the  case  may  be),  viz. 
we  can  at  once  write  down  the  equation  of  a  curve  of  the  order  n  having  at  a  given 
point  a  node  with  given  tangents,  or  a  cusp  with  given  tangent.  And  then  starting 
afresh  with  a  curve  of  the  order  n  having  a  node  or  a  cusp  we  obtain  the  effect 
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thereof  as  regards  the  line-singularities  of  the  inflexion  and  the  double  tangent.  We 
are  thus  led  to  consider  as  ordinary  singularities  in  the  theory  the  above-mentioned 
four  singularities  of  the  inflexion,  the  double  tangent,  the  node  and  the  cusp :  and  we 
know  further  that  any  other  singularity  whatever  of  a  plane  curve  is  compounded  in 
a  definite  manner  of  a  certain  number  of  some  or  all  of  these  singularities. 

But  in  the  theory  of  surfaces,  starting  in  like  manner  with  the  general  equation 
(x,  y,  z,  w)n=*Q,  such  a  surface  has  torse-singularities,  the  node-couple  torse,  and  the 
spinode-torse ;  each  of  these  is  in  general  an  indecomposable  torse  of  a  certain  kind 
(but  there  is  the  new  cause  of  complication  that  it  may  break  into  two  or  more 
separate  torses),  but  we  do  not  know  the  analytical  expression  of  these  singularities, 
nor  consequently  the  analytical  expression  of  the  curve-singularities  which  correspond 
to  them,  the  nodal  curve  and  the  cuspidal  curve.  Thus  if  we  attempt  to  start  with 
a  surface  (#,  y,  z,  w)n  =  0  having  a  nodal  curve,  we  can  indeed  write  down  the  equation 
in  its  most  general  form,  viz.  if  the  nodal  curve  has  for  its  complete  expression  the  k 
equations  P  =  0,  Q  =  0,  H  =  0,  &c.  (viz.  if  the  curve  is  such  that  every  surface  whatever 
through  the  curve  is  of  the  form  H,  =AP  +  BQ  +  GR  +  ...,  =0)  then  the  most  general 
equation  of  the  surface  having  this  curve  for  a  nodal  curve  is  (A,  5,  C,  ...][P,  Qt  R,  ...)2  =  0, 
but  this  form  is  far  too  complicated  to  be  worked  with ;  and  if  for  simplicity  we  take 
the  nodal  curve  to  be  a  complete  intersection  P  =  0,  Q  =  0,  and  consequently  the 
equation  of  the  surface  to  be  (A,  B,  <7£P,  Q)2=0,  then  it  is  by  no  means  clear  that 
we  do  not  in  this  way  introduce  limitations  extraneous  to  the  general  theory.  The 
same  difficulty  applies  of  course,  and  with  yet  greater  force,  to  the  cuspidal  curve; 
and  even  if  we  could  deal  separately  with  the  cases  of  a  surface  having  a  given 
nodal  curve,  and  a  given  cuspidal  curve,  this  would  in  no  wise  solve  the  problem  for 
the  more  general  case  of  a  surface  having  a  given  nodal  curve  and  a  given  cuspidal 
curve.  It  is  to  be  added  that  the  general  surface  of  the  order  n  has  no  plane-  or 
point-singularities,  and  thus  that  such  singularities  (which  correspond  most  nearly  to 
the  singularities  considered  in  the  theory  of  reciprocal  curves)  present  themselves  in 
the  theory  of  reciprocal  surfaces  as  extraordinary  singularities. 
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